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Optimization

“Nothing takes place in the world whose
meaning is not that of some maximum
or minimum”

— Leonhard Euler ~1750
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Optimization

Find x* € arg min W(x)
xex
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Optimization

Find x* € argmin W(x)
XeX

X is a real Hilbert space
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Optimization

XeXx

M
Find x* € argmin W(x) = )  gm(LmX)
m=1

with
linear operators L, : X — Up,
real Hilbert spaces X, U,
functions gn,
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Optimization

Find x* € argmin W(x ng mX)

XeX

Example: W(x) = ||[Ax — y/||? + || x|
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Optimization

Find x* € argmin W(x ng mX)

XeXx

Example: ¥(x) = ||Ax — y||? + R(x
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Motivation: image processing

Find x* € argmin W(x ng LX)

XeXx

Example: ¥(x) = ||Ax — y||? + R(x)

Coincidence
Processing Unit

Sinogram /
Listmode Data

Annihilation Image Reconstruction




Motivation: image processing

Find x* € argmin W(x ng mX)

XeXx

Example: ¥(x) = ||Ax — y||? + R(x

LC, "Discrete total
variation: New definition
and minimization", 2017

LC, "A generic proximal
algorithm...", 2014
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Convex optimization

M
Find x* € argmin W(x) = )  gm(LmX)
XeX m=1

with
linear operators L, : X — Un,
real Hilbert spaces X, U,
convex functions g, : Uy — R U {+00}
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Convex functions

fisconvex if Vx,y € X and a € [0, 1],
flax + (1 — a)y) < af(x) + (1 — a)f(y)
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Convex functions

Some convex functions: R — R U {+o0}

+00

N
\_
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Indicator functions

For a closed convex set 2 C X, its indicator function is

IQ(X)={O if x € €,

+o00 else.
+ OO

o 1S cCONvex.

+0O

+0O

+ 0O
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Indicator functions

For a closed convex set 2 C X, its indicator function is

oo [0 ixeq
DT o0 else.

+0O

o 1S cCONvex.

Note: I, + 1, = IQ,NnQ,

+0O

+0O

+ 0O
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Constrained optimization

Find x* € argmin W(x ng mX)

xXeXx

encompasses the presence of constraints:

minimize f(x) = minimize f(x) s.t. x € Q
xXel) xeX

= minimize f(x) + Iqo(x)
xeX
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Optimization algorithms

Find x* € argmin W(x ng LX)

xXeXx

iterative algorithm computing
xhk+1 — T(Xk)

with x¥ converging to x* = T(x*)
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The gradient

f: X — R is differentiable (=smooth) at x
if there exists a unique element Vf(x) € X such that

Ve € X, f(x + e) = f(x) + (e, VI(x)) + o(]|e]|)
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The gradient

f: X — R is differentiable (=smooth) at x
If there exists a unigue element Vf(x) € X such that

Ve € X, f(x + e) = f(x) + (e, VI(x)) + o(]|e]|)

M
V(X) = Z gm(Lmx)
m=1

M
I3 VV(x) =) LpVgm(Lmx)
m=1

15/57



Gradient descent

Xk+1 _ Xk o ,va(xk)
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Gradient descent

Xk+1 _ Xk o ,va(xk)
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Gradient descent

Xk+1 _ Xk o ,va(xk)
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The subdifferential

of: X — 2%
x—{ueX 1 VyeX, f(x)+(y—x,u) <f(y)}

I3- 0f(x) is the set of gradients of the
affine minorants of f at x
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The subdifferential

of: X — 2%

x—{ueX 1 VyeX, f(x)+(y—x,u) <f(y)}

Example: f=| |
5" 0f(0) = [-1,1] v
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The subdifferential

of: X — 2%

x—{ueX 1 VyeX, f(x)+(y—x,u) <f(y)}

f is convex and smooth at x — 9f(x) = {Vf(x)}.
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Fermat’s rule

x* cargminf
&

0 € Of (x*)

Pierre de Fermat,
1601-1665
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First-order conditions

M
Find x* € argmin W(x) = )  gm(LmX)
m=1

xXeXx

i

find x* € X such that

M
0 €Y Lydgm(Lmx*)

m=1

21 /57



Nonsmooth minimization?

