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Optimization

1

“Nothing takes place in the world whose 
meaning is not that of some maximum 
or minimum”
― Leonhard Euler     ~1750
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<latexit sha1_base64="bD63J4YEazFfjOF2VxBL9lo4ylA="></latexit>

Find x? 2 arg min
x2X

 (x)

Optimization
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<latexit sha1_base64="bD63J4YEazFfjOF2VxBL9lo4ylA="></latexit>

Find x? 2 arg min
x2X

 (x)

Optimization

<latexit sha1_base64="G0hcqtOAmO6PD5KbplxmaDuV+II="></latexit>

X is a real Hilbert space
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<latexit sha1_base64="4Kd1V2cLBAJAxQQR/fGGwByPYm8="></latexit>

Find x? 2 arg min
x2X

 (x) =
MX

m=1

gm(Lmx)

Optimization

<latexit sha1_base64="2ZWzKyqYyP52JR4J+hTb5P7idv0="></latexit>

with

• linear operators Lm : X ! Um

• real Hilbert spaces X , Um

• functions gm
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Example:  (x) = kAx � yk2 + kxk1
<latexit sha1_base64="fgeEEvIKY3clPIlIqk8NH5wS9Do="></latexit>

4

<latexit sha1_base64="4Kd1V2cLBAJAxQQR/fGGwByPYm8="></latexit>

Find x? 2 arg min
x2X

 (x) =
MX

m=1

gm(Lmx)

Optimization
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<latexit sha1_base64="4Kd1V2cLBAJAxQQR/fGGwByPYm8="></latexit>

Find x? 2 arg min
x2X

 (x) =
MX

m=1

gm(Lmx)

Optimization

<latexit sha1_base64="VWqX94Ren6XbnrHVQVo3Nx/m5xs="></latexit>

Example:  (x) = kAx � yk2 + R(x)
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Motivation: image processing
<latexit sha1_base64="4Kd1V2cLBAJAxQQR/fGGwByPYm8="></latexit>

Find x? 2 arg min
x2X

 (x) =
MX

m=1

gm(Lmx)

<latexit sha1_base64="VWqX94Ren6XbnrHVQVo3Nx/m5xs="></latexit>

Example:  (x) = kAx � yk2 + R(x)



/ 577

Motivation: image processing
<latexit sha1_base64="4Kd1V2cLBAJAxQQR/fGGwByPYm8="></latexit>

Find x? 2 arg min
x2X

 (x) =
MX

m=1

gm(Lmx)

<latexit sha1_base64="VWqX94Ren6XbnrHVQVo3Nx/m5xs="></latexit>

Example:  (x) = kAx � yk2 + R(x)

LC, "Discrete total 
variation: New definition 
and minimization", 2017

LC, "A generic proximal 
algorithm...", 2014
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<latexit sha1_base64="4Kd1V2cLBAJAxQQR/fGGwByPYm8="></latexit>

Find x? 2 arg min
x2X

 (x) =
MX

m=1

gm(Lmx)

Convex optimization

<latexit sha1_base64="q+Oa3/7AoYKd3xNX4szEOdqppo4="></latexit>

with

• linear operators Lm : X ! Um

• real Hilbert spaces X , Um

• convex functions gm : Um ! R [ {+1}
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ax + (1 � a)y

x y

Convex functions
f is convex if 8x , y 2 X and a 2 [0, 1],
f (ax + (1 � a)y )  af (x) + (1 � a)f (y )

<latexit sha1_base64="AUg94Hup3SuBO0yxys0pDcFzaNM="></latexit>

9
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+1 +1

+1

|x|

x2

Convex functions
Some convex functions: R ! R [ {+1}

10
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Indicator functions

For a closed convex set ⌦ ⇢ X , its indicator function is

ı⌦(x) =
⇢

0 if x 2 ⌦,
+1 else.

0
+1

+1
+1

+1

+1ı⌦ is convex.

11
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For a closed convex set ⌦ ⇢ X , its indicator function is

ı⌦(x) =
⇢

0 if x 2 ⌦,
+1 else.

0
+1

+1
+1

+1

+1ı⌦ is convex.

11

Note: ı⌦1 + ı⌦2 = ı⌦1\⌦2
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minimize
x2⌦

f (x) ⌘ minimize
x2X

f (x) s.t. x 2 ⌦

⌘ minimize
x2X

f (x) + ı⌦(x)

Constrained optimization

12

<latexit sha1_base64="4Kd1V2cLBAJAxQQR/fGGwByPYm8="></latexit>

Find x? 2 arg min
x2X

 (x) =
MX

m=1

gm(Lmx)

encompasses the presence of constraints:



/ 57

Optimization algorithms

13

<latexit sha1_base64="4Kd1V2cLBAJAxQQR/fGGwByPYm8="></latexit>

Find x? 2 arg min
x2X

 (x) =
MX

m=1

gm(Lmx)

<latexit sha1_base64="E1FFwMm9+p1C3dxa/oHupSwgAR0="></latexit>

iterative algorithm computing
xk+1 = T (xk )

<latexit sha1_base64="qVRHkV638OrqMiDVBjve+zCQSiM="></latexit>

with xk converging to x? = T (x?)
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The gradient

f : X ! R is differentiable (=smooth) at x
if there exists a unique element rf (x) 2 X such that

8e 2 X , f (x + e) = f (x) + he,rf (x)i + o(kek)
<latexit sha1_base64="qtY6b+iPTD71+pxt93FZ8K82KNo="></latexit>

14
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The gradient

f : X ! R is differentiable (=smooth) at x
if there exists a unique element rf (x) 2 X such that

8e 2 X , f (x + e) = f (x) + he,rf (x)i + o(kek)
<latexit sha1_base64="qtY6b+iPTD71+pxt93FZ8K82KNo="></latexit>

15

<latexit sha1_base64="7MlqkCaW/QcvoBqHc9kHa8gP0I4="></latexit>

 (x) =
MX

m=1

gm(Lmx)
<latexit sha1_base64="eU5J2fmhFr03DNBUq9PIdrW8Qrg="></latexit>

r (x) =
MX

m=1

L⇤
mrgm(Lmx)
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Gradient descent

16

<latexit sha1_base64="jC6XVqgxUw02OQLW+n8zytRNoYI="></latexit>

x?

<latexit sha1_base64="o3UV92ElBP6B8wdbZ/fg9AdZ0xA="></latexit>

xk+1 = xk � �r (xk )
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<latexit sha1_base64="jC6XVqgxUw02OQLW+n8zytRNoYI="></latexit>

x?

<latexit sha1_base64="o3UV92ElBP6B8wdbZ/fg9AdZ0xA="></latexit>

xk+1 = xk � �r (xk )

Gradient descent
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<latexit sha1_base64="jC6XVqgxUw02OQLW+n8zytRNoYI="></latexit>

x?

