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The K-means problem
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Image quantization
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Image quantization
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Image segmentation

Result with penalization 
of the region perimeter
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Problem formulation

Data: signal or image y = (yn)n2⌦ 2 (Rd
)

⌦

Problem: given y , K � 2, � � 0,

minimize
(⌦k )K

k=1,(ck )K
k=1

KX

k=1

X

n2⌦k

kyn � ckk2 + �
KX

k=1

per(⌦k )

with

SK
k=1

⌦k = ⌦ and ⌦k \ ⌦k 0
= ;, for all k 6= k 0

.

6
vendredi 14 septembre 18



/ 47Laurent Condat  -  Convex K-means and segmentation

Problem formulation

Data: signal or image y = (yn)n2⌦ 2 (Rd
)

⌦

Problem: given y , K � 2, � � 0,

minimize
(⌦k )K

k=1,(ck )K
k=1

KX

k=1

X

n2⌦k

kyn � ckk2 + �
KX

k=1

per(⌦k )

Called Potts Problem or piecewise-constant

Mumford–Shah problem or multiclass

Chan–Vese problem
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Problem formulation

Data: signal or image y = (yn)n2⌦ 2 (Rd
)

⌦

Problem: given y , K � 2, � � 0,
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(⌦k )K

k=1,(ck )K
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n2⌦k
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per(⌦k )

NP hard
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Problem formulation

Data: signal or image y = (yn)n2⌦ 2 (Rd
)

⌦

Problem: given y , K � 2, � � 0,

minimize
(⌦k )K

k=1,(ck )K
k=1

KX

k=1

X

n2⌦k

kyn � ckk2 + �
KX

k=1

per(⌦k )

Contribution: a globally convex relaxation

9
vendredi 14 septembre 18



/ 47Laurent Condat  -  Convex K-means and segmentation

Problem formulation

Data: signal or image y = (yn)n2⌦ 2 (Rd
)

⌦

Problem: given y , K � 2, � � 0,

minimize
(⌦k )K

k=1,(ck )K
k=1

KX

k=1

X

n2⌦k

kyn � ckk2 + �
KX

k=1

per(⌦k )

Note: centroids = region means: ck =

1

|⌦k |
X

n2⌦k

yn
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Problem formulation

Data: signal or image y = (yn)n2⌦ 2 (Rd
)

⌦

Problem: given y , K � 2, � � 0,

minimize
(⌦k )K

k=1,(ck )K
k=1

KX

k=1

X

n2⌦k

kyn � ckk2 + �
KX

k=1

per(⌦k )

Note: if � = 0, the regions are Voronoi cells:

⌦k =

⇢
n 2 ⌦ : k = arg min

k 0
kyn � ck 0k

�

11
vendredi 14 septembre 18



/ 47Laurent Condat  -  Convex K-means and segmentation

Problem formulation

Data: signal or image y = (yn)n2⌦ 2 (Rd
)

⌦

Problem: given y , K � 2, � � 0,

minimize
(⌦k )K

k=1,(ck )K
k=1

KX

k=1

X

n2⌦k

kyn � ckk2 + �
KX

k=1

per(⌦k )

11

for � = 0, the K-means algorithm

alternates between updating (⌦k )

K
k=1

and (ck )

K
k=1
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Problem formulation

Data: signal or image y = (yn)n2⌦ 2 (Rd
)

⌦

Problem: given y , K � 2, � � 0,

minimize
(⌦k )K

k=1,(ck )K
k=1

KX

k=1

X

n2⌦k

kyn � ckk2 + �
KX

k=1

per(⌦k )

If � > 0 and the ck are fixed, there are efficient

methods to solve the problem, see e.g.

“A convex approach to minimal partitions”
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Prior work: example with fixed colors

c1 c2 c3 c4 c5 c6

L. C., “Discrete total variation: New 
definition and minimization”, 2017
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Problem formulation

Data: signal or image y = (yn)n2⌦ 2 (Rd
)

⌦

Problem: given y , K � 2, � � 0,

minimize
(⌦k )K

k=1,(ck )K
k=1

KX

k=1

X

n2⌦k

kyn � ckk2 + �
KX

k=1

per(⌦k )

Note: ky

n

� c

k

k2

can be replaced by any

assignment cost of label c

k

to location n
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Other labeling problems

http://vision.middlebury.edu/stereo/eval/newEval/tsukuba/
15
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Other labeling problems

16
vendredi 14 septembre 18



/ 47Laurent Condat  -  Convex K-means and segmentation

Proposed approach

We discretize the search space of the centroids: 
they must belong to a finite set � = {am}M

m=1

of M
candidates of Rd

.