>

—23 -1.3-03 0.7 1.7
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Nonsmooth minimization?

>

—23 -1.3-03 0.7 1.7
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The proximity operator

prox; : X — X : x — argmin (f(x’) + %Hx — X/HZ)
x'eXx
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The proximity operator

prox; : X — X : x — argmin (f(x’) + 5| x — x’|\2)
xX'ex

prox; = (Of + Id)~!
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The proximity operator

prox; : X — X : x — argmin (f(x’) + %Hx — X/HZ)
x'eXx

prox, = (Of + Id)~

y=proxs(x) = yex-—0of(y
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prox; : X — X : x — argmin (f(x’) + 5| x — X/HZ)

The proximity operator

X' ex

IS5y

/

/

prox;(x) = sgn(x) max(|x| — 1, 0)
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The proximity operator

prox; : X — X : x — argmin (f(x’) + 5 ]|x — x’H2>
xX'ex

prox,, = projg
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The proximity operator

Exact, finite time, algorithms are available to compute
the proximity operator of:

o ||X||. — SVD, O(N3)
e 1-D TV — taut-string alg., O(N)
e 2-D anisotropic TV — graph cuts

e proj. onto the simplex — O(N)

27 157



The proximity operator

Exact, finite time, algorithms are available to compute
the proximity operator of:

o ||X||. — SVD, O(N3)
e 1-D TV — taut-string alg., O(N)

e 2-D anisotropic TV — graph cuts
LC, "A direct algorithm for

e proj. onto the simplex — O(N)  1-D total variation...", 2013

LC, "Fast projection onto
the simplex...", 2016

Pustelnik, LC, "Proximity
operator of a sum...", 2017
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Proximal splitting algorithms

Find x* € argmin ng LX)

XeX

A No easy form of prox,, ., or prox,,,
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Proximal splitting algorithms

Find x* € argmin ng LX)

XeX

=3~ We want full splitting, with individual activation of
Lm, LY, the gradient or proximity operator of g,.
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Proximal splitting algorithms

M
Find x* € arg min (f(x) + 3 gm(LmX) + h(x))
XEX m=1

with:

h smooth with 3-Lipschitz continuous gradient
— calls to Vh

simple functions f and g, — calls to prox. ; and prox
callsto L, L,

Tm9m
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Product space trick

Find x* € argmin (f(x) + g(Lx) + h(x))

xXex
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Minimization of 3 functions

Find x* € argmin (f(x) + g(Lx) + h(x))

e

Prox Prox Vh, L, L*

,st TQg"

32 /57



Proximal splitting algorithms

minimize f+go L+ h

. f+h =5~ forward-backward
19791 f4g 5> Douglas-Rachford / ADMM
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1979 |

2011

Proximal splitting algorithms

f+h
f+qg

f+gol

minimize f+go L+ h

I=5> forward-backward
=5~ Douglas-Rachford / ADMM

=5~ Chambolle-Pock
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1979 |

2011
2011

Proximal splitting algorithms

f+h
f+qg

f+gol
golL+h

IS5y
ISy

ISy

minimize f+go L+ h

forward-backward
Douglas-Rachford / ADMM

Chambolle-Pock
PAPC
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1979 |

2011
2011
2013

Proximal splitting algorithms

f+h
f+qg

f+gol
golL+h
f+gol+h

minimize f+go L+ h

IS5y
ISy

ISy

forward-backward
Douglas-Rachford / ADMM

Chambolle-Pock
PAPC

Condat, Vu

LC, "A primal-dual splitting method
for convex optimization...", 2013

Vu, "A splitting algorithm for dual
monotone inclusions...", 2013
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1979 |

2011
2011
2013

2017

Proximal splitting algorithms

f+h
f+qg

f+gol
golL+h
f+gol+h

f+g+h

minimize f+go L+ h

IS5y
ISy

IS5y
1SSy

1SSy
IS5y

forward-backward
Douglas-Rachford / ADMM

Chambolle-Pock
PAPC

Condat, Vu

Davis-Yin
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1979 |

2011
2011
2013

2017
2018

Proximal splitting algorithms

f+h
f+qg

f+gol
golL+h
f+gol+h

f+g+h
f+golL+h

minimize f+go L+ h

IS5y
ISy

forward-backward
Douglas-Rachford / ADMM

Chambolle-Pock
PAPC

Condat, Vu
Davis-Yin
PD30O
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1979 |