<latexit sha1_base64="o3UV92ElBP6B8wdbZ/fg9AdZ0xA="></latexit>

xk+1 = xk � �r (xk )

Gradient descent
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The subdifferential

@f : X ! 2X

x 7!
�

u 2 X : 8y 2 X , f (x) + hy � x , ui  f (y )
 

17

@f (x) is the set of gradients of the
affine minorants of f at x

<latexit sha1_base64="0Ph4lJGMzRyX9bVTGxo06Z4al3Q="></latexit>
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The subdifferential

@f : X ! 2X

x 7!
�

u 2 X : 8y 2 X , f (x) + hy � x , ui  f (y )
 

18

Example: f = | · |
<latexit sha1_base64="K1WFCWBU8S4ZC/UHGT0dbzfFd1A="></latexit>

@f (0) = [�1, 1]
<latexit sha1_base64="h4Koutbh35N3ToLA6XDbF9Jp0cA="></latexit>
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The subdifferential

f is convex and smooth at x ! @f (x) = {rf (x)}.

@f : X ! 2X

x 7!
�

u 2 X : 8y 2 X , f (x) + hy � x , ui  f (y )
 

19
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Pierre de Fermat, 
1601-1665 

Fermat’s rule

20

<latexit sha1_base64="NngkeUxJM/GIpFZN6LZ6gqOUkkE="></latexit>

0 2 @f (x?)

<latexit sha1_base64="NnPJRuR/DcSCg6yoNFO37zaRhZs="></latexit>

x? 2 arg min f
<latexit sha1_base64="I1H2tOZezOK130QzYElSFygEOAE="></latexit>,
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<latexit sha1_base64="4Kd1V2cLBAJAxQQR/fGGwByPYm8="></latexit>

Find x? 2 arg min
x2X

 (x) =
MX

m=1

gm(Lmx)

<latexit sha1_base64="LZ9op2VFqQLkLK6rfzOzdx4T6yY="></latexit>

find x? 2 X such that
<latexit sha1_base64="yMuomFdQ/t9lcZ7U7j8Z9SSQFFM="></latexit>

0 2
MX

m=1

L⇤
m@gm(Lmx?)

First-order conditions

<latexit sha1_base64="0TcNFXtp4jvXWhDXWy+4gNREZvE="></latexit> )
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<latexit sha1_base64="JAMsd/ji5YBgjyB/dIBigGGVwrY="></latexit>

|x |

<latexit sha1_base64="U1WO5Qx9HPHUO7qZVRs2b5pk0Yc="></latexit>

�0.3
<latexit sha1_base64="Vede4G1BYZ4/poazjQ9P7DzBlvI="></latexit>

0.7
<latexit sha1_base64="CnpkItL9nQOWtpjpvBPfuPiX7fU="></latexit>

1.7
<latexit sha1_base64="pGKk3zsjfivkVGqkchUYb8zV4M0="></latexit>

�1.3
<latexit sha1_base64="ewaVEO1wEqPfw8BBMBBGdsiZPvs="></latexit>

�2.3

Nonsmooth minimization?

22
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x 0
x proxf (x)

f (x 0) + 1
2kx � x 0k2

f (x 0)

The proximity operator

23

<latexit sha1_base64="UAjMxzOcXNGQN4vfqL4lEPZXYcs="></latexit>

proxf : X ! X : x 7! arg min
x02X

⇣
f (x 0) + 1

2kx � x 0k2
⌘
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The proximity operator

proxf = (@f + Id)�1
<latexit sha1_base64="gM+dh63Gv1f1vyuJGqCqS1A6vjs="></latexit>

24

<latexit sha1_base64="UAjMxzOcXNGQN4vfqL4lEPZXYcs="></latexit>

proxf : X ! X : x 7! arg min
x02X

⇣
f (x 0) + 1

2kx � x 0k2
⌘
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The proximity operator

proxf = (@f + Id)�1
<latexit sha1_base64="gM+dh63Gv1f1vyuJGqCqS1A6vjs="></latexit>

24

<latexit sha1_base64="XqdG6mQPicWDGXg/AZoVzUcxtpM="></latexit>

y = proxf (x) <latexit sha1_base64="BbjnnpJ6oT9e++Lwqhpe3tCnUpo="></latexit>⌘

<latexit sha1_base64="UAjMxzOcXNGQN4vfqL4lEPZXYcs="></latexit>

proxf : X ! X : x 7! arg min
x02X

⇣
f (x 0) + 1

2kx � x 0k2
⌘

<latexit sha1_base64="r1cVEGXYhqWeyKHYyfUauiLYPFo="></latexit>

y 2 x � @f (y )
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f (x) = |x |
proxf (x) = sgn(x) max(|x |� 1, 0)

The proximity operator

25

<latexit sha1_base64="UAjMxzOcXNGQN4vfqL4lEPZXYcs="></latexit>

proxf : X ! X : x 7! arg min
x02X

⇣
f (x 0) + 1

2kx � x 0k2
⌘
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The proximity operator

26

0
+1

+1
+1

+1

+1

x

<latexit sha1_base64="39FS9TSu38qdOmch3aJIy8eVkDI="></latexit>

proxı⌦ = proj⌦

<latexit sha1_base64="UAjMxzOcXNGQN4vfqL4lEPZXYcs="></latexit>

proxf : X ! X : x 7! arg min
x02X

⇣
f (x 0) + 1

2kx � x 0k2
⌘
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The proximity operator

Exact, finite time, algorithms are available to compute 
the proximity operator of:

• kXk⇤ ! SVD, O(N3)

• 1-D TV ! taut-string alg., O(N)

• 2-D anisotropic TV ! graph cuts

• proj. onto the simplex ! O(N)

...

27
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The proximity operator

Exact, finite time, algorithms are available to compute 
the proximity operator of:

• kXk⇤ ! SVD, O(N3)

• 1-D TV ! taut-string alg., O(N)

• 2-D anisotropic TV ! graph cuts

• proj. onto the simplex ! O(N)

...

