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<latexit sha1_base64="oh/gA+oBlymUrAPvBRTOHB/bj5w="></latexit>

minimize
x2Rd

R(x) +
1
M

MX

m=1

Fm(x)

Convex problem

3

<latexit sha1_base64="LXhjumAs2h0ZULA4O37YzYMNLI8="></latexit>

• Fm is L-smooth and µ-strongly convex (F � µ
2 k · k

2 convex),
<latexit sha1_base64="emcfjgGmnuF7lFxmUfdxcTmEeQ8="></latexit>

with L � µ > 0
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<latexit sha1_base64="oh/gA+oBlymUrAPvBRTOHB/bj5w="></latexit>

minimize
x2Rd

R(x) +
1
M

MX

m=1

Fm(x)

Convex problem

3

<latexit sha1_base64="LXhjumAs2h0ZULA4O37YzYMNLI8="></latexit>

• Fm is L-smooth and µ-strongly convex (F � µ
2 k · k

2 convex),
<latexit sha1_base64="emcfjgGmnuF7lFxmUfdxcTmEeQ8="></latexit>

with L � µ > 0
<latexit sha1_base64="+4aQDC4C0YNcnxCSrdlTHTcOH50="></latexit>

• R : Rd ! R [ {+1} is a proper, closed, convex function

<latexit sha1_base64="Xz/PAcvqXBFiyIqphrnpKK/+KU0="></latexit>

prox�R : x 7! arg min
w

✓
�R(w) +

1
2
kx � wk2

◆
<latexit sha1_base64="fAYujNoi+OrtrZuXhFTZqDJ70ZA="></latexit>

with proximity operator
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xk

<latexit sha1_base64="crG2WYqUP5R5NttkR0bioroS5uo="></latexit>

Distributed prox. GD

server
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xk

<latexit sha1_base64="crG2WYqUP5R5NttkR0bioroS5uo="></latexit>

<latexit sha1_base64="/32bQtp5ciWFcG8pEQa0VQRNmAg="></latexit>

rF1(xk )
<latexit sha1_base64="dAy01l6eCRTYgZF6Hsfqg5+oH9U="></latexit>

rFM (xk )<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...

Distributed prox. GD

server



Laurent Condat

KAUST

/ 284

xk

<latexit sha1_base64="crG2WYqUP5R5NttkR0bioroS5uo="></latexit>

<latexit sha1_base64="/32bQtp5ciWFcG8pEQa0VQRNmAg="></latexit>

rF1(xk )
<latexit sha1_base64="dAy01l6eCRTYgZF6Hsfqg5+oH9U="></latexit>

rFM (xk )<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...

Distributed prox. GD

server

server
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xk

<latexit sha1_base64="crG2WYqUP5R5NttkR0bioroS5uo="></latexit>

<latexit sha1_base64="/32bQtp5ciWFcG8pEQa0VQRNmAg="></latexit>

rF1(xk )
<latexit sha1_base64="dAy01l6eCRTYgZF6Hsfqg5+oH9U="></latexit>

rFM (xk )<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...

<latexit sha1_base64="omMhr58XDG1ybOgIaj/VHj2SLls="></latexit>

1
M

MX

m=1

rFm(xk )

Distributed prox. GD

server

server
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xk

<latexit sha1_base64="crG2WYqUP5R5NttkR0bioroS5uo="></latexit>

<latexit sha1_base64="/32bQtp5ciWFcG8pEQa0VQRNmAg="></latexit>

rF1(xk )
<latexit sha1_base64="dAy01l6eCRTYgZF6Hsfqg5+oH9U="></latexit>

rFM (xk )<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...

<latexit sha1_base64="klXAAsfw+ab38gcc5Fhx1OeRaJU="></latexit>

xk � �

M

MX

m=1

rFm(xk )

Distributed prox. GD

server

server
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xk

<latexit sha1_base64="crG2WYqUP5R5NttkR0bioroS5uo="></latexit>

<latexit sha1_base64="/32bQtp5ciWFcG8pEQa0VQRNmAg="></latexit>

rF1(xk )
<latexit sha1_base64="dAy01l6eCRTYgZF6Hsfqg5+oH9U="></latexit>

rFM (xk )<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...

<latexit sha1_base64="AW+RltJ4gsy8wbziwZYpqrkOWaQ="></latexit>

xk+1 := prox�R

 
xk � �

M

MX

m=1

rFm(xk )

!

Distributed prox. GD

server

server
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xk

<latexit sha1_base64="crG2WYqUP5R5NttkR0bioroS5uo="></latexit>

<latexit sha1_base64="/32bQtp5ciWFcG8pEQa0VQRNmAg="></latexit>

rF1(xk )
<latexit sha1_base64="dAy01l6eCRTYgZF6Hsfqg5+oH9U="></latexit>

rFM (xk )<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...