2011
2011
2013

2017
2018

2022

Proximal splitting algorithms

f+h
f+qg

f+gol

golL+h
f+gol+h

f+g+h
f+golL+h

f+gol+h

minimize f+go L+ h

IS5y
ISy

forward-backward
Douglas-Rachford / ADMM

Chambolle-Pock

PAPC
Condat, Vu

Davis-Yin
PD30O
PDDY

Salim, LC et al., "Dualize,
split, randomize...", 2022
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Proximal splitting algorithms

Condat-Vu | & Il PD30 PDDY f+gol+h

Chambolle-Pock
f+gol

l

Douglas-Rachford (ADMM) forward-backward
f+qg f+h

Davis-Yin PAPC
f+g+h golL+h
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4 primal-dual algorithms

Condat—Vu algorithm form | minimize
X"+ = prox. ; (x* — yVh(x*) — yL*u") f+gol+h
uk*t = prox . (UK + TL(2Xx" T — xK))

Condat—Vu algorithm form I
u**! = prox .. (u* + 7Lx*)
x**+1 = prox, (x — yVh(x¥) — yL*(2u"T — UF))

PDSO algorithm
X"+ = prox._ ; (x* — yVh(x*) — yL*u”
u*1 = prox_ *(u + TL2X* 1= xK =4V h(x** 1)+~ V h(x¥)))
PDDY algorithm
uk*! = prox, . (U + TLx¥)
xk1 = proxvf(xk — AV A(XK—~ L (U —uf)) — yL* (Ut —uk))
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First-order conditions

Find x* € argmin (f(x) + g(Lx) + h(x))

xXex

nNy —

0 € VA(x*) + Of(x*) + L*dg(Lx*)
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First-order conditions

Find x* € argmin (f(x) + g(Lx) + h(x))

xXex

Ny —

0 € Vh(x*) + Of(x*) + L*Og(Lx*)

" 0 € Vh(x*)

< £ OF(x*) + L*u*
- u* € dg(Lx*)
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First-order conditions

Find x* € argmin (f(x) + g(Lx) + h(x))

xXex

Ny —

0 € Vh(x*) + Of(x*) + L*Og(Lx*)

[ 0 € Vh(x*) + 0f(x*) + L*u*
0 ¢ —Lx* +0g° (uf)

/\\

38 /57



First-order conditions

Find x* € argmin (f(x) + g(Lx) + h(x))

xXex

Ny —

Find (x*, u™) solution to

0 Vh(x)+ 0f(x)+ L*u
(o) 6( _Lx +0g*(u) >
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First-order conditions

Find x* € argmin (f(x) + g(Lx) + h(x))

xXex

Ny —

Find (x*, u™) solution to
0 - Vh(x)+ 0f(x)+ L*u
0 —Lx + 0g*(u)

Dual problem:
Find u* € argmin ((f + h)* (=L u) + g*(u))

uei
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First-order conditions

Find x* € argmin (f(x) + g(Lx) + h(x))

xXex

Find (x*, u™) solution to
0 Vh(x)+ 0f(x)+ L*u
0) S _Lx + g™ (u)

T

monotone

M monotone: V(x, x’) € X2, ve Mx,v' € Mx', (x —x",v—Vv') >0
40/ 57




Primal-dual 3 operator splitting

0 L*u Of(x) Vh(x)
(o) - (—Lx+8g*(u)> +( 0 >+( 0




Primal-dual 3 operator splitting

0 L*u Of(x) Vh(x)
(o) - (—Lx+8g*(u)> +< 0 >+( 0

0 Of(x) + L*u 0 v h(x)
o ()< (") (g )+ (70"
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Primal-dual 3 operator splitting

0 Of(x) + L*u 0 v h(x)
o ()< (") (g )+ (70"

N/ T

monotone cocoercive

C is £-cocoercive: V(x, x') € X%, ¢]|Cx — Cx'||? < (x — x', Cx — Cx')
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Primal-dual 3 operator splitting

