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* Context: distributed and federated learning

* Problem formulation and motivation

* Proposed algorithms and analysis

Outline
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Master

Node 1 Node 2 Node M...

Distributed algorithms
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Federated learning
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Federated learning
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Federated learning
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Master

op. T1
<latexit sha1_base64="r8K4prBOVR9ZWwMNyJc5HoJ+lzs="></latexit>

op. T2
<latexit sha1_base64="wsZp0NAEfBi+CuX+vq05sOd25fY="></latexit>

op. TM
<latexit sha1_base64="neAL1APoDnsc0+WSH4Mo0NxUsm4="></latexit>

Distributed algorithms

...
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Distributed fixed-point problem

6

T : x 2 Rd 7! 1
M

MX

i=1

Ti (x).
<latexit sha1_base64="xlMn1nKprFMTIJxZUGkB+Sv94+A="></latexit>

We define the average operator
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Distributed fixed-point problem

6

T : x 2 Rd 7! 1
M

MX

i=1

Ti (x).
<latexit sha1_base64="xlMn1nKprFMTIJxZUGkB+Sv94+A="></latexit>

T (x?) = x?.
<latexit sha1_base64="aMiFpDzQdxv8lXmwkSntVdGhmrw="></latexit>

We define the average operator

Goal: find x? 2 Rd such that

<latexit sha1_base64="3ttxEybXLMztt5zrRZqWYd75tIY="></latexit>
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Master

Distributed fixed-point algorithm

xk

<latexit sha1_base64="crG2WYqUP5R5NttkR0bioroS5uo="></latexit>

xk+1
i = Ti (xk )

<latexit sha1_base64="xDy/7hcL0lDAstgg0CSmL1Fvn7w="></latexit>

T1

<latexit sha1_base64="bLH05Yj2I1S4By22BiCNaImBjpo="></latexit>

Ti

<latexit sha1_base64="2fiwEUrfnuwyw1KpT+bZvMbn4KE="></latexit>

TM

<latexit sha1_base64="PRRgaizX297dEalsAxnREE3swLY="></latexit>

Master
xk+1

1

<latexit sha1_base64="lZN1T8x8FD687c+8tkw+dLVPQvE="></latexit>

xk+1
M

<latexit sha1_base64="BTrjzWhqxqy4ELc2oyLSqwDJxG8="></latexit>

xk+1 = 1
M
PM

i=1 xk+1
i

<latexit sha1_base64="oYT0g+9Tj8lgAmTp4FDzpkkPqSE="></latexit>

xk+1 = T (xk ) = 1
M
PM

i=1 Ti (xk ).

<latexit sha1_base64="j56keYj69d7IOz0MIR1rbXlgLqw="></latexit>
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Optimization algorithms
 
* Find a minimizer of a function:

Distributed gradient descent:

Ti : x 7! x � �rFi (x)

<latexit sha1_base64="gaJVPu6ZDPw/4rI9ztxypWFkQHY="></latexit>

minimize
x2Rd

F (x) =
1
M

MX

i=1

Fi (x)

<latexit sha1_base64="MYQymTKjSHku2qtRjEel72OeEp4="></latexit>
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Optimization algorithms
 
* Find a minimizer of a function:

Distributed gradient descent:

Ti : x 7! x � �rFi (x)

<latexit sha1_base64="gaJVPu6ZDPw/4rI9ztxypWFkQHY="></latexit>

minimize
x2Rd

F (x) =
1
M

MX

i=1

Fi (x)

<latexit sha1_base64="MYQymTKjSHku2qtRjEel72OeEp4="></latexit>

xk+1 = T (xk ) = 1
M
PM

i=1 Ti (xk ).