<latexit sha1_base64="AW+RltJ4gsy8wbziwZYpqrkOWaQ="></latexit>

xk+1 := prox�R

 
xk � �

M

MX

m=1

rFm(xk )

!

<latexit sha1_base64="N9p6BcOAsvfGGT309bu5rxmYiNI="></latexit>

0 < �  2
L + µ

<latexit sha1_base64="7VLIDXfYuch0x7ut4UkinqT1k4o="></latexit>

kxk � x?k  (1 � �µ)kkx0 � x?k

Distributed prox. GD

server

server
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xk

<latexit sha1_base64="crG2WYqUP5R5NttkR0bioroS5uo="></latexit>

<latexit sha1_base64="/32bQtp5ciWFcG8pEQa0VQRNmAg="></latexit>

rF1(xk )
<latexit sha1_base64="dAy01l6eCRTYgZF6Hsfqg5+oH9U="></latexit>

rFM (xk )<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...

<latexit sha1_base64="AW+RltJ4gsy8wbziwZYpqrkOWaQ="></latexit>

xk+1 := prox�R

 
xk � �

M

MX

m=1

rFm(xk )

!

Distributed prox. GD

server

server
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xk

<latexit sha1_base64="crG2WYqUP5R5NttkR0bioroS5uo="></latexit>

<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...
<latexit sha1_base64="qyNAd3QT7kGasKoOpG35TBYg0A8=">AAAFcHiclVTbbtNAEJ2GBkq4pfACAglDFFRKiWIEFIQqVYAQL4gikbaiSSPb2SRWfJMvJcHKHyDxIzzxCj/CH8ArX8CZiQNpQyDYsj17Zs7Zmdn1moFjR3G1+nUhd2wxf/zE0snCqdNnzp4rLp/fjvwktFTN8h0/3DWNSDm2p2qxHTtqNwiV4ZqO2jF7T9i/c6DCyPa91/EgUA3X6Hh227aMGFCzeKPf1PfT3i19qG1o/f3e7X </latexit>

xk+1
1 = xk � �rF1(xk )

<latexit sha1_base64="0Uhif1edWfi7V8qutnes7RGXpy4="></latexit>

xk+1
M = xk � �rFM (xk )

Distributed GD

server
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xk

<latexit sha1_base64="crG2WYqUP5R5NttkR0bioroS5uo="></latexit>

<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...
<latexit sha1_base64="qyNAd3QT7kGasKoOpG35TBYg0A8=">AAAFcHiclVTbbtNAEJ2GBkq4pfACAglDFFRKiWIEFIQqVYAQL4gikbaiSSPb2SRWfJMvJcHKHyDxIzzxCj/CH8ArX8CZiQNpQyDYsj17Zs7Zmdn1moFjR3G1+nUhd2wxf/zE0snCqdNnzp4rLp/fjvwktFTN8h0/3DWNSDm2p2qxHTtqNwiV4ZqO2jF7T9i/c6DCyPa91/EgUA3X6Hh227aMGFCzeKPf1PfT3i19qG1o/f3e7X </latexit>

xk+1
1 = xk � �rF1(xk )

<latexit sha1_base64="0Uhif1edWfi7V8qutnes7RGXpy4="></latexit>

xk+1
M = xk � �rFM (xk )

<latexit sha1_base64="Ajg+Tnh5q5tcLE7Wx1+m4EF4I3A="></latexit>

xk+1 := prox�R

 
1
M

MX

m=1

xk+1
m

!

Distributed GD

server

server
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xk

<latexit sha1_base64="crG2WYqUP5R5NttkR0bioroS5uo="></latexit>

<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...
<latexit sha1_base64="qyNAd3QT7kGasKoOpG35TBYg0A8=">AAAFcHiclVTbbtNAEJ2GBkq4pfACAglDFFRKiWIEFIQqVYAQL4gikbaiSSPb2SRWfJMvJcHKHyDxIzzxCj/CH8ArX8CZiQNpQyDYsj17Zs7Zmdn1moFjR3G1+nUhd2wxf/zE0snCqdNnzp4rLp/fjvwktFTN8h0/3DWNSDm2p2qxHTtqNwiV4ZqO2jF7T9i/c6DCyPa91/EgUA3X6Hh227aMGFCzeKPf1PfT3i19qG1o/f3e7X </latexit>

xk+1
1 = xk � �rF1(xk )

<latexit sha1_base64="0Uhif1edWfi7V8qutnes7RGXpy4="></latexit>

xk+1
M = xk � �rFM (xk )

<latexit sha1_base64="3NAjphm7LKjxbAUTHz4KHNizZFc=">AAAFfHiclVTbbtNAEJ2GBkq4pfCE4MEiRCq0jeIIWhCqVAFCvCCKRNqKJkRrZ5NY8U2+lAYr38ArH8E38Aq/wB/ATyDOTjYlbQgEW7Znz8w5OzO7Xit0nTipVr8t5M4s5s+eWzpfuHDx0uUrxeWru3GQRras24EbRPuWiKXr+LKeOIkr98NICs9y5Z7Vf6L8e4cyip3Af50MQtn0RNd3Oo4tEkCtYu2oZb7N+qu1obFlaNscrj </latexit>

xk+2
1 = xk+1

1 � �rF1(xk+1
1 )