0 L*u Of(x) V h(x)
(0) € (nerogw)* (767)+(757)
0 Of(x) + L*u 0 v h(x)
o (o) e ("5) (o) * (707

3 0c A(ZY) + B(z¥) + C(z%)
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Primal-dual 3 operator splitting

0 [*u Of(x) ( V h(x) >
(O>E<—Lx+6’g*(u)>+< o /*\ o
0 Of(x) + L*u 0 v h(x)
o (0) < (") (ogrw) + (707)

I 0c P 'A(Z*)+ P 'B(z*) + P~ 1C(z*)
forsome P >~ 0
(M monotone = P~'M monotone w.r.t. (-, P-))
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Primal-dual 3 operator splitting

0 L*u Of(x) V h(x)
(0) € (nerogw)* (767)+(757)
0 Of(x) + L*u 0 v h(x)
o (o) e ("5) (o) * (707

0 c P1A(z*) + P~1B(z*) + P~ C(z*)

[[33~ Davis-Yin splitting algorithm

ZK = Jp_15(V¥)
Wil = Jp 1 4(22% — vE — P1C(25))

Vk+1 _ Vk n Wk+1 L Zk

(Ju = (M +1d)~")
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PD30 algorithm

0 L*u Of(x) V h(x)
(0) € (o) (707) (767

lld 0
v - oo 7
=3~ Davis-Yin splitting with ( 0 11d—ALL )

PD30 algorithm

X1 = prox_,;(s¥)

u**! = prox, . (uk +7L(2x"T — §K — 4V h(xK*1) — 4L uk))
Sk+1 — Xk+1 . VVh(XkH) . VL* uk+1
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PDDY algorithm

)+

(5)e(uf

[3° Davis-Yin splitting with P =
and swapping A and B

—Lx +0g*(u)

PDDY algorithm

Xk+1 _ )"(k

XK = prox. (X — vV h(x"

u*1 = prox_,,.
hk+1 — U%(]+1

(Uk + LXK

+’Y(hk+1 L hk)

) +vh")

)

Of(x) V h(x)

)+
119
1d — yLL
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Condat-Vu algorithm

0\ _ (f)+Lu), (0 ), (Vhx
0 Clx 99" (u) 0
1T1A *
[=3° Davis-Yin splitting with P = ( 16 OTL L 1?d )

Condat-Vu algorithm
X"+ = prox. ; (x* — yVh(x*) — yL*u")
Ukt = prox .. (U + TLx(2x**1 — x*))
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Condat-Vu algorithm

0 Of(x) + L*u 0 v h(x)
(0) € (") (ogw) +

,y

[3° Davis-Yin splitting with P = (

0
and swapping A and B

Condat-Vu algorithm form Il

u**! = prox_,. (U + 7Lx*)
Xk+1 _ proxvf (Xk o ’}/Vh(Xk) L ’}/L*(ZUK+1 L Uk))
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Summary

& nonsmooth functions

A large scale

3~ proximal splitting algorithms
designed using monotone and fixed-point
operator theory
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Summary

A nonsmooth functions

A large scale

3~ proximal splitting algorithms
designed using monotone and fixed-point
operator theory

LC et al. "Proximal Splitting Algorithms for Convex Optimization:
A Tour of Recent Advances, with New Twists", SIAM Review, 2023

Salim, LC, Mishchenko, Richtarik, "Dualize, split, randomize:
Toward Fast Nonsmooth Optimization Algorithms", JOTA, 2022
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Convergence rates

Theorem — PD30O, with g continuous around Lx*:
W(x¥) — W(x*) = o(1/Vk)
Theorem — accelerated PD30 and PDDY
when h or f strongly convex, with varying stepsizes:
[Xx* —x*||? = O(1/k)
Theorem — linear convergence of PD30O and PDDY
when h or f strongly convex and g smooth:

X = x*|P < (1 - p)fee

LC, Malinovsky, Richtarik, "Distributed Proximal Splitting
Algorithms with Rates and Acceleration”, 2022
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PDDY algorithm