Pustelnik, LC, "Proximity 
operator of a sum...", 2017

LC, "Fast projection onto 
the simplex...", 2016

LC, "A direct algorithm for 
1-D total variation...", 2013

27
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Proximal splitting algorithms
<latexit sha1_base64="pYST67hVyr+L2uN+a4Ncg25r7U0="></latexit>

Find x? 2 arg min
x2X

MX

m=1

gm(Lmx)

<latexit sha1_base64="VpNDD9MzdUpuZYU4Imz9nBeEpLc="></latexit>

No easy form of proxg1+g2
or proxg�L
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We want full splitting, with individual activation of
Lm, L⇤

m, the gradient or proximity operator of gm.
<latexit sha1_base64="hc9bBNoS0x/r/8a4SuC7LkPPMLI="></latexit><latexit sha1_base64="hc9bBNoS0x/r/8a4SuC7LkPPMLI="></latexit><latexit sha1_base64="hc9bBNoS0x/r/8a4SuC7LkPPMLI="></latexit><latexit sha1_base64="hc9bBNoS0x/r/8a4SuC7LkPPMLI="></latexit>

29

Proximal splitting algorithms
<latexit sha1_base64="pYST67hVyr+L2uN+a4Ncg25r7U0="></latexit>

Find x? 2 arg min
x2X

MX

m=1

gm(Lmx)
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Proximal splitting algorithms
<latexit sha1_base64="8Pe7q2sKThQ/q5itxvxvYCVJBls="></latexit>

Find x? 2 arg min
x2X

 
f (x) +

MX

m=1

gm(Lmx) + h(x)

!

<latexit sha1_base64="sGrlTUfTeIE9mxqsfMtW8KSxUGE="></latexit>

with:
• h smooth with �-Lipschitz continuous gradient

! calls to rh
• simple functions f and gm ! calls to prox�f and prox⌧mgm

• calls to Lm, L⇤
m
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Product space trick

g(u) =
MX

m=1

gm(um)

<latexit sha1_base64="26OGntzIAOiPsDyErVjxPEXt1CA="></latexit>

Lx = (L1x , ... , Lmx)

<latexit sha1_base64="fNuiFeooiLSftK6Th1fR5WLA/yI="></latexit>

g(Lx) =
MX

m=1

gm(Lmx)

<latexit sha1_base64="NAEC3aSTN4Iki03q3fIVNo+3lYw="></latexit>

<latexit sha1_base64="hH00ALQbdnTeP7Lk27/l8pIGMZI="></latexit>

Find x? 2 arg min
x2X

⇣
f (x) + g(Lx) + h(x)

⌘
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Minimization of 3 functions

<latexit sha1_base64="hH00ALQbdnTeP7Lk27/l8pIGMZI="></latexit>

Find x? 2 arg min
x2X

⇣
f (x) + g(Lx) + h(x)

⌘

<latexit sha1_base64="K+MrTaC/W1D4ym38+939H0DEKvs="></latexit>prox�f
<latexit sha1_base64="IpRPUIcGIkAibjlr1aiL7pLkMuc="></latexit>

rh<latexit sha1_base64="9qWIxWZ42G2gUcXmljltGsJIol0="></latexit>, <latexit sha1_base64="9qWIxWZ42G2gUcXmljltGsJIol0="></latexit>, <latexit sha1_base64="9qWIxWZ42G2gUcXmljltGsJIol0="></latexit>,
<latexit sha1_base64="0gpfjNg6r7t/HaBEpER/ReyWDtc="></latexit>

L
<latexit sha1_base64="Pf8jTqvahF1oxmuvN3BBsG57zFw="></latexit>

L⇤
<latexit sha1_base64="9qWIxWZ42G2gUcXmljltGsJIol0="></latexit>,<latexit sha1_base64="EDEXm3igk9Dp3ZcaPZcsT3J0LMg="></latexit>prox⌧g
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<latexit sha1_base64="SNrt4hSVXTrnf7IMo1IGnmXrB+o="></latexit>

minimize f + g � L + h
<latexit sha1_base64="+Spa8dfBEkjs3PJIL0HF1d9vrHY="></latexit>

f + h
<latexit sha1_base64="nBAlZwe0zd2g8HWH6ngZIopBHj4="></latexit>

f + g1979 Douglas-Rachford / ADMM
forward-backward

Proximal splitting algorithms
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<latexit sha1_base64="SNrt4hSVXTrnf7IMo1IGnmXrB+o="></latexit>

minimize f + g � L + h
<latexit sha1_base64="+Spa8dfBEkjs3PJIL0HF1d9vrHY="></latexit>

f + h
<latexit sha1_base64="nBAlZwe0zd2g8HWH6ngZIopBHj4="></latexit>

f + g
<latexit sha1_base64="DnkgGKzog1kcsitRFUS/9AzvvIM="></latexit>

f + g � L

1979

2011 Chambolle-Pock

Proximal splitting algorithms

Douglas-Rachford / ADMM
forward-backward
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f + g � L

1979

2011
<latexit sha1_base64="5m4JsNXwamGb0LivMp08HcP7OK8="></latexit>

g � L + h2011

Proximal splitting algorithms

Douglas-Rachford / ADMM
forward-backward

Chambolle-Pock
PAPC
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2011

<latexit sha1_base64="k1WyLOZ9fO8Y492gCHPwYz75Zis="></latexit>

f + g � L + h

<latexit sha1_base64="5m4JsNXwamGb0LivMp08HcP7OK8="></latexit>

g � L + h2011
Condat, Vu2013
PAPC

LC, "A primal-dual splitting method 
for convex optimization...", 2013
Vu, "A splitting algorithm for dual 
monotone inclusions...", 2013

Proximal splitting algorithms

Douglas-Rachford / ADMM
forward-backward

Chambolle-Pock
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<latexit sha1_base64="SNrt4hSVXTrnf7IMo1IGnmXrB+o="></latexit>
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f + g
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f + g � L

1979

2011

<latexit sha1_base64="k1WyLOZ9fO8Y492gCHPwYz75Zis="></latexit>

f + g � L + h

<latexit sha1_base64="5m4JsNXwamGb0LivMp08HcP7OK8="></latexit>

g � L + h2011
2013

PAPC

Davis-Yin2017
<latexit sha1_base64="UiyStbWEFEqPx9u/I3mx43mLnjQ="></latexit>

f + g + h

Proximal splitting algorithms

Douglas-Rachford / ADMM
forward-backward

Chambolle-Pock

Condat, Vu
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<latexit sha1_base64="SNrt4hSVXTrnf7IMo1IGnmXrB+o="></latexit>

minimize f + g � L + h
<latexit sha1_base64="+Spa8dfBEkjs3PJIL0HF1d9vrHY="></latexit>

f + h
<latexit sha1_base64="nBAlZwe0zd2g8HWH6ngZIopBHj4="></latexit>

f + g
<latexit sha1_base64="DnkgGKzog1kcsitRFUS/9AzvvIM="></latexit>

f + g � L

1979

2011

<latexit sha1_base64="k1WyLOZ9fO8Y492gCHPwYz75Zis="></latexit>

f + g � L + h

<latexit sha1_base64="5m4JsNXwamGb0LivMp08HcP7OK8="></latexit>

g � L + h2011

PD3O2018

2013

Davis-Yin2017
<latexit sha1_base64="UiyStbWEFEqPx9u/I3mx43mLnjQ="></latexit>

f + g + h
<latexit sha1_base64="k1WyLOZ9fO8Y492gCHPwYz75Zis="></latexit>

f + g � L + h

Proximal splitting algorithms

Douglas-Rachford / ADMM
forward-backward

Chambolle-Pock
PAPC
Condat, Vu
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<latexit sha1_base64="SNrt4hSVXTrnf7IMo1IGnmXrB+o="></latexit>