<latexit sha1_base64="aWmsafeFSbrUM7CDQH6NZK3nzog="></latexit>

xk+2
M = xk+1

M � �rFM (xk+1
M )

Distributed Local GD

server
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xk

<latexit sha1_base64="crG2WYqUP5R5NttkR0bioroS5uo="></latexit>

<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...
<latexit sha1_base64="qyNAd3QT7kGasKoOpG35TBYg0A8=">AAAFcHiclVTbbtNAEJ2GBkq4pfACAglDFFRKiWIEFIQqVYAQL4gikbaiSSPb2SRWfJMvJcHKHyDxIzzxCj/CH8ArX8CZiQNpQyDYsj17Zs7Zmdn1moFjR3G1+nUhd2wxf/zE0snCqdNnzp4rLp/fjvwktFTN8h0/3DWNSDm2p2qxHTtqNwiV4ZqO2jF7T9i/c6DCyPa91/EgUA3X6Hh227aMGFCzeKPf1PfT3i19qG1o/f3e7X </latexit>

xk+1
1 = xk � �rF1(xk )

<latexit sha1_base64="0Uhif1edWfi7V8qutnes7RGXpy4="></latexit>

xk+1
M = xk � �rFM (xk )

<latexit sha1_base64="3NAjphm7LKjxbAUTHz4KHNizZFc=">AAAFfHiclVTbbtNAEJ2GBkq4pfCE4MEiRCq0jeIIWhCqVAFCvCCKRNqKJkRrZ5NY8U2+lAYr38ArH8E38Aq/wB/ATyDOTjYlbQgEW7Znz8w5OzO7Xit0nTipVr8t5M4s5s+eWzpfuHDx0uUrxeWru3GQRras24EbRPuWiKXr+LKeOIkr98NICs9y5Z7Vf6L8e4cyip3Af50MQtn0RNd3Oo4tEkCtYu2oZb7N+qu1obFlaNscrj </latexit>

xk+2
1 = xk+1

1 � �rF1(xk+1
1 )

<latexit sha1_base64="aWmsafeFSbrUM7CDQH6NZK3nzog="></latexit>

xk+2
M = xk+1

M � �rFM (xk+1
M )

<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>... <latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...
<latexit sha1_base64="sidNf2wQJ6JiC+5u4MO3Yddw/4Y="></latexit>

x
k+H

M = x
k+H�1
M

� �rFM (xk+H�1
M

)
<latexit sha1_base64="8CoWPybtPFW4uBQlqqCqzY+8jqQ="></latexit>

x
k+H

1 = x
k+H�1
1 � �rF1(xk+H�1

1 )

<latexit sha1_base64="eYTuYDcnQcuTYspwSz8rhuTOLjA="></latexit>

H � 1

Distributed Local GD

server
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xk

<latexit sha1_base64="crG2WYqUP5R5NttkR0bioroS5uo="></latexit>

<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...
<latexit sha1_base64="qyNAd3QT7kGasKoOpG35TBYg0A8=">AAAFcHiclVTbbtNAEJ2GBkq4pfACAglDFFRKiWIEFIQqVYAQL4gikbaiSSPb2SRWfJMvJcHKHyDxIzzxCj/CH8ArX8CZiQNpQyDYsj17Zs7Zmdn1moFjR3G1+nUhd2wxf/zE0snCqdNnzp4rLp/fjvwktFTN8h0/3DWNSDm2p2qxHTtqNwiV4ZqO2jF7T9i/c6DCyPa91/EgUA3X6Hh227aMGFCzeKPf1PfT3i19qG1o/f3e7X </latexit>

xk+1
1 = xk � �rF1(xk )

<latexit sha1_base64="0Uhif1edWfi7V8qutnes7RGXpy4="></latexit>

xk+1
M = xk � �rFM (xk )

<latexit sha1_base64="3NAjphm7LKjxbAUTHz4KHNizZFc=">AAAFfHiclVTbbtNAEJ2GBkq4pfCE4MEiRCq0jeIIWhCqVAFCvCCKRNqKJkRrZ5NY8U2+lAYr38ArH8E38Aq/wB/ATyDOTjYlbQgEW7Znz8w5OzO7Xit0nTipVr8t5M4s5s+eWzpfuHDx0uUrxeWru3GQRras24EbRPuWiKXr+LKeOIkr98NICs9y5Z7Vf6L8e4cyip3Af50MQtn0RNd3Oo4tEkCtYu2oZb7N+qu1obFlaNscrj </latexit>

xk+2
1 = xk+1

1 � �rF1(xk+1
1 )