PDDY

input: initial points x° € X, u® € U;
stepsizes v > 0,7 >0
h = —L*uY
for k=0,1,...do
XK= prox (X — yVh(x*) + vH¥)
uk*! = prox .. (U + 7LX¥)

hk+1 ‘— _L*uk+1
Xk+1 ‘— )"(t +’y(hk+1 . hk)
end for
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PDDY algorithm

PDDY

input: initial points x° € X, u® € U;
stepsizes v > 0,7 >0
h = —L*uY
for k=0,1,...do
XK= prox (X — yVh(x*) + vH¥)
uk*! = prox .. (U + 7LX¥)

hk+1 ‘— _L*uk+1
Xk+1 ‘— )"(t +’y(hk+1 . hk)
end for

A prox..,. can be costly

51 /57



RandProx algorithm

RandProx

input: initial points x° € X, u° € U;
stepsizes v >0,7>0;w >0
h = —L*uY
fork=0,1,...do
XX = prox,; (x* — yVh(x*) + vh*)
Uk = UF + S RE(prox, . (UF + TLEK) — uF)

hk+1 S uk+1
XK = 5K 4~ (1 4 w) (AR — RK)
end for

LC, Richtarik, "RandProx: Primal-Dual Optimization
Algorithms with Randomized Proximal Updates”, ICLR, 2023
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RandProx algorithm

RandProx

input: initial points x° € X, u° € U;
stepsizes v >0,7>0;w >0
R = —L*u°
fork=0,1,...do
XX = prox,; (x* — yVh(x*) + vh*)
Uk = UF + S RE(prox, . (UF + TLEK) — uF)
hk+1 S uk+1
XK 2 XK (1 4 w) (BT — )
end for

[R(rf)] = r* and 43{

R(r) = r[°] < w7
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Linear convergence

Theorem 1. Suppose that up > 0 or us > 0, and pg- > 0.
For suitable v and v, Vk > 0,

5 |WK] < c*W0, where

1 2 1 2
WK = —|| K_x*|| +(1+w) <—+2,ug>) |uk—u* ,
o T
_ 2 .
- — max (1—"y1en) r 2T Jig
1+ yur (1+w)(1+271g+)
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Examples

RandProx-skip

input: initial points x° ¢ X, u° € U; (ot h

stepsizes v > 0,7 > 0; p € (0, 1] At

KO = [ %0 < 5T w!th prob p

for k=0,1,...do _ (0 withprob 1—p
Flip a coin 6% = (1 with probability p, 0 else)

if 0¥ = 1 then
X = prox_; (x* — yVh(x*) + vH*)
uk*! = prox,. . (U + 7LXK)

hk+1 S uk+1
1 ek %(hk+1 _ hk)
else

X1 = prox (X% — yVh(x¥) + vH*)
uk+1 ‘— uk hk+1 ‘— hk
end if
end for
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Examples

RandProx-minibatch

input: initial points x° € X, (V)M € xM;

stepsize v > 0; s € {1,.
O =—SM W0

m=1

for k=0,1,...do

XK = prox. ¢ (x¥ — yVh(x¥) + vh¥)
pick Q% c {1, ...,

for mc Qf do

. M}

M} of size s unif. at random

i proxwgm(u LM
end for
forme {1,..., M}\Q¥ do
U§;1:= Uk
end for
hk+1._ E:giﬂ uﬁr1
Xk+1 Xk n %(hkﬂ o ht)
end for

min h+ 17+ Z%=1 am

-

N\

RK:
sampling
J

~
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Examples

RandProx-FL

input: initial estimates (x°)7, € ",
()7, € X" such that >°;1, v = 0;
stepsize v > 0; w >0
for k=0,1,...do
for/=1,...,nat nodes in parallel do
XK = xI — 4V hi(x¥) — yuk
al = RK(xK)
/| send compressed vector af to master
end for
at=1%" af // aggregation at master
// broadcast a* to all nodes
for/=1,...,nat nodes in parallel do

d'/'l:ﬁ:.a;( K i 1 gk
Uit = U+ o 9
Xf+1:=‘%ﬁ'_'T%JO¢
end for
end for

min > h;

4 )

REK:

compression
N\ J
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Conclusion

nonsmooth large-scale optimization

I3~ proximal splitting algorithms

Perspectives

acceleration

different metric / Bregman distances
cheaper random/inexact operations
application to nonconvex optimization
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