minimize f + g � L + h
<latexit sha1_base64="+Spa8dfBEkjs3PJIL0HF1d9vrHY="></latexit>

f + h
<latexit sha1_base64="nBAlZwe0zd2g8HWH6ngZIopBHj4="></latexit>

f + g
<latexit sha1_base64="DnkgGKzog1kcsitRFUS/9AzvvIM="></latexit>

f + g � L

1979

2011

<latexit sha1_base64="k1WyLOZ9fO8Y492gCHPwYz75Zis="></latexit>

f + g � L + h

<latexit sha1_base64="5m4JsNXwamGb0LivMp08HcP7OK8="></latexit>

g � L + h2011

PD3O
PDDY

2018

2022 Salim, LC et al., "Dualize, 
split, randomize...", 2022

2013

Davis-Yin2017
<latexit sha1_base64="UiyStbWEFEqPx9u/I3mx43mLnjQ="></latexit>

f + g + h
<latexit sha1_base64="k1WyLOZ9fO8Y492gCHPwYz75Zis="></latexit>

f + g � L + h
<latexit sha1_base64="k1WyLOZ9fO8Y492gCHPwYz75Zis="></latexit>

f + g � L + h

Proximal splitting algorithms

Douglas-Rachford / ADMM
forward-backward

Chambolle-Pock
PAPC
Condat, Vu
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Condat-Vu I & II PD3O PDDY

Chambolle-Pock PAPC

<latexit sha1_base64="vail1s7v+9PVhWgmO3pGo611Z0k="></latexit>

f + g � L + h

<latexit sha1_base64="mXhyd9AU21nqQ4aneDPc1Xj4HeQ="></latexit>

f + g � L
<latexit sha1_base64="EhT3Wqf5DLKGMNFwsEma4ZNTGGU="></latexit>

g � L + h

Douglas-Rachford (ADMM)
<latexit sha1_base64="FHaO5acOkWQ+fV2vRAHzUTrgt+s="></latexit>

f + g

forward-backward
<latexit sha1_base64="VxVWkABNmfxv2j3mM5b69C2Zfj4="></latexit>

f + h

Proximal splitting algorithms

35

Davis-Yin
<latexit sha1_base64="UiyStbWEFEqPx9u/I3mx43mLnjQ="></latexit>

f + g + h
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PD3O algorithm
<latexit sha1_base64="Z8AsNSDiDGCQQMGFVVR4BYEKucw=">AAAHyHiclVXbbtNAEJ22QEq4tIVHXiKiSghVUS6lbR6QKugDQkINiF6ktiDb2ThW7NjypSVYeeEreIW/4g/gLzgz3qRp01xqK97ZszNn5syuYzNwnSgul/8sLC7duXsvt3w//+Dho8crq2tPDiM/CS11YPmuHx6bRqRcp6sOYid21XEQKsMzXXVkdt7y+tG5CiPH736Oe4E68wy767Qcy4gBfWns1fYLhmv7oRO3va+rxXKpLF </latexit>

PDDY algorithm
<latexit sha1_base64="NUFjuk/JxBVGzOWvNVlfgUwVm/A=">AAAHyHiclVXbbtNAEJ22QEq4tIVHXiKiSghVUZKWtnlAqqAPCAlREL2gNiBfNo5VO7Z8aQlWXvgKXuGv+AP4C86MN2naNJfainf27MyZObPr2Aw9N06q1T9z8wu3bt8pLN4t3rv/4OHS8sqjgzhII0vtW4EXREemESvP7aj9xE08dRRGyvBNTx2ap695/fBMRbEbdD4l3VA1fcPpuC3XMhJAX/Z2dz+XDM8JIjdp+1+Xy9VKVa </latexit>

Condat–Vu algorithm form II
<latexit sha1_base64="o7Ws3tLAamyYsgipG+/9FOX9nkM=">AAAH2HiclVVbTxNREB5ALeIN9FEfNjYkxkDTAgJ9MCHigzwY0cglAiF7Od1u2O02e0Hrponxxfjqr/BV/43/QP+F38yelkLphd10z5zvzHwz35yzXavpe3FSLv+ZmJy6dv1GYfrmzK3bd+7em527vxuHaWSrHTv0w2jfMmPlew21k3iJr/abkTIDy1d71skmr++dqij2wsb7pNVUR4HpNryaZ5sJoOPZR5thwzGTxcXd1DB9N4 </latexit>

Condat–Vu algorithm form I
<latexit sha1_base64="VyVZD+L/w+6DIBOuv36KjRz5v28=">AAAH13iclVVbTxNREB5ALeIF0EdeNjYkxkDTAgJ9MCHigz4Y0cjFACF7Od1u2O02e0HrpjG+GF/9Fb7qz/Ef6L/wm9nTUii9sJvumfOdmW/mm3O2azV9L07K5T8Tk1M3bt4qTN+euXP33v3ZufkHe3GYRrbatUM/jA4sM1a+11C7iZf46qAZKTOwfLVvnW7z+v6ZimIvbLxPWk11HJhuw6t5tpkAOplb2A4bjpksL++lhum7Ye </latexit>

4 primal-dual algorithms
<latexit sha1_base64="Pwlc34RNKVGct+taemW1V5WhEsg="></latexit>

minimize
f + g � L + h

<latexit sha1_base64="tgWQFIMpWk6ncB2qkNVV+38umrg=">AAAIsHiclVXbbtNAEJ1QLiHcWnjkxaKq1GuUFNrSh6JSeOChiCLRi9RtorW9sU3sOKztkmD5N/gbHvkIJD4A/oLZ8aa4l1xqK/b4zMyZObPr2Oz6XhTXar9KN6Zu3rp9p3y3cu/+g4ePpmceH0RhIi2xb4V+KI9MHgnf64j92It9cdSVggemLw7N9hvlPzwVMvLCzqe43xUnAXc6XsuzeIxQc/o380UrZn7LD0PJTOF4nZRLyf </latexit>�
xk+1 = prox�f

�
xk � �rh(xk ) � �L⇤uk�

uk+1 = prox⌧g⇤
�
uk + ⌧L(2xk+1 � xk )

