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Outline

• Context

• Contributions: 2 focuses on 

A new definition of discrete total