<latexit sha1_base64="aWmsafeFSbrUM7CDQH6NZK3nzog="></latexit>

xk+2
M = xk+1

M � �rFM (xk+1
M )

<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>... <latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...
<latexit sha1_base64="sidNf2wQJ6JiC+5u4MO3Yddw/4Y="></latexit>

x
k+H

M = x
k+H�1
M

� �rFM (xk+H�1
M

)
<latexit sha1_base64="8CoWPybtPFW4uBQlqqCqzY+8jqQ="></latexit>

x
k+H

1 = x
k+H�1
1 � �rF1(xk+H�1

1 )

<latexit sha1_base64="REBbprax9zigMpArxDMMF4Dn3Ts="></latexit>

x
k+H := prox�R

 
1
M

MX

m=1

x
k+H

m

!

Distributed Local GD

server

server
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Local GD: analysis

<latexit sha1_base64="9lHlTKzFlX9AyLIJ4OOSw06zahA="></latexit>

(logistic regression)

10

Malinovsky, Kovalev, Gasanov, Condat, Richtárik, “From local SGD to 
local fixed point methods for federated learning,” ICML 2020 
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Local GD: analysis

11

<latexit sha1_base64="G9Kihl66AGKNcmqFK1Aoj0uMJM8="></latexit>

kx
† � x

?k  S,

where

S =
⇠

1 � ⇠

1 � ⇠H�1

1 � ⇠H

1
M

MX

m=1

krFm(x?)k.

<latexit sha1_base64="6FjGr8k8Q3KBC44+ygnT+9uR0Y4="></latexit>

Theorem 2.11 (linear convergence) With � 2 (0, 2
L+µ ],

(xnH )n�0 converges linearly to x† with rate (1 � �µ)H and
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xk

<latexit sha1_base64="crG2WYqUP5R5NttkR0bioroS5uo="></latexit>

<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...
<latexit sha1_base64="qyNAd3QT7kGasKoOpG35TBYg0A8=">AAAFcHiclVTbbtNAEJ2GBkq4pfACAglDFFRKiWIEFIQqVYAQL4gikbaiSSPb2SRWfJMvJcHKHyDxIzzxCj/CH8ArX8CZiQNpQyDYsj17Zs7Zmdn1moFjR3G1+nUhd2wxf/zE0snCqdNnzp4rLp/fjvwktFTN8h0/3DWNSDm2p2qxHTtqNwiV4ZqO2jF7T9i/c6DCyPa91/EgUA3X6Hh227aMGFCzeKPf1PfT3i19qG1o/f3e7X </latexit>

xk+1
1 = xk � �rF1(xk )

<latexit sha1_base64="0Uhif1edWfi7V8qutnes7RGXpy4="></latexit>

xk+1
M = xk � �rFM (xk )

<latexit sha1_base64="3NAjphm7LKjxbAUTHz4KHNizZFc=">AAAFfHiclVTbbtNAEJ2GBkq4pfCE4MEiRCq0jeIIWhCqVAFCvCCKRNqKJkRrZ5NY8U2+lAYr38ArH8E38Aq/wB/ATyDOTjYlbQgEW7Znz8w5OzO7Xit0nTipVr8t5M4s5s+eWzpfuHDx0uUrxeWru3GQRras24EbRPuWiKXr+LKeOIkr98NICs9y5Z7Vf6L8e4cyip3Af50MQtn0RNd3Oo4tEkCtYu2oZb7N+qu1obFlaNscrj </latexit>

xk+2
1 = xk+1

1 � �rF1(xk+1
1 )

<latexit sha1_base64="aWmsafeFSbrUM7CDQH6NZK3nzog="></latexit>

xk+2
M = xk+1

M � �rFM (xk+1
M )

<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>... <latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...
<latexit sha1_base64="sidNf2wQJ6JiC+5u4MO3Yddw/4Y="></latexit>

x
k+H

M = x
k+H�1
M

� �rFM (xk+H�1
M

)
<latexit sha1_base64="8CoWPybtPFW4uBQlqqCqzY+8jqQ="></latexit>

x
k+H

1 = x
k+H�1
1 � �rF1(xk+H�1

1 )

<latexit sha1_base64="f9stlMtfstMJIjugZzeJnQ3q56g="></latexit>

+hk
1

<latexit sha1_base64="f9stlMtfstMJIjugZzeJnQ3q56g="></latexit>

+hk
1

<latexit sha1_base64="f9stlMtfstMJIjugZzeJnQ3q56g="></latexit>

+hk
1

<latexit sha1_base64="C4BQAMOpMWnHTzbTRgU/RDgXVMg="></latexit>

+hk
M

<latexit sha1_base64="C4BQAMOpMWnHTzbTRgU/RDgXVMg="></latexit>

+hk
M

<latexit sha1_base64="C4BQAMOpMWnHTzbTRgU/RDgXVMg="></latexit>

+hk
M

Mishchenko, Malinovsky, Stich, Richtárik, “ProxSkip: Yes! Local Gradient 
Steps Provably Lead to Communication Acceleration!,” ICML 2022
Condat and Richtárik, “RandProx: Primal-Dual Optimization Algorithms 
with Randomized Proximal Updates,” ICLR 2023

Variance-reduced local GD
server



2) compression
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xk

<latexit sha1_base64="crG2WYqUP5R5NttkR0bioroS5uo="></latexit>

<latexit sha1_base64="/32bQtp5ciWFcG8pEQa0VQRNmAg="></latexit>

rF1(xk )
<latexit sha1_base64="dAy01l6eCRTYgZF6Hsfqg5+oH9U="></latexit>

rFM (xk )<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...