�

<latexit sha1_base64="qAvZKEV2dg0rtw14a+4gYoBLiKY=">AAAIsXiclVVLb9NAEJ60PEJ4tXDkYlFV6jNKWtrSQ1GhHDgUUST6QN2mrO2NY8WPaG2XBst/g3/DkR/BgTv8C2bHm+I2zaO2Yo+/mflmvtl1bHY8N4prtV+liclbt+/cLd+r3H/w8NHjqeknB1GYSEvsW6EXyiOTR8JzA7Efu7EnjjpScN/0xKHZ3lH+wzMhIzcMPsXdjjjxuRO4TdfiMUKnU7+ZJ5ox85peGEpmCscNUi4l72 </latexit>�
uk+1 = prox⌧g⇤

�
uk + ⌧Lxk�

xk+1 = prox�f
�
xk � �rh(xk ) � �L⇤(2uk+1 � uk )

�

<latexit sha1_base64="dWAE5Jy9/nLegMIQ+hZF2SXmOMA=">AAAI8XiclVVLb9NAEJ60PEJ4tXCEg0tVKekjSgpt6aGoPA4ciigSfUjdplrHG8eKHUdruyRYPvEfkLghbogbnDnyI/gH8C+YHW9K2jSP2mp2/M3MN/PNrmuz5TpBWCr9zkxMXrp85Wr2Wu76jZu3bk9N39kN/EhWxU7Vd325b/JAuE5T7IRO6Ir9lhTcM12xZzaeK//esZCB4zffhp2WOPS43XRqTpWHCB1NZ+4zV9RC5tZc35 </latexit>�
xk+1 = prox�f

�
xk � �rh(xk ) � �L⇤uk�

uk+1 = prox⌧g⇤
�
uk + ⌧L(2xk+1�xk ��rh(xk+1)+�rh(xk ))

�

<latexit sha1_base64="7uyy5OaFqnM9EV7XvKkJcqbIg/w="></latexit>�
uk+1 = prox⌧g⇤

�
uk + ⌧Lxk�

xk+1 = prox�f
�
xk � �rh(xk��L⇤(uk+1�uk )) � �L⇤(2uk+1�uk )

�
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⇠⌘<latexit sha1_base64="ku4Cepa65A4M22SI1R0WUEtqDMo="></latexit>

<latexit sha1_base64="NazCtknRj0YxsR4i0ua7ZjpoTJ8="></latexit>

0 2 rh(x?) + @f (x?) + L⇤@g(Lx?)

<latexit sha1_base64="hH00ALQbdnTeP7Lk27/l8pIGMZI="></latexit>

Find x? 2 arg min
x2X

⇣
f (x) + g(Lx) + h(x)

⌘

First-order conditions
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⇠⌘<latexit sha1_base64="ku4Cepa65A4M22SI1R0WUEtqDMo="></latexit>

<latexit sha1_base64="NazCtknRj0YxsR4i0ua7ZjpoTJ8="></latexit>

0 2 rh(x?) + @f (x?) + L⇤@g(Lx?)

<latexit sha1_base64="hH00ALQbdnTeP7Lk27/l8pIGMZI="></latexit>

Find x? 2 arg min
x2X

⇣
f (x) + g(Lx) + h(x)

⌘

⌘<latexit sha1_base64="+W3P8JDR0fwyy/3TyIwTz109e+k="></latexit>

<latexit sha1_base64="LQ97m5x5idalAKNC70hCc2Ih1o8="></latexit>⇢
0 2 rh(x?) + @f (x?) + L⇤u?

u? 2 @g(Lx?)

First-order conditions
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⇠⌘<latexit sha1_base64="ku4Cepa65A4M22SI1R0WUEtqDMo="></latexit>

<latexit sha1_base64="NazCtknRj0YxsR4i0ua7ZjpoTJ8="></latexit>

0 2 rh(x?) + @f (x?) + L⇤@g(Lx?)

<latexit sha1_base64="hH00ALQbdnTeP7Lk27/l8pIGMZI="></latexit>

Find x? 2 arg min
x2X

⇣
f (x) + g(Lx) + h(x)

⌘

⌘<latexit sha1_base64="+W3P8JDR0fwyy/3TyIwTz109e+k="></latexit>

<latexit sha1_base64="LjRjYJ7teoh2XQaPwe2OPh8D7aE="></latexit>⇢
0 2 rh(x?) + @f (x?) + L⇤u?

0 2 �Lx? + @g⇤(u?)

First-order conditions

<latexit sha1_base64="eNj0CrkkK9JHYpaQFkoT0VjSw8A="></latexit>

(@g⇤ = (@g)�1)
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⇠⌘<latexit sha1_base64="ku4Cepa65A4M22SI1R0WUEtqDMo="></latexit>

<latexit sha1_base64="hH00ALQbdnTeP7Lk27/l8pIGMZI="></latexit>

Find x? 2 arg min
x2X

⇣
f (x) + g(Lx) + h(x)

⌘

First-order conditions

<latexit sha1_base64="/4TBddJdeBukfxS4f50pFdybawg="></latexit>

Find (x?, u?) solution to
<latexit sha1_base64="DtCz+O5MPCj1ZnchHraakTFi9Zc="></latexit>✓

0
0

◆
2
✓
rh(x) + @f (x) + L⇤u

�Lx + @g⇤(u)

◆
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⇠⌘<latexit sha1_base64="ku4Cepa65A4M22SI1R0WUEtqDMo="></latexit>

<latexit sha1_base64="hH00ALQbdnTeP7Lk27/l8pIGMZI="></latexit>

Find x? 2 arg min
x2X

⇣
f (x) + g(Lx) + h(x)

⌘

First-order conditions

<latexit sha1_base64="/4TBddJdeBukfxS4f50pFdybawg="></latexit>

Find (x?, u?) solution to
<latexit sha1_base64="DtCz+O5MPCj1ZnchHraakTFi9Zc="></latexit>✓

0
0

◆
2
✓
rh(x) + @f (x) + L⇤u

�Lx + @g⇤(u)

◆

<latexit sha1_base64="Fzr3VMN/KHg8p26ZPvYmQ4X3ujs="></latexit>

Find u? 2 arg min
u2U

⇣
(f + h)⇤(�L⇤u) + g⇤(u)

⌘
<latexit sha1_base64="gTa+FJVWDxMJyjFUDh8E0CqLgf4="></latexit>

Dual problem:
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⇠⌘<latexit sha1_base64="ku4Cepa65A4M22SI1R0WUEtqDMo="></latexit>

<latexit sha1_base64="hH00ALQbdnTeP7Lk27/l8pIGMZI="></latexit>

Find x? 2 arg min
x2X

⇣
f (x) + g(Lx) + h(x)

⌘

First-order conditions

<latexit sha1_base64="/4TBddJdeBukfxS4f50pFdybawg="></latexit>

Find (x?, u?) solution to
<latexit sha1_base64="DtCz+O5MPCj1ZnchHraakTFi9Zc="></latexit>✓