For color image quantization and segmentation, 
we choose the following palette of M = 279 colors:
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Reformulation by lifting

Let x be the segmented image.

⌦1

⌦2 c1

c2

Example:  x =
K = 2

a1

a2

a3

a4

a5

8n 2 ⌦, we introduce the assignment vector

z:,n 2 {0, 1}M

, with z

m,n

= {1 if x

n

= a

m

, 0 else}.
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Reformulation by lifting

Let x be the segmented image.

⌦1

⌦2 c1

c2

Example:  x =
K = 2

a1

a2

a3

a4

a5

8n 2 ⌦, we introduce the assignment vector

z:,n 2 {0, 1}M

, with z

m,n

= {1 if x

n

= a

m

, 0 else}.

Example: x

n

= c

1

= a

2

! z:,n = (0, 1, 0, 0, 0)
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⌦2⌦1

0
0

0
0

1

10

⌘

19

Reformulation by lifting

z:,n

z1,:

z2,:

z3,:

z4,:

z5,:

c1 = a2

c2 = a5
Finding x is equivalent

to finding the

assignment array z
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⌦2⌦1

0
0

0
0

1

10

⌘

20

Reformulation by lifting

z:,n

z1,:

z2,:

z3,:

z4,:

z5,:

c1 = a2

c2 = a5
We reformulate the pb.

with z as variable:

wm,n = kyn � amk2
ky � xk2 = hz, wi, with
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0
0

0
0

1

10

⌘

20

Reformulation by lifting

z:,n

z1,:

z2,:

z3,:

z4,:

z5,:

We reformulate the pb.

with z as variable:

wm,n = kyn � amk2
ky � xk2 = hz, wi, with

Coarea formula:PK
k=1

per(⌦k ) =PM
m=1

TV(zm,:)

proposed in Zach et al. “Fast global 
labeling for real-time stereo using 
multiple plane sweeps,’’ 2008

⌦2⌦1c1 = a2

c2 = a5
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0
0

0
0

1

10

⌘

21

Reformulation by lifting

z:,n

z1,:

z2,:

z3,:

z4,:

z5,:

We reformulate the pb.

with z as variable:

0

0
0

1

1
maxn
zm,n

Nb. of active candidates

is K ⌘
MX

m=1

max

n2⌦
zm,n = K

⌦2⌦1c1 = a2

c2 = a5
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minimize
(⌦k )K

k=1,(ck )K
k=1

KX

k=1

X

n2⌦k

kyn � ckk2 + �
KX

k=1

per(⌦k )

Reformulation by lifting

⌘

minimize
z2{0,1}M⇥⌦

hz, wi + �
MX

m=1

TV(zm,:)

s.t.

PM
m=1

zm,n = 1, 8n 2 ⌦, andPM
m=1

maxn2⌦ zm,n = K

22
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minimize
z2[0,1]M⇥⌦

hz, wi + �
MX

m=1

TV(zm,:)
<latexit sha1_base64="hqZXiCAuWtRaeYTeAgI89tqcDpw="></latexit><latexit sha1_base64="xf0pkxy9dDu2EtlYcsnbKG21W+M="></latexit><latexit sha1_base64="xf0pkxy9dDu2EtlYcsnbKG21W+M="></latexit><latexit sha1_base64="krL0dhjXnjm+6/iM9vPUCzuZ0tA="></latexit>

Convex relaxation

s.t.

PM
m=1

zm,n = 1, 8n 2 ⌦, andPM
m=1

maxn2⌦ zm,n  K
<latexit sha1_base64="B0m7Qn0PXJWvrmMFkQKzVAT7SqM="></latexit><latexit sha1_base64="B0m7Qn0PXJWvrmMFkQKzVAT7SqM="></latexit><latexit sha1_base64="B0m7Qn0PXJWvrmMFkQKzVAT7SqM="></latexit><latexit sha1_base64="B0m7Qn0PXJWvrmMFkQKzVAT7SqM="></latexit>
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Convex relaxation

minimize
z2(�M )⌦

hz, wi + �
MX

m=1

TV(zm,:)
<latexit sha1_base64="2uZhLQHEN4w8sfZOURb0/iId9PI="></latexit><latexit sha1_base64="0Auu/cUgv9/kj6UTMG3xxf+kySc="></latexit><latexit sha1_base64="0Auu/cUgv9/kj6UTMG3xxf+kySc="></latexit><latexit sha1_base64="R4SEE6SlVO2wnb8l4NfrsvCy9S0="></latexit>

s.t.