<latexit sha1_base64="AW+RltJ4gsy8wbziwZYpqrkOWaQ="></latexit>

xk+1 := prox�R

 
xk � �

M

MX

m=1

rFm(xk )

!
compression

Distributed GD

server

server
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xk

<latexit sha1_base64="crG2WYqUP5R5NttkR0bioroS5uo="></latexit>

<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...<latexit sha1_base64="k6IvOpEpLXcZzH+Ve+lM1+3NUdg="></latexit>

dk+1
1 =

Ck
1
�
rF1(xk ) � hk

1
�

<latexit sha1_base64="B6dOYyQnkthLJmM1ymPHC4crYs4="></latexit>

dk+1
M =

<latexit sha1_base64="te5/fKTSynYIa6zBW7ABQNHXPmg="></latexit>

Ck
M
�
rFM (xk ) � hk

M
�

Distributed GD with compression

server
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xk

<latexit sha1_base64="crG2WYqUP5R5NttkR0bioroS5uo="></latexit>

<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...<latexit sha1_base64="k6IvOpEpLXcZzH+Ve+lM1+3NUdg="></latexit>

dk+1
1 =

Ck
1
�
rF1(xk ) � hk

1
�

<latexit sha1_base64="B6dOYyQnkthLJmM1ymPHC4crYs4="></latexit>

dk+1
M =

<latexit sha1_base64="te5/fKTSynYIa6zBW7ABQNHXPmg="></latexit>

Ck
M
�
rFM (xk ) � hk

M
�

Distributed GD with compression

server

server
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xk

<latexit sha1_base64="crG2WYqUP5R5NttkR0bioroS5uo="></latexit>

<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...<latexit sha1_base64="k6IvOpEpLXcZzH+Ve+lM1+3NUdg="></latexit>

dk+1
1 =

Ck
1
�
rF1(xk ) � hk

1
�

<latexit sha1_base64="B6dOYyQnkthLJmM1ymPHC4crYs4="></latexit>

dk+1
M =

<latexit sha1_base64="te5/fKTSynYIa6zBW7ABQNHXPmg="></latexit>

Ck
M
�
rFM (xk ) � hk

M
�

<latexit sha1_base64="WogjrPPjdeQLxREUK1FSPIatv5s="></latexit>

gk = hk +
⌫

M

MX

m=1

dk
m

Distributed GD with compression

server

server
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xk

<latexit sha1_base64="crG2WYqUP5R5NttkR0bioroS5uo="></latexit>

<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...<latexit sha1_base64="k6IvOpEpLXcZzH+Ve+lM1+3NUdg="></latexit>

dk+1
1 =

Ck
1
�
rF1(xk ) � hk

1
�

<latexit sha1_base64="B6dOYyQnkthLJmM1ymPHC4crYs4="></latexit>

dk+1
M =

<latexit sha1_base64="te5/fKTSynYIa6zBW7ABQNHXPmg="></latexit>

Ck
M
�
rFM (xk ) � hk

M
�

<latexit sha1_base64="bY329lS7jU0a8vYLGlKZlhFTdyU="></latexit>

xk+1 := prox�R
�
xk � �gk�

<latexit sha1_base64="WogjrPPjdeQLxREUK1FSPIatv5s="></latexit>

gk = hk +
⌫

M

MX

m=1

dk
m

Distributed GD with compression

server

server
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<latexit sha1_base64="rCmjqlqaoNlrs/J+puu0om+2SzM="></latexit>

Algorithm 1
1: input: parameters � > 0, � > 0, ⌫ > 0,
2: initial vectors x0 2 Rd and h0

m 2 Rd

3: h0 := 1
M
PM

m=1 h0
m

4: for k = 0, 1, ... do
5: for m = 1, ... , M in parallel do
6: dk+1

m := Ck
m
�
rFm(xk ) � hk

m
�

7: hk+1
m := hk

m + �dk+1
m

8: end for
9: // at master:

10: dk+1 := 1
M
PM

m=1 dk+1
m

11: xk+1 := prox�R
�
xk � �(hk + ⌫dk+1)

�

12: hk+1 := hk + �dk+1

13: end for

Condat, Yi, Richtárik, 
“EF-BV: A unified theory 
of error feedback and 
variance reduction for 
biased and unbiased 
compression in 
distributed optimization,” 
NeurIPS 2022 

(EF-BV)

EF-BV
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<latexit sha1_base64="AbicjzSpoV4oAZG+iZbdd+rnRKA="></latexit>

xk+1 := prox�R

 
xk � �

M

MX

m=1

gk
m

!