0
0

◆
2
✓
rh(x) + @f (x) + L⇤u

�Lx + @g⇤(u)

◆

monotone
<latexit sha1_base64="tefQz4YL7oeDm5qd1rlgKL1dIX8="></latexit>

M monotone: 8(x , x 0) 2 X 2, v 2 Mx , v 0 2 Mx 0, hx � x 0, v � v 0i � 0
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Primal-dual 3 operator splitting

41

<latexit sha1_base64="5DCDncOBjFPbVqV8O742WJsGJ4E="></latexit>✓
0
0

◆
2
✓

L⇤u
�Lx + @g⇤(u)

◆
+
✓
@f (x)

0

◆
+
✓
rh(x)

0

◆
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Primal-dual 3 operator splitting

or

41

<latexit sha1_base64="5DCDncOBjFPbVqV8O742WJsGJ4E="></latexit>✓
0
0

◆
2
✓

L⇤u
�Lx + @g⇤(u)

◆
+
✓
@f (x)

0

◆
+
✓
rh(x)

0

◆

<latexit sha1_base64="vsFwubanhhzfJTWodzI4TXbpnhs="></latexit>✓
0
0

◆
2
✓
@f (x) + L⇤u

�Lx

◆
+
✓

0
@g⇤(u)

◆
+
✓
rh(x)

0

◆
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Primal-dual 3 operator splitting

41

monotone cocoercive

or

<latexit sha1_base64="5DCDncOBjFPbVqV8O742WJsGJ4E="></latexit>✓
0
0

◆
2
✓

L⇤u
�Lx + @g⇤(u)

◆
+
✓
@f (x)

0

◆
+
✓
rh(x)

0

◆

<latexit sha1_base64="vsFwubanhhzfJTWodzI4TXbpnhs="></latexit>✓
0
0

◆
2
✓
@f (x) + L⇤u

�Lx

◆
+
✓

0
@g⇤(u)

◆
+
✓
rh(x)

0

◆

<latexit sha1_base64="HI6HFsz3IoSE7V9eMzv0qBxMZcc="></latexit>

C is ⇠-cocoercive: 8(x , x 0) 2 X 2, ⇠kCx � Cx 0k2  hx � x 0, Cx � Cx 0i
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Primal-dual 3 operator splitting

42

<latexit sha1_base64="s5w8k3JRHbu2jAaC67HARBXdpX4="></latexit>

0 2 A(z?) + B(z?) + C(z?)

or

<latexit sha1_base64="5DCDncOBjFPbVqV8O742WJsGJ4E="></latexit>✓
0
0

◆
2
✓

L⇤u
�Lx + @g⇤(u)

◆
+
✓
@f (x)

0

◆
+
✓
rh(x)

0

◆

<latexit sha1_base64="vsFwubanhhzfJTWodzI4TXbpnhs="></latexit>✓
0
0

◆
2
✓
@f (x) + L⇤u

�Lx

◆
+
✓

0
@g⇤(u)

◆
+
✓
rh(x)

0

◆



/ 57

Primal-dual 3 operator splitting

43

<latexit sha1_base64="iX89o+fzKGEKmuDCtNChxEh3geo="></latexit>

P � 0
<latexit sha1_base64="YX03pA3IOSDTqG/BGNuZeyUWXx0="></latexit>

for some

<latexit sha1_base64="CRYzn+A46gQLRNp/Z6OV4aOv55s="></latexit>

0 2 P�1A(z?) + P�1B(z?) + P�1C(z?)

<latexit sha1_base64="L9722k8g/1rcj3Sdxx0rwZ7s4xo="></latexit>

(M monotone ) P�1M monotone w.r.t. h·, P·i)

or

<latexit sha1_base64="5DCDncOBjFPbVqV8O742WJsGJ4E="></latexit>✓
0
0

◆
2
✓

L⇤u
�Lx + @g⇤(u)

◆
+
✓
@f (x)

0

◆
+
✓
rh(x)

0

◆

<latexit sha1_base64="vsFwubanhhzfJTWodzI4TXbpnhs="></latexit>✓
0
0

◆
2
✓
@f (x) + L⇤u

�Lx

◆
+
✓

0
@g⇤(u)

◆
+
✓
rh(x)

0

◆
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Primal-dual 3 operator splitting

44

<latexit sha1_base64="CRYzn+A46gQLRNp/Z6OV4aOv55s="></latexit>

0 2 P�1A(z?) + P�1B(z?) + P�1C(z?)

Davis-Yin splitting algorithm
<latexit sha1_base64="Qr8l3kpdN+R4ROHOBWICKyYbx1E="></latexit>6664

zk = JP�1B(vk )
wk+1 = JP�1A

�
2zk � vk � P�1C(zk )

�

vk+1 = vk + wk+1 � zk <latexit sha1_base64="sqUcX4yOqrSYmWHGOdKldLcn9Co="></latexit>

(JM = (M + Id)�1)

or

<latexit sha1_base64="5DCDncOBjFPbVqV8O742WJsGJ4E="></latexit>✓
0
0

◆
2
✓

L⇤u
�Lx + @g⇤(u)

◆
+
✓
@f (x)

0

◆
+
✓
rh(x)

0

◆

<latexit sha1_base64="vsFwubanhhzfJTWodzI4TXbpnhs="></latexit>✓
0
0

◆
2
✓
@f (x) + L⇤u

�Lx

◆
+
✓

0
@g⇤(u)

◆
+
✓
rh(x)

0

◆
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Davis-Yin splitting with

PD3O algorithm

⌘<latexit sha1_base64="+W3P8JDR0fwyy/3TyIwTz109e+k="></latexit>

45

PD3O algorithm
<latexit sha1_base64="5DCDncOBjFPbVqV8O742WJsGJ4E="></latexit>✓

0
0

◆
2
✓

L⇤u
�Lx + @g⇤(u)

◆
+
✓
@f (x)

0

◆
+
✓
rh(x)

0

◆

<latexit sha1_base64="bR3gEuWM3INT/IOqyUbjbOebIrI="></latexit>

P =
✓ 1

� Id 0
0 1

⌧ Id � �LL⇤

◆

<latexit sha1_base64="6eRevHBZq4/LrRrXqdjIX9Pd7RE="></latexit>66664
xk+1 = prox�f (sk )
uk+1 = prox⌧g⇤

⇣
uk + ⌧L

�
2xk+1 � sk � �rh(xk+1) � �L⇤uk�

⌘

sk+1 = xk+1 � �rh(xk+1) � �L⇤uk+1



/ 57

PDDY algorithm
⌘<latexit sha1_base64="+W3P8JDR0fwyy/3TyIwTz109e+k="></latexit>

46

<latexit sha1_base64="/Z7XdU5++oMOgXPSW7i/v+dY2tA="></latexit>

and swapping A and B

PDDY algorithm
<latexit sha1_base64="5DCDncOBjFPbVqV8O742WJsGJ4E="></latexit>✓

0
0

◆
2
✓

L⇤u
�Lx + @g⇤(u)