PM
m=1

maxn2⌦ zm,n  K
<latexit sha1_base64="kzJO3X6FITZ1PLHX/DOP0ICBc6g="></latexit><latexit sha1_base64="kzJO3X6FITZ1PLHX/DOP0ICBc6g="></latexit><latexit sha1_base64="kzJO3X6FITZ1PLHX/DOP0ICBc6g="></latexit><latexit sha1_base64="kzJO3X6FITZ1PLHX/DOP0ICBc6g="></latexit>

vendredi 14 septembre 18



/ 47Laurent Condat  -  Convex K-means and segmentation

Proposed convex problem

25

s.t.

PM
m=1

maxn2⌦ zm,n  K
<latexit sha1_base64="kzJO3X6FITZ1PLHX/DOP0ICBc6g="></latexit><latexit sha1_base64="kzJO3X6FITZ1PLHX/DOP0ICBc6g="></latexit><latexit sha1_base64="kzJO3X6FITZ1PLHX/DOP0ICBc6g="></latexit><latexit sha1_base64="kzJO3X6FITZ1PLHX/DOP0ICBc6g="></latexit>

minimize
z2(�M )⌦

hz, wi + �
MX

m=1

TV(zm,:)
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s.t.

PM
m=1

maxn2⌦ zm,n  K
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minimize
z2(�M )⌦

hz, wi + �
MX

m=1

TV(zm,:)
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A vector on the simplex is a vector of

proportions:

zm,n is the proportion of label am at n.

Proposed convex problem
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s.t.

PM
m=1

maxn2⌦ zm,n  K
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minimize
z2(�M )⌦

hz, wi + �
MX

m=1

TV(zm,:)
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We can recover x from z by:

x

n

=

P
M

m=1

z

m,n

a

m
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Proposed convex problem
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s.t.

PM
m=1

maxn2⌦ zm,n  K
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minimize
z2(�M )⌦

hz, wi + �
MX

m=1

TV(zm,:)
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When � = 0 ! LP relaxation of facility

location problems known in op. research

(with simplex split and different cost)
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Proposed convex problem
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s.t.

PM
m=1

maxn2⌦ zm,n  K
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minimize
z2(�M )⌦

hz, wi + �
MX

m=1

TV(zm,:)
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Projection onto the `
1,1 ball:

code on my webpage,

average complexity O(MN log(N)).

Proposed convex problem
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s.t.

PM
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minimize
z2(�M )⌦
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TV(zm,:)
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Proposed convex problem

Chambolle–Pock algorithm
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Splitting the `
1,1 constraint

ıP
m ·K (q) + ı0(z � q ⌦ 1⌦)

minimize
z2RM⇥⌦,q2RM

hz, wi + ı�⌦ (z) + �
MX

m=1

TV(zm,:) +
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Quantization results

K = 6 K = 5 K = 4
31
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Segmentation results

K = 6 K = 5 K = 4
32
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Segmentation results

K = 6
33
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Summary

• Contribution: a globally convex approach to joint 
estimation of labels and regions

• Rounding strategies in post-processing possible

• More details in the paper "A Convex Approach to 
K-means Clustering and Image Segmentation", 
EMMCVPR, 2017.

34
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Link with optimal transport

Let us consider a 1-D nonconvex problem

35

minimize
x2MN

NX

n=1

f

n

(x
n

) +
N�1X

n=1

g(x
n

, x

n+1)
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Link with optimal transport

Let us consider a 1-D nonconvex problem

35

minimize
x2MN

NX

n=1

f

n

(x
n

) +
N�1X

n=1

g(x
n

, x

n+1)
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Example: f

n

(x
n

) = (x
n

� y

n

)2
<latexit sha1_base64="LVe2ycxb/xooRvvIZnl46/WeN1Q="></latexit><latexit sha1_base64="uzhEgu5BFbkqR+cgB8oojfQ6EqA="></latexit><latexit sha1_base64="uzhEgu5BFbkqR+cgB8oojfQ6EqA="></latexit><latexit sha1_base64="ZigDz5BGDH2j85lEhktdMrUw0t4="></latexit>
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Link with optimal transport