<latexit sha1_base64="46aDnpaNq3fylTmPMYm2ke+i45I="></latexit>

with stochastic gradients
<latexit sha1_base64="ZBSWfSjDQBwxOxnaMuCxksgw4iY="></latexit>

gk
m = hk

m + ⌫Ck
m
�
rFm(xk ) � hk

m
�
⇡ rFm(xk )

EF-BV: SGD-type algorithm
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<latexit sha1_base64="AbicjzSpoV4oAZG+iZbdd+rnRKA="></latexit>

xk+1 := prox�R

 
xk � �

M

MX

m=1

gk
m

!

<latexit sha1_base64="46aDnpaNq3fylTmPMYm2ke+i45I="></latexit>

with stochastic gradients

DIANA [Mishchenko et al. 2019]
generalized in:

Condat and Richtárik, “MURANA: A Generic Framework for 
Stochastic Variance-Reduced Optimization,” MSML 2022

<latexit sha1_base64="ZBSWfSjDQBwxOxnaMuCxksgw4iY="></latexit>

gk
m = hk

m + ⌫Ck
m
�
rFm(xk ) � hk

m
�
⇡ rFm(xk )

<latexit sha1_base64="fIB42Sa+aXqdlTZmXIYc4FY5f00="></latexit>

⌫ = 1 and unbiased Ck
m

<latexit sha1_base64="qIJcH1vv9azmpUOPDxiGJON7aoc="></latexit>

E
⇥
gk

m
⇤

= rFm(xk )<latexit sha1_base64="nWLCuLYocpQzyXTQwauqt1h/Z+4="></latexit>)

EF-BV: SGD-type algorithm
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<latexit sha1_base64="HUWPNAEOI6/plyFLBXFRbWx3Pe0="></latexit>

other ones set to 0.

<latexit sha1_base64="R/d6Pr74gsu/ShqkQRU/CVgEGSc="></latexit>

-2.4

<latexit sha1_base64="AmxUNvsSQ8yd94++kiiD2JnfOnQ="></latexit>

3.2

<latexit sha1_base64="s3XRmtJsqtjz63BxYx08P/t3/Kg="></latexit>

0.7

<latexit sha1_base64="wx0+VIm7L+Hi9gNMSq0AJEgaPrs="></latexit>

1.3

<latexit sha1_base64="6dTi5J7FSmcxABsDSjnyF3jt3jQ="></latexit>

-0.9

<latexit sha1_base64="R/d6Pr74gsu/ShqkQRU/CVgEGSc="></latexit>

-2.4

<latexit sha1_base64="AmxUNvsSQ8yd94++kiiD2JnfOnQ="></latexit>

3.2

<latexit sha1_base64="BpG48JQB8ENB0FIWSGd1p2IZxQM="></latexit>

0

<latexit sha1_base64="BpG48JQB8ENB0FIWSGd1p2IZxQM="></latexit>

0
<latexit sha1_base64="BpG48JQB8ENB0FIWSGd1p2IZxQM="></latexit>

0

Biased compressors: example

<latexit sha1_base64="QWXp7ZkG2gqIo7YwuGr6ReGxD+E="></latexit>

• top-s: s elements with largest abs. value kept,
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Unbiased compressors: examples

<latexit sha1_base64="PthKPYlmeejl4EzRQ3CvTuf+9ws="></latexit>

• rand-s: s elements out of d chosen unif. at
<latexit sha1_base64="ssShlKySpxkseh90cLhX+rwC6I4="></latexit>

random and scaled by d
s , other ones set to 0.

<latexit sha1_base64="gnyiQKfrKvF0kthXKm2svpLsLo4="></latexit>

⇥
<latexit sha1_base64="gnyiQKfrKvF0kthXKm2svpLsLo4="></latexit>

⇥
<latexit sha1_base64="gnyiQKfrKvF0kthXKm2svpLsLo4="></latexit>

⇥<latexit sha1_base64="gnyiQKfrKvF0kthXKm2svpLsLo4="></latexit>

⇥<latexit sha1_base64="gnyiQKfrKvF0kthXKm2svpLsLo4="></latexit>

⇥

<latexit sha1_base64="BpG48JQB8ENB0FIWSGd1p2IZxQM="></latexit>

0

<latexit sha1_base64="BpG48JQB8ENB0FIWSGd1p2IZxQM="></latexit>

0

<latexit sha1_base64="BpG48JQB8ENB0FIWSGd1p2IZxQM="></latexit>

0

<latexit sha1_base64="gnyiQKfrKvF0kthXKm2svpLsLo4="></latexit>⇥

<latexit sha1_base64="gnyiQKfrKvF0kthXKm2svpLsLo4="></latexit>⇥
<latexit sha1_base64="eWTspla9W8yezmWJAe6Qg/1pqg4="></latexit>