◆
+
✓
@f (x)

0

◆
+
✓
rh(x)

0

◆

Davis-Yin splitting with
<latexit sha1_base64="bR3gEuWM3INT/IOqyUbjbOebIrI="></latexit>

P =
✓ 1

� Id 0
0 1

⌧ Id � �LL⇤

◆

<latexit sha1_base64="Y/IqKjJBjWNKH17kQpMYmLBW5UI="></latexit>666664

x̂ k = prox�f
�
xk � �rh(xk ) + �hk�

uk+1 = prox⌧g⇤
�
uk + ⌧Lx̂k�

hk+1 = �L⇤uk+1

xk+1 = x̂ k + �(hk+1 � hk )
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Condat-Vu algorithm

Condat-Vu algorithm

⌘<latexit sha1_base64="+W3P8JDR0fwyy/3TyIwTz109e+k="></latexit>

47

<latexit sha1_base64="vsFwubanhhzfJTWodzI4TXbpnhs="></latexit>✓
0
0

◆
2
✓
@f (x) + L⇤u

�Lx

◆
+
✓

0
@g⇤(u)

◆
+
✓
rh(x)

0

◆

Davis-Yin splitting with
<latexit sha1_base64="P47X4KPMPBgalpHAPfD83Nd8uOc="></latexit>

P =
✓ 1

� Id � ⌧L⇤L 0
0 1

⌧ Id

◆

<latexit sha1_base64="zVT1AW/Q7ijX+4TRrb+bqHH8nLE="></latexit>�
xk+1 = prox�f

�
xk � �rh(xk ) � �L⇤uk�

uk+1 = prox⌧g⇤
�
uk + ⌧Lx(2xk+1 � xk )

�
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Condat-Vu algorithm form II

48

Condat-Vu algorithm

<latexit sha1_base64="/Z7XdU5++oMOgXPSW7i/v+dY2tA="></latexit>

and swapping A and B
⌘<latexit sha1_base64="+W3P8JDR0fwyy/3TyIwTz109e+k="></latexit>

<latexit sha1_base64="vsFwubanhhzfJTWodzI4TXbpnhs="></latexit>✓
0
0

◆
2
✓
@f (x) + L⇤u

�Lx

◆
+
✓

0
@g⇤(u)

◆
+
✓
rh(x)

0

◆

Davis-Yin splitting with
<latexit sha1_base64="P47X4KPMPBgalpHAPfD83Nd8uOc="></latexit>

P =
✓ 1

� Id � ⌧L⇤L 0
0 1

⌧ Id

◆

<latexit sha1_base64="oaPfBq25PR4nX43wjOHd7WbPncU="></latexit>�
uk+1 = prox⌧g⇤

�
uk + ⌧Lxk�

xk+1 = prox�f
�
xk � �rh(xk ) � �L⇤(2uk+1 � uk )

�
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Summary
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nonsmooth functions

proximal splitting algorithms

large scale

designed using monotone and fixed-point 
operator theory
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Summary

49

nonsmooth functions

proximal splitting algorithms

large scale

LC et al. "Proximal Splitting Algorithms for Convex Optimization:  
A Tour of Recent Advances, with New Twists", SIAM Review, 2023

designed using monotone and fixed-point 
operator theory

Salim, LC, Mishchenko, Richtárik, "Dualize, split, randomize: 
Toward Fast Nonsmooth Optimization Algorithms", JOTA, 2022
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Convergence rates

50

<latexit sha1_base64="eG4BdepJj3f5FXoxAbWhf72C87A="></latexit>

Theorem – PD3O, with g continuous around Lx?:

<latexit sha1_base64="d/ARYMjMnPoM5J89f8m4HzPUGPY="></latexit>

kx
k � x

?k2 = O
�
1/k

2�

<latexit sha1_base64="BAUaUaaZbEOYhwcbyjmUApoECTA="></latexit>

kxk � x?k2  (1 � ⇢)k c0

<latexit sha1_base64="oTBrvMwzn+89K5feO+GtBYae7io="></latexit>

 (xk ) � (x?) = o(1/
p

k )

LC, Malinovsky, Richtárik, "Distributed Proximal Splitting 
Algorithms with Rates and Acceleration", 2022

<latexit sha1_base64="FtMPeQS6welZBxHY7rvRppv0FIY="></latexit>

Theorem – accelerated PD3O and PDDY

when h or f strongly convex, with varying stepsizes:

<latexit sha1_base64="DKncyJ8yTh9OffwD6frLwL+X1Ew="></latexit>

Theorem – linear convergence of PD3O and PDDY

when h or f strongly convex and g smooth:
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<latexit sha1_base64="8fNALANnpqfP253HeypCmFVSaoE="></latexit>

Algorithm 1 PDDY algorithm
input: initial points x0 2 X , u0 2 U ;
stepsizes � > 0, ⌧ > 0
h0 := �L⇤u0

for k = 0, 1, ... do
x̂ k := prox�f

�
xk � �rh(xk ) + �hk�

uk+1 := prox⌧g⇤
�
uk + ⌧Lx̂k�

hk+1 := �L⇤uk+1

xk+1 := x̂ t + �(hk+1 � hk )
end for

PDDY algorithm
<latexit sha1_base64="6Q+FI5MPNS/1AbXdjYj7hSDLwzc="></latexit>

PDDY

51
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<latexit sha1_base64="8fNALANnpqfP253HeypCmFVSaoE="></latexit>

Algorithm 1 PDDY algorithm
input: initial points x0 2 X , u0 2 U ;
stepsizes � > 0, ⌧ > 0
h0 := �L⇤u0

for k = 0, 1, ... do
x̂ k := prox�f

�
xk � �rh(xk ) + �hk�

uk+1 := prox⌧g⇤
�
uk + ⌧Lx̂k�

hk+1 := �L⇤uk+1

xk+1 := x̂ t + �(hk+1 � hk )
end for

PDDY algorithm
<latexit sha1_base64="6Q+FI5MPNS/1AbXdjYj7hSDLwzc="></latexit>

PDDY

51

<latexit sha1_base64="cLTgxYGfmEdQNdaS4cmWZk4MDQQ="></latexit>

prox⌧g⇤ can be costly
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<latexit sha1_base64="uOZZ0N1xyOjv8RPX3vH3RKepC7k="></latexit>