<latexit sha1_base64="j56keYj69d7IOz0MIR1rbXlgLqw="></latexit>

= xk � �rF (xk )

<latexit sha1_base64="KrjZJB4DS7BJYZjdPSOPFPkds2I="></latexit>

= xk � � 1
M
PM

i=1 rFi (xk )

<latexit sha1_base64="6UXduBfSFvXkZMP0Q5KmEKC9o90="></latexit>
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Fixed-point algorithms:
* Find a minimizer of a function

* Proximal splitting algorithms
* Primal-dual algorithms
* Cyclic or shuffled GD
* (Block-)coordinate methods
* Methods with inertia, momentum...
* Conjugate gradient methods
* Higher-order methods
* ...

Optimization algorithms
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Fixed-point algorithms:
* Find a minimizer of a function
* Find a saddle point of a convex-concave function
* Find a solution of a PDE
* Find an eigenvector
* Solve a monotone inclusion or variational inequality
* ...

Fixed-point methods
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Master

Local fixed-point method

xk

<latexit sha1_base64="crG2WYqUP5R5NttkR0bioroS5uo="></latexit>

xk+1
i = Ti (xk )

<latexit sha1_base64="xDy/7hcL0lDAstgg0CSmL1Fvn7w="></latexit>

T1

<latexit sha1_base64="bLH05Yj2I1S4By22BiCNaImBjpo="></latexit>

Ti

<latexit sha1_base64="2fiwEUrfnuwyw1KpT+bZvMbn4KE="></latexit>

TM

<latexit sha1_base64="PRRgaizX297dEalsAxnREE3swLY="></latexit>
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Master

Local fixed-point method

xk

<latexit sha1_base64="crG2WYqUP5R5NttkR0bioroS5uo="></latexit>

xk+1
i = Ti (xk )

<latexit sha1_base64="xDy/7hcL0lDAstgg0CSmL1Fvn7w="></latexit>

T1

<latexit sha1_base64="bLH05Yj2I1S4By22BiCNaImBjpo="></latexit>

Ti

<latexit sha1_base64="2fiwEUrfnuwyw1KpT+bZvMbn4KE="></latexit>

TM

<latexit sha1_base64="PRRgaizX297dEalsAxnREE3swLY="></latexit>

T1

<latexit sha1_base64="bLH05Yj2I1S4By22BiCNaImBjpo="></latexit>

Ti

<latexit sha1_base64="2fiwEUrfnuwyw1KpT+bZvMbn4KE="></latexit>

TM

<latexit sha1_base64="PRRgaizX297dEalsAxnREE3swLY="></latexit>

xk+2
i = Ti (xk+1

i )

<latexit sha1_base64="+nZYdAEhn48Cd+n5iI2oFUt1OIs="></latexit>

...
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Master

Local fixed-point method

xk

<latexit sha1_base64="crG2WYqUP5R5NttkR0bioroS5uo="></latexit>

xk+1
i = Ti (xk )

<latexit sha1_base64="xDy/7hcL0lDAstgg0CSmL1Fvn7w="></latexit>

T1

<latexit sha1_base64="bLH05Yj2I1S4By22BiCNaImBjpo="></latexit>

Ti

<latexit sha1_base64="2fiwEUrfnuwyw1KpT+bZvMbn4KE="></latexit>
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<latexit sha1_base64="PRRgaizX297dEalsAxnREE3swLY="></latexit>

T1

<latexit sha1_base64="bLH05Yj2I1S4By22BiCNaImBjpo="></latexit>

Ti

<latexit sha1_base64="2fiwEUrfnuwyw1KpT+bZvMbn4KE="></latexit>
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<latexit sha1_base64="PRRgaizX297dEalsAxnREE3swLY="></latexit>

xk+2
i = Ti (xk+1

i )

<latexit sha1_base64="+nZYdAEhn48Cd+n5iI2oFUt1OIs="></latexit>

...

Master
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* Stich, S. U. Local SGD Converges Fast and Communicates Little. In 
International Conference on Learning  Representations, 2019. 

* Khaled, A., Mishchenko, K., and Richtárik, P. First analysis of local GD 
on heterogeneous data. In NeurIPS Workshop on Federated Learning for 
Data Privacy and Confidentiality, 2019. 