5
2
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<latexit sha1_base64="n2ENCBjVl4spJLFRMsT0N3k8iN0="></latexit>

• quantization of the real values:

<latexit sha1_base64="zIJT5Xx3Xm1qkROy8s+VnqnrWAQ="></latexit>⇢
0 with probability 4

5
1 with probability 1

5

<latexit sha1_base64="2M8ANbK3omc0l2a5RQsVOBATnnY="></latexit>

Example: 0.2 represented by

Unbiased compressors: examples

<latexit sha1_base64="PthKPYlmeejl4EzRQ3CvTuf+9ws="></latexit>

• rand-s: s elements out of d chosen unif. at
<latexit sha1_base64="ssShlKySpxkseh90cLhX+rwC6I4="></latexit>

random and scaled by d
s , other ones set to 0.
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<latexit sha1_base64="n2ENCBjVl4spJLFRMsT0N3k8iN0="></latexit>

• quantization of the real values:

<latexit sha1_base64="zIJT5Xx3Xm1qkROy8s+VnqnrWAQ="></latexit>⇢
0 with probability 4

5
1 with probability 1

5

<latexit sha1_base64="2M8ANbK3omc0l2a5RQsVOBATnnY="></latexit>

Example: 0.2 represented by

Unbiased compressors: examples

<latexit sha1_base64="PthKPYlmeejl4EzRQ3CvTuf+9ws="></latexit>

• rand-s: s elements out of d chosen unif. at
<latexit sha1_base64="ssShlKySpxkseh90cLhX+rwC6I4="></latexit>

random and scaled by d
s , other ones set to 0.

Albasyoni, Safaryan, 
Condat, Richtárik, “Optimal 
Gradient Compression for 
Distributed and Federated 
Learning,” 2020 
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<latexit sha1_base64="Hih7vguIGDgFp9fGZLhhkrPxHjg="></latexit>

• probabilistic activation:
<latexit sha1_base64="jZWz+NoJMF/totPiqEHUYw19PxQ="></latexit>

Ck
m(vm) =

⇢ 1
p vm with probability p
0 with probability 1 � p

Unbiased compressors: examples
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<latexit sha1_base64="BSp8QodMP3XEtvdu/GZgcF60XCU="></latexit>

for ⌦k ⇢ {1, ... , M} of size N
chosen uniformly at random

<latexit sha1_base64="5wtgEGDyoahufb4OwRQFmCN9rbg="></latexit>

Ck
m(vm) =

⇢ M
N vm if m 2 ⌦k

0 else

<latexit sha1_base64="Hih7vguIGDgFp9fGZLhhkrPxHjg="></latexit>

• probabilistic activation:
<latexit sha1_base64="jZWz+NoJMF/totPiqEHUYw19PxQ="></latexit>

Ck
m(vm) =

⇢ 1
p vm with probability p
0 with probability 1 � p

<latexit sha1_base64="VKe2mqYUdNzIXnL624S+nyIkUNc="></latexit>

• partial participation:

Unbiased compressors: examples
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<latexit sha1_base64="6buRySYJ2qeO78zVNv/jYe/NzKQ="></latexit>

E
⇥
Ck

m(v )
⇤

= v<latexit sha1_base64="DwtrPm3zhux27M4tlWHS5jxb0TQ="></latexit>•

<latexit sha1_base64="DwtrPm3zhux27M4tlWHS5jxb0TQ="></latexit>•
<latexit sha1_base64="aTDYfxy22vb4/Eyu3ycMHD65IyM="></latexit>

E
⇥
kCk

m(v ) � vk2⇤  !kvk2

<latexit sha1_base64="u+mvRzsskKZB+2P7W92rN6xglA4="></latexit>

9! � 0 such that 8v 2 Rd ,

Unbiased compressors
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<latexit sha1_base64="DrJPdlOXBcLb70s5weWUnoujHCM="></latexit>

Theorem [MURANA]. DIANA with independent Ck
m, � = 1

1+! and

0 < � <
2
L

1
1 + 4 !

M
:

Choose b > 1 s.t. ⌘ := 1 � �
⇣

2
L

1
1+(1+b)2 !

M

⌘�1
2 (0, 1).

Define the Lyapunov function, for every k � 0,

 k :=
��xk � x?

��2 + (b2 + b)�2!(1 + !)
M2

MX

m=1

���hk
m � h?

m

���
2

.

Then, for every k � 0, we have E
⇥
 k⇤  ck 0, where

c := 1 � min
⇢

2�⌘µ,
1 � b�2

1 + !

�
< 1.