Algorithm 1 RandProx
input: initial points x0 2 X , u0 2 U ;
stepsizes � > 0, ⌧ > 0; ! � 0
h0 := �L⇤u0

for k = 0, 1, ... do
x̂ k := prox�f

�
xk � �rh(xk ) + �hk�

uk+1 := uk + 1
1+!R

k�prox⌧g⇤ (uk + ⌧Lx̂k ) � uk�

hk+1 := �L⇤uk+1

xk+1 := x̂ k + �(1 + !)(hk+1 � hk )
end for

RandProx algorithm
<latexit sha1_base64="oDdG4e1I0yYN2hldJ40ggQxQHh4="></latexit>

RandProx

52

LC, Richtárik, "RandProx: Primal-Dual Optimization 
Algorithms with Randomized Proximal Updates", ICLR, 2023
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<latexit sha1_base64="uOZZ0N1xyOjv8RPX3vH3RKepC7k="></latexit>

Algorithm 1 RandProx
input: initial points x0 2 X , u0 2 U ;
stepsizes � > 0, ⌧ > 0; ! � 0
h0 := �L⇤u0

for k = 0, 1, ... do
x̂ k := prox�f

�
xk � �rh(xk ) + �hk�

uk+1 := uk + 1
1+!R

k�prox⌧g⇤ (uk + ⌧Lx̂k ) � uk�

hk+1 := �L⇤uk+1

xk+1 := x̂ k + �(1 + !)(hk+1 � hk )
end for

RandProx algorithm
<latexit sha1_base64="oDdG4e1I0yYN2hldJ40ggQxQHh4="></latexit>

RandProx

52

<latexit sha1_base64="Yyl02odXdC2bGorVywWcYwtNtak="></latexit>

and
<latexit sha1_base64="SlEYT2B4o6IQAqTcvEb5j2XHn74="></latexit>

E
⇥
R(r k )

⇤
= r k

<latexit sha1_base64="tQdOiciL7VjFTKy0lH2YjkaiwC4="></latexit>

E
h��R(r k ) � r k��2

i
 !

��r k��2
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Linear convergence
<latexit sha1_base64="22MSNvKuhdsV1vPujBRG9iI2sIs="></latexit>

Theorem 1. Suppose that µh > 0 or µf > 0, and µg⇤ > 0.
For suitable � and ⌧ , 8k � 0,

<latexit sha1_base64="rOwjkEnKUmbeqtds0XM898yvorE="></latexit>

E
⇥
 k⇤  ck 0, where

<latexit sha1_base64="E0ahC0S92UouKi/vvx4UD7pnaRs="></latexit>

 k =
1
�

���xk �x?
���

2
+(1+!)

✓
1
⌧

+2µg⇤

◆���uk �u?
���

2
,

<latexit sha1_base64="b2EDSUNUteGbuLeIPkUE11g74b0="></latexit>

c := max
✓

(1��µh)2

1 + �µf
, 1�

2⌧µg⇤

(1+!)(1+2⌧µg⇤ )

◆

53
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<latexit sha1_base64="zboFu+6lwq51jmIW1do3+qyt8cw="></latexit>

Algorithm 1
input: initial points x0 2 X , u0 2 U ;
stepsizes � > 0, ⌧ > 0; p 2 (0, 1]
h0 := �L⇤u0

for k = 0, 1, ... do
Flip a coin ✓k = (1 with probability p, 0 else)
if ✓k = 1 then

x̂ k := prox�f
�
xk � �rh(xk ) + �hk�

uk+1 := prox⌧g⇤ (uk + ⌧Lx̂k )
hk+1 := �L⇤uk+1

xk+1 := x̂ k + �
p (hk+1 � hk )

else
xk+1 := prox�f

�
xk � �rh(xk ) + �hk�

uk+1 := uk , hk+1 := hk

end if
end for

Examples
<latexit sha1_base64="p28z+1M3fDf0roTFxLUFrAt7UXk="></latexit>

RandProx-skip
<latexit sha1_base64="EURiohYnm4hEYTirokg/VRLstcQ="></latexit>

Rt : r t 7!(
1
p r t with prob p
0 with prob 1�p

54
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<latexit sha1_base64="3PwUO2Q2XCyPcsf51IvLkIU/Dbo="></latexit>

Algorithm 1
input: initial points x0 2 X , (u0

i )M
m=1 2 XM ;

stepsize � > 0; s 2 {1, ... , M}
h0 := �

PM
m=1 u0

m
for k = 0, 1, ... do

x̂ k := prox�f
�
xk � �rh(xk ) + �hk�

pick ⌦k ⇢ {1, ... , M} of size s unif. at random
for m 2 ⌦k do

uk+1
m := prox 1

�M g⇤
m
(uk

m + 1
�M x̂k )

end for
for m 2 {1, ... , M}\⌦k do

uk+1
m := uk

m
end for
hk+1 := �

PM
m=1 uk+1

m
xk+1 := x̂ k + �M

s (hk+1 � ht )
end for

Examples
<latexit sha1_base64="13BzqKOci9F7oV6cLWyd06jqE2Y="></latexit>

RandProx-minibatch

55

<latexit sha1_base64="SvOoS2Rir7NCvhpmraW7ZADEPnc="></latexit>

Rk :
sampling

<latexit sha1_base64="ir4nlkTNJ4aS9w+40ZGFSccE2n4="></latexit>

min h + f +
PM

m=1 gm
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<latexit sha1_base64="Qzw2QjdvRxVPLWnj6MEGFswSC1Y="></latexit>

Algorithm 1
input: initial estimates (x0

i )n
i=1 2 X n,

(u0
i )n

i=1 2 X n such that
Pn

i=1 u0
i = 0;

stepsize � > 0; ! � 0
for k = 0, 1, ... do

for i = 1, ... , n at nodes in parallel do
x̂ k

i := xk
i � �rhi (xk

i ) � �uk
i

ak
i := Rk (x̂ k

i )
// send compressed vector ak

i to master
end for
ak := 1

n
Pn

i=1 ak
i // aggregation at master

// broadcast ak to all nodes
for i = 1, ... , n at nodes in parallel do

dk
i := ak

i � ak

uk+1
i := uk

i + 1
�(1+!)2 dk

i

xk+1
i := x̂ k

i � 1
1+!dk

i
end for

end for

Examples
<latexit sha1_base64="xn7mvQLYZhxHynGWZ/m4K/SyCcU="></latexit>

RandProx-FL

56

<latexit sha1_base64="zTFyNbBVoxek5RfMqcDR1yAIpOA="></latexit>

min
Pn

i=1 hi

<latexit sha1_base64="A6jFZpakNxDqMTELqDPrXtDFy7k="></latexit>

Rk :
compression
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Conclusion

57

nonsmooth large-scale optimization

proximal splitting algorithms

‣ acceleration

‣ different metric / Bregman distances

‣ cheaper random/inexact operations

‣ application to nonconvex optimization

Perspectives