* Khaled, A., Mishchenko, K., and Richtárik, P. Tighter theory for local SGD 
on identical and heterogeneous data. In The 23rd International 
Conference on Artificial Intelligence and Statistics (AISTATS 2020), 2020. 

* Ma, C., Konecny, J., Jaggi, M., Smith, V., Jordan, M. I., Richtárik,P.,and 
Takác, M. Distributed optimization with arbitrary local solvers. 
Optimization Methods and Software, 32(4):813–848, 2017.

* Haddadpour, F. and Mahdavi, M. On the convergence of local descent 
methods in federated learning. arXiv preprint arXiv:1910.14425, 2019. 

Prior work: local gradient descent
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Algorithm 1

13

Algorithm 1 Local distributed fixed-point method
Input: Initial estimate x̂0 2 Rd , stepsize � > 0,
sequence of synchronization times 0 = t0 < t1 < ...
Initialize: x0

i := x̂0, for i = 1, ... , M
for k = 0, 1, ... do

for i = 1, 2, ... , M in parallel do
hk+1

i := (1 � �)xk
i + �Ti (xk

i )
if k + 1 = tn, for some n, then

Communicate hk+1
i to master node

else
xk+1

i := hk+1
i

end if
end for
if k + 1 = tn, for some n, then

At master node: x̂ k+1 := 1
M
PM

i=1 hk+1
i

Broadcast: xk+1
i := x̂ k+1 for all i = 1, ... , M

end if
end for

<latexit sha1_base64="zlysDu2MG/c15c+zgpUNZOKh+6Q="></latexit>
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13
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else
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i := hk+1
i

end if
end for
if k + 1 = tn, for some n, then

At master node: x̂ k+1 := 1
M
PM

i=1 hk+1
i

Broadcast: xk+1
i := x̂ k+1 for all i = 1, ... , M

end if
end for

<latexit sha1_base64="zlysDu2MG/c15c+zgpUNZOKh+6Q="></latexit>

n-th epoch:
sequence
of iterations
k + 1 = tn�1 + 1, ... , tn

<latexit sha1_base64="Q83XCcACEp+OBviZWhTN0ieIqHE="></latexit>
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Communication times

Nb of iterations in each epoch supposed bounded:

Assumption: 1  tn � tn�1  H, for every n � 1.
<latexit sha1_base64="047m4CiEAeJBnM7BT4CaqTqKwVU="></latexit>
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Communication times

Nb of iterations in each epoch supposed bounded:

Assumption: 1  tn � tn�1  H, for every n � 1.
<latexit sha1_base64="047m4CiEAeJBnM7BT4CaqTqKwVU="></latexit>

Example:
tn = nH

<latexit sha1_base64="oDn9DYW/dTPyM7S5EfRe2hiKsF8="></latexit>
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Analysis in the contractive case

tn = nH
<latexit sha1_base64="aIumEdLJ90oZeOmQ50ZgeR179w8="></latexit>

All Ti are �-contractive, for � 2 [0, 1)
<latexit sha1_base64="eF+Zt4GPBJej+Ka7ws5ZcXHKwrs="></latexit>

• 
• 

kTi (x) � Ti (y )k  �kx � yk, 8x , y
<latexit sha1_base64="GNYss/O6vDWyrd0eZsqfE1bmrH0="></latexit>

i.e.

15
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Analysis in the contractive case

tn = nH
<latexit sha1_base64="aIumEdLJ90oZeOmQ50ZgeR179w8="></latexit>

All Ti are �-contractive, for � 2 [0, 1)
<latexit sha1_base64="eF+Zt4GPBJej+Ka7ws5ZcXHKwrs="></latexit>

• 
• 

We define the operator

Then

• � = 1

<latexit sha1_base64="BVzWM9mSpFSyK6/NkfbdBwrJRLc="></latexit>

eT =
1
M

MX

i=1

T H

i

<latexit sha1_base64="EcDciakEJqtrGdKIu2YqXmHQn0k="></latexit>

x̂
(n+1)H = eT (x̂nH )

<latexit sha1_base64="jSEWyv3qYwc9yFbmrwhhWbc6Hm8="></latexit>
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Analysis in the contractive case

Theorem 2.11 (linear convergence) The fixed point x† of
eT exists and is unique, and x̂nH converges linearly to x†.
More precisely,

(i) eT is �H -contractive.