DIANA: convergence
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<latexit sha1_base64="g5vSVoR6261C3QY8hIVdMBvJNpQ="></latexit>

Theorem [MURANA]. DIANA with independent Ck
m, � = 1

1+! and

0 < � <
2
L

1
1 + 4 !

M
:

<latexit sha1_base64="7ZoXAauEdQ9P/z8n2VtKnt8sVtw="></latexit>

O

✓✓
L
µ

⇣
1 +

!

M

⌘
+ !

◆
log ✏�1

◆
<latexit sha1_base64="uV4O9+jimKIFHiMpiWJ4Q2eyML8="></latexit>

iteration complexity to reach ✏-accuracy:

DIANA: convergence
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<latexit sha1_base64="g5vSVoR6261C3QY8hIVdMBvJNpQ="></latexit>

Theorem [MURANA]. DIANA with independent Ck
m, � = 1

1+! and

0 < � <
2
L

1
1 + 4 !

M
:

<latexit sha1_base64="nsDb/zeA8BDjoiWL+Ts0Y/t1bIU="></latexit>

to

<latexit sha1_base64="viA00g0T6+fE5SrXnwAVwHogo9M="></latexit>

typically, the communication complexity
can be reduced from

<latexit sha1_base64="4f2Ed8z9/fplBB0FiD5AKuLP/wA="></latexit>

O

✓
d

L
µ

log ✏�1
◆ <latexit sha1_base64="zaxeZwOTKEHz4hF5gJheCX6ptPM="></latexit>

O

✓✓
L
µ

+ d
◆

log ✏�1
◆

DIANA: convergence



combining  
local training  

& 
compression
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<latexit sha1_base64="jxaATuWytfqFrdl0UhE3KEGTySA="></latexit>

Algorithm 1 (TAMUNA)
1: for r = 0, 1, ... (rounds) do
2: choose a subset ⌦(r ) of size c unif. at random
3: choose the number of local steps L(r ) � 1
4: for clients m 2 ⌦(r ), in parallel, do
5: x (r ,0)

m := x̄ (r ) (received from the server)
6: for ` = 0, ... ,L(r ) � 1 (local steps) do
7: x (r ,`+1)

m := x (r ,`)
m � �rFm

�
x (r ,`)

m
�

+ �h(r )
m

8: end for
9: send C(r )

m

⇣
x (r ,L(r ))

m

⌘
to the server

10: end for
11: x̄ (r+1) := 1

s
P

i2⌦(r ) C(r )
m

⇣
x (r ,L(r ))

m

⌘
(aggregation)

12: for clients m 2 ⌦(r ), in parallel, do
13: h(r+1)

m := h(r )
m + ⌘

�

⇣
C(r )

m
�
x̄ (r+1)�� C(r )

m
�
x (r ,L(r ))

m
�⌘

14: end for
15: for clients m /2 ⌦(r ), in parallel, do
16: h(r+1)

m := h(r )
m (the client is idle)

17: end for
18: end for

Condat, Agarský, 
Malinovsky, Richtárik, 
“TAMUNA: Doubly 
accelerated federated 
learning with local 
training, compression, 
and partial participation”, 
preprint, 2023

TAMUNA
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<latexit sha1_base64="w0QcHzdEkZeiZlbR15Gnt0L2Amg="></latexit>

O

  
p

d

s
L
µ

r
M
c

+ d

s
L
µ

p
M
c

+ d
M
c

!
log ✏�1

!

<latexit sha1_base64="AhnOiTxMOrA6/ZvSug0p1ZJmvXk="></latexit>

Uplink communication complexity
with c  M participating clients:

TAMUNA
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<latexit sha1_base64="w0QcHzdEkZeiZlbR15Gnt0L2Amg="></latexit>

O

  
p

d

s
L
µ

r
M
c

+ d

s
L
µ

p
M
c

+ d
M
c

!
log ✏�1

!

<latexit sha1_base64="AhnOiTxMOrA6/ZvSug0p1ZJmvXk="></latexit>

Uplink communication complexity
with c  M participating clients:

TAMUNA
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<latexit sha1_base64="w0QcHzdEkZeiZlbR15Gnt0L2Amg="></latexit>

O

  
p

d

s
L
µ

r
M
c

+ d

s
L
µ

p
M
c

+ d
M
c

!
log ✏�1

!

<latexit sha1_base64="AhnOiTxMOrA6/ZvSug0p1ZJmvXk="></latexit>

Uplink communication complexity
with c  M participating clients:

TAMUNA

<latexit sha1_base64="G1PDIMZ3IFyEUQ8LkCXFck7KV7I="></latexit>

Note:
p

d
q

L
µ better than d

q
L
µ (Proxskip) and d + L

µ (DIANA)
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Experiment: logistic regression
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To reduce communication:

1) local computations: communicate less frequently.

2) compression: communicate compressed vectors.

Combining the 2 ideas + designing randomized  
primal-dual algorithms: work in progress!

Conclusion