Let us consider a 1-D nonconvex problem

36

Example (Potts):
g(t , t

0) = |t � t

0|0

=
⇢

0 if x = x

0

1 else
<latexit sha1_base64="r9wJyPsI7MiAf2kvdm4dUHD85Cg="></latexit><latexit sha1_base64="r9wJyPsI7MiAf2kvdm4dUHD85Cg="></latexit><latexit sha1_base64="r9wJyPsI7MiAf2kvdm4dUHD85Cg="></latexit><latexit sha1_base64="r9wJyPsI7MiAf2kvdm4dUHD85Cg="></latexit>

minimize
x2MN

NX

n=1

f

n

(x
n

) +
N�1X

n=1

g(x
n

, x

n+1)
<latexit sha1_base64="u+7UbdQOws3YnzRBPafyAbkZcmI="></latexit><latexit sha1_base64="u+7UbdQOws3YnzRBPafyAbkZcmI="></latexit><latexit sha1_base64="u+7UbdQOws3YnzRBPafyAbkZcmI="></latexit><latexit sha1_base64="u+7UbdQOws3YnzRBPafyAbkZcmI="></latexit>
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Let us consider a 1-D nonconvex problem

Link with optimal transport

37

First step: discretize M into a finite set �
of candidates (am)

M
m=1

<latexit sha1_base64="sMfvQsU0RkQUblwUlqiOWSEIsY8="></latexit><latexit sha1_base64="sMfvQsU0RkQUblwUlqiOWSEIsY8="></latexit><latexit sha1_base64="sMfvQsU0RkQUblwUlqiOWSEIsY8="></latexit><latexit sha1_base64="sMfvQsU0RkQUblwUlqiOWSEIsY8="></latexit>

minimize
x2�N

NX

n=1

f

n

(x
n

) +
N�1X

n=1

g(x
n

, x

n+1)
<latexit sha1_base64="lKzWUIpec3o/tk+1Z4/OdfCNu4c="></latexit><latexit sha1_base64="lKzWUIpec3o/tk+1Z4/OdfCNu4c="></latexit><latexit sha1_base64="lKzWUIpec3o/tk+1Z4/OdfCNu4c="></latexit><latexit sha1_base64="lKzWUIpec3o/tk+1Z4/OdfCNu4c="></latexit>
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Let us consider a 1-D nonconvex problem

Link with optimal transport

38

Example:
M = [0, 1]

<latexit sha1_base64="Hf4G5m/XjqiUX4VlkZ0hOiF5LMA="></latexit><latexit sha1_base64="Hf4G5m/XjqiUX4VlkZ0hOiF5LMA="></latexit><latexit sha1_base64="Hf4G5m/XjqiUX4VlkZ0hOiF5LMA="></latexit><latexit sha1_base64="Hf4G5m/XjqiUX4VlkZ0hOiF5LMA="></latexit>

minimize
x2�N

NX

n=1

f

n

(x
n

) +
N�1X

n=1

g(x
n

, x

n+1)
<latexit sha1_base64="lKzWUIpec3o/tk+1Z4/OdfCNu4c="></latexit><latexit sha1_base64="lKzWUIpec3o/tk+1Z4/OdfCNu4c="></latexit><latexit sha1_base64="lKzWUIpec3o/tk+1Z4/OdfCNu4c="></latexit><latexit sha1_base64="lKzWUIpec3o/tk+1Z4/OdfCNu4c="></latexit>
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Let us consider a 1-D nonconvex problem

Link with optimal transport

39

Example:

M is the circle

<latexit sha1_base64="+e7Z3bqWeSESGDR1xXEBBOYzh6g="></latexit><latexit sha1_base64="+e7Z3bqWeSESGDR1xXEBBOYzh6g="></latexit><latexit sha1_base64="+e7Z3bqWeSESGDR1xXEBBOYzh6g="></latexit><latexit sha1_base64="+e7Z3bqWeSESGDR1xXEBBOYzh6g="></latexit>

minimize
x2�N

NX

n=1

f

n

(x
n

) +
N�1X

n=1

g(x
n

, x

n+1)
<latexit sha1_base64="lKzWUIpec3o/tk+1Z4/OdfCNu4c="></latexit><latexit sha1_base64="lKzWUIpec3o/tk+1Z4/OdfCNu4c="></latexit><latexit sha1_base64="lKzWUIpec3o/tk+1Z4/OdfCNu4c="></latexit><latexit sha1_base64="lKzWUIpec3o/tk+1Z4/OdfCNu4c="></latexit>

vendredi 14 septembre 18



/ 47Laurent Condat  -  Convex K-means and segmentation

Let us consider a 1-D nonconvex problem

Link with optimal transport

40

Second step: lift the problem with assignment vectors

z
:,n on the simplex, for every n.