(ii) 8n 2 N, kx̂nH � x†k  �nHkx̂0 � x†k.

<latexit sha1_base64="W/JSn14Un+a4TmOHcIvguv+jNQA="></latexit>
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Theorem 2.14 (size of the neighborhood)
Suppose that � = 1. So, ⇠ = �. Then

kx
† � x

?k  S,

where

S =
⇠

1 � ⇠

1 � ⇠H�1

1 � ⇠H

1
M

MX

i=1

kTi (x?) � x
?k.

<latexit sha1_base64="zCIvZEBOW78ivagoJuWZPRIZMiA="></latexit>

Analysis in the contractive case
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Theorem 2.14 (size of the neighborhood)
Suppose that � = 1. So, ⇠ = �. Then
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where

S =
⇠

1 � ⇠

1 � ⇠H�1

1 � ⇠H

1
M

MX

i=1

kTi (x?) � x
?k.

<latexit sha1_base64="zCIvZEBOW78ivagoJuWZPRIZMiA="></latexit>

Note 1: S = 0 if H = 1, or M = 1, or Ti = T , or ⇠ = 0.
<latexit sha1_base64="24d0uk36HAL52fIJKvBkp/FI4o0="></latexit>

Analysis in the contractive case



FLOW seminar - May 23, 2021

KAUST

/ 2718
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† � x

?k  S,

where

S =
⇠

1 � ⇠

1 � ⇠H�1

1 � ⇠H

1
M

MX

i=1

kTi (x?) � x
?k.

<latexit sha1_base64="zCIvZEBOW78ivagoJuWZPRIZMiA="></latexit>

Note 2: If H : 1 % +1, S : 0 % S1 with
<latexit sha1_base64="/uGGfrVk5mjE2JlIZ1V8zu7xLLs="></latexit>

S1 =
⇠

1 � ⇠

1
M

MX

i=1

kTi (x?) � x?k.
<latexit sha1_base64="yY+tj3S/y1X2Od/kN6DE5ZuODSI="></latexit>

Note 1: S = 0 if H = 1, or M = 1, or Ti = T , or ⇠ = 0.
<latexit sha1_base64="24d0uk36HAL52fIJKvBkp/FI4o0="></latexit>

Analysis in the contractive case
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Analysis in the contractive case

Corollary: For every n 2 N,
<latexit sha1_base64="XlCQBWNAGlcfYzbvVwYfZ282FIA="></latexit>

kx̂
nH � x

?k  ⇠nHkx̂
0 � x

†k + S

 ⇠nH (kx̂
0 � x

?k + S) + S.
<latexit sha1_base64="aNEvVZiC1ZPx1Ch5h50mOixSJos="></latexit>

19
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Results: logistic regression

iterations
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x?
<latexit sha1_base64="cYDmkYI8j3U6dWHm1x0TEL0GNEU="></latexit>

x†
<latexit sha1_base64="PWZsSoZSQ8CvHyfP8ug+1ITWCp0="></latexit>

21

Reaching epsilon-accuracy
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x?
<latexit sha1_base64="cYDmkYI8j3U6dWHm1x0TEL0GNEU="></latexit>

x†
<latexit sha1_base64="PWZsSoZSQ8CvHyfP8ug+1ITWCp0="></latexit>

Local GD:
O
� L
µ

1
H log( 1

✏ )
�

<latexit sha1_base64="po9pHWqPS3XoJXswkNrKCzuPSgA="></latexit>

but

Note:

H = O(1 + ✏)
<latexit sha1_base64="Vc9R4TQvYIHf/nI6vA/EKPUy20g="></latexit>

O
�

L

µ log( 1
✏ )
�

<latexit sha1_base64="u4C8PNrXV5hIGp34PSy0RZd8E1Q="></latexit>

21

Reaching epsilon-accuracy
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Analysis in the non-contractive case

tn = nH
<latexit sha1_base64="aIumEdLJ90oZeOmQ50ZgeR179w8="></latexit>• convergence to x†, a fixed point of

eT = 1
M

PM

i=1
�
�Ti + (1 � �)Id

�H

<latexit sha1_base64="sQnbhJ6oWrCRZvTi4SK9Ow3pE2s="></latexit>

sublinear rates on kx̂ (n+1)H � x̂nHk2 or kx̂ k � T (x̂ k )k2
<latexit sha1_base64="rSs2PbTIQ1PRS8K/LDN2rN5gqO8="></latexit>

• 

• tn = nH
<latexit sha1_base64="aIumEdLJ90oZeOmQ50ZgeR179w8="></latexit>

convergence w.r.t. nb. epochs
1 to H times faster

<latexit sha1_base64="W7hX89hU4s60Cp3q9lPIYosm6qs="></latexit>
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Algorithm 1 Randomized distributed fixed-point method
Input: Initial estimate x̂0 2 Rd , stepsize � > 0,
communication probability 0 < p  1
Initialize: x0

i = x̂0, for all i = 1, ... , M
for k = 1, 2, ... do

for i = 1, 2, ... , M in parallel do
hk+1

i := (1 � �)xk
i + �Ti (xk

i )
end for
Flip a coin and
with probability p do

Communicate hk+1
i to master, for i = 1, ... , M

At master node: x̂ k+1 := 1
M
PM

i=1 hk+1
i

Broadcast: xk+1
i := x̂ k+1, for all i = 1, ... , M

else, with probability 1 � p, do
xk+1

i := hk+1
i , for all i = 1, ... , M

end for
<latexit sha1_base64="EQ7A/6LvU0cvOvSJDHe2Mz6SBbw="></latexit>

2
<latexit sha1_base64="eg06qBuPzO70QTjhbPswlLmn6O4="></latexit>

Algorithm 2
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Results: logistic regression
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Analysis of Algorithm 2

 k := kx̂ k � x?k2 +
5�
p

1
M

MX

i=1

���xk
i � x̂ k

���
2

<latexit sha1_base64="bDDYjwvv3TlZ9gfESZTQVmUqYiw="></latexit>

Lyapunov function:

For � small enough:
<latexit sha1_base64="wOTBL9wAWn/5SxHofYhIxRUM67U="></latexit>

E[ k ] 
✓

1 � min
✓

�⇢

1 + ⇢
,

p
5

◆◆k

 0 +
150

min
⇣

�⇢
1+⇢ , p

5

⌘
p2

�3

M

MX

i=1

kx? � Ti (x?)k2

<latexit sha1_base64="dwFZXzDKCvLVBvI8ttcKBkkTYcE="></latexit>

Theorem 3.2
<latexit sha1_base64="Rr2nxRhWYDnf2Ybx2Nf/vs9CT2A="></latexit>
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Using local steps: provably good strategy 
to achieve a medium-accuracy solution faster, 
whenever communication is the bottleneck

Conclusion
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Using local steps: provably good strategy 
to achieve a medium-accuracy solution faster, 
whenever communication is the bottleneck

+ one can decrease H along the iterations

<latexit sha1_base64="WSuizKl1lzUPGu/xm0wb9y6arco="></latexit>

Conclusion
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Using local steps: provably good strategy 
to achieve a medium-accuracy solution faster, 
whenever communication is the bottleneck

Future work:
* Stochastic fixed point operators...
* Variance reduction??

Conclusion
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Using local steps: provably good strategy 
to achieve a medium-accuracy solution faster, 
whenever communication is the bottleneck

Conclusion