<latexit sha1_base64="0oOKdwJiGL2xUyDIcqH9pda2W/c="></latexit><latexit sha1_base64="0oOKdwJiGL2xUyDIcqH9pda2W/c="></latexit><latexit sha1_base64="0oOKdwJiGL2xUyDIcqH9pda2W/c="></latexit><latexit sha1_base64="0oOKdwJiGL2xUyDIcqH9pda2W/c="></latexit>

minimize
x2�N

NX

n=1

f

n

(x
n

) +
N�1X

n=1

g(x
n

, x

n+1)
<latexit sha1_base64="lRjGKdcBKVrCEf090fGCfRCyYW0="></latexit><latexit sha1_base64="lRjGKdcBKVrCEf090fGCfRCyYW0="></latexit><latexit sha1_base64="lRjGKdcBKVrCEf090fGCfRCyYW0="></latexit><latexit sha1_base64="lRjGKdcBKVrCEf090fGCfRCyYW0="></latexit>
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Let us consider a 1-D nonconvex problem

Link with optimal transport

41

with wm,n = fn(am).
<latexit sha1_base64="j7JLNd9pM6K5mmzMNciKOCbsdj4="></latexit><latexit sha1_base64="j7JLNd9pM6K5mmzMNciKOCbsdj4="></latexit><latexit sha1_base64="j7JLNd9pM6K5mmzMNciKOCbsdj4="></latexit><latexit sha1_base64="j7JLNd9pM6K5mmzMNciKOCbsdj4="></latexit>

minimize
z2�N

hz, wi +
N�1X

n=1

˚̃g(z:,n, z:,n+1)
<latexit sha1_base64="3OkYUQOFPt8P1b0X0bAScmr3fgI="></latexit><latexit sha1_base64="3OkYUQOFPt8P1b0X0bAScmr3fgI="></latexit><latexit sha1_base64="3OkYUQOFPt8P1b0X0bAScmr3fgI="></latexit><latexit sha1_base64="3OkYUQOFPt8P1b0X0bAScmr3fgI="></latexit>
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Let us consider a 1-D nonconvex problem

Link with optimal transport

42

minimize
z2�N

hz, wi +
N�1X

n=1

˚̃g(z:,n, z:,n+1)
<latexit sha1_base64="3OkYUQOFPt8P1b0X0bAScmr3fgI="></latexit><latexit sha1_base64="3OkYUQOFPt8P1b0X0bAScmr3fgI="></latexit><latexit sha1_base64="3OkYUQOFPt8P1b0X0bAScmr3fgI="></latexit><latexit sha1_base64="3OkYUQOFPt8P1b0X0bAScmr3fgI="></latexit>

˚̃g : (v , v 0) 2 (RM )2 7!

8
<

:

minp2�M⇥M hp, ci s.t. Sp = (v , v 0),
if v 2 �, v 0 2 �,

+1 else.
<latexit sha1_base64="vcJCmFMK2yGUf7tSdazU+B0nT70="></latexit><latexit sha1_base64="vcJCmFMK2yGUf7tSdazU+B0nT70="></latexit><latexit sha1_base64="vcJCmFMK2yGUf7tSdazU+B0nT70="></latexit><latexit sha1_base64="vcJCmFMK2yGUf7tSdazU+B0nT70="></latexit>

where cm,m0
= g(am, a0

m),

and S is marginalization.

<latexit sha1_base64="sRh+kaqNjdczuPKJL32ho+Gz3gk="></latexit><latexit sha1_base64="sRh+kaqNjdczuPKJL32ho+Gz3gk="></latexit><latexit sha1_base64="sRh+kaqNjdczuPKJL32ho+Gz3gk="></latexit><latexit sha1_base64="sRh+kaqNjdczuPKJL32ho+Gz3gk="></latexit>
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Link with optimal transport

43

?

m : 1 M· · · 1 Mm0 :

˚̃g : (v , v 0) 2 (RM )2 7!

8
<

:

minp2�M⇥M hp, ci s.t. Sp = (v , v 0),
if v 2 �, v 0 2 �,

+1 else.
<latexit sha1_base64="vcJCmFMK2yGUf7tSdazU+B0nT70="></latexit><latexit sha1_base64="vcJCmFMK2yGUf7tSdazU+B0nT70="></latexit><latexit sha1_base64="vcJCmFMK2yGUf7tSdazU+B0nT70="></latexit><latexit sha1_base64="vcJCmFMK2yGUf7tSdazU+B0nT70="></latexit>
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Link with optimal transport

43

?

m : 1 M· · · 1 Mm0 :

...

˚̃g : (v , v 0) 2 (RM )2 7!

8
<

:

minp2�M⇥M hp, ci s.t. Sp = (v , v 0),
if v 2 �, v 0 2 �,

+1 else.
<latexit sha1_base64="vcJCmFMK2yGUf7tSdazU+B0nT70="></latexit><latexit sha1_base64="vcJCmFMK2yGUf7tSdazU+B0nT70="></latexit><latexit sha1_base64="vcJCmFMK2yGUf7tSdazU+B0nT70="></latexit><latexit sha1_base64="vcJCmFMK2yGUf7tSdazU+B0nT70="></latexit>

cm,m0
= |m � m0|

0

: Potts

<latexit sha1_base64="zwPhDZdTE0lQ0RTpf6eVRhQke0s="></latexit><latexit sha1_base64="vbibiafUEv97/hChXITKsLPGLl4="></latexit><latexit sha1_base64="vbibiafUEv97/hChXITKsLPGLl4="></latexit><latexit sha1_base64="du8M3DVPDS9T9GD4gP4I+d/LVNA="></latexit>

cm,m0 = |m � m0| : 1-Wasserstein distance
<latexit sha1_base64="5z/U3E/tSqs0OgvUlZ/AJpCal/M="></latexit><latexit sha1_base64="fHit3SQ3xj8I+OFzadEi3BtRW+g="></latexit><latexit sha1_base64="fHit3SQ3xj8I+OFzadEi3BtRW+g="></latexit><latexit sha1_base64="X+qMwS4y3VP/vg7kj854Nu1C7Dg="></latexit>
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Example of application: 
Mumford-Shah approximation

44

g(t , t 0) =

min
�
(t � t 0)2,�

�
<latexit sha1_base64="SRKiYN3H0lvUi4jVlpKTN2Ykahc="></latexit><latexit sha1_base64="SRKiYN3H0lvUi4jVlpKTN2Ykahc="></latexit><latexit sha1_base64="SRKiYN3H0lvUi4jVlpKTN2Ykahc="></latexit><latexit sha1_base64="SRKiYN3H0lvUi4jVlpKTN2Ykahc="></latexit>

From "An Algorithm for Minimizing the Mumford-Shah Functional", Pock et al., 2009
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What’s next?

46
vendredi 14 septembre 18



/ 47Laurent Condat  -  Convex K-means and segmentation

What’s next?
Do the same without 

discretization of the labels...

46
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Thank you!

47
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1tighter relaxation in Chambolle 
et al. "A convex approach to 
minimal partitions," 2012

Remark 1: the TV

Coarea formula:PK
k=1

per(⌦k ) =PM
m=1

TV(zm,:)

classical ‘isotropic’ TV
with
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isotropic TV proposed TV,
SIAM IS, 2017

Remark 1: the TV
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differentiate integrate

s 2 � ⌘ sk � 0,
KX

k=1

sk = 1

sk = rk � rk�1

r 2 RK�1 s.t. 0  r1  · · ·  rK�1  1

Remark 2: isotonic parametrization
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z = arg min
v

kr � vk s.t. v1  · · ·  vK

Let h 2 �0(R). Let K � 2.

Set f : r 2 RK 7!
KX

k=1

h(rk ) +
⇢

0 if r1  · · ·  rK
+1 else

Result :

�
proxf (r )

�
k = proxh(zk ), where

very fast pool-adjacent-violators-algorithm

Remark 2: isotonic parametrization

vendredi 14 septembre 18



/ 47Laurent Condat  -  Convex K-means and segmentation

z = arg min
v

kr � vk s.t. v1  · · ·  vK

Let h 2 �0(R). Let K � 2.

Set f : r 2 RK 7!
KX

k=1

h(rk ) +
⇢

0 if r1  · · ·  rK
+1 else

Result :

�
proxf (r )

�
k = proxh(zk ), where

extended in Pustelnik and Condat, "Proximity 
Operator of a Sum of Functions; Application to 
Depth Map Estimation", IEEE SPL 2017

Remark 2: isotonic parametrization
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A counter-example

N = 4 data points yn

M = 5 candidates am
K = 3

z =

2

66664

2/3 0 0 0
0 2/3 0 0
0 0 2/3 0
0 0 0 2/3

1/3 1/3 1/3 1/3

3

77775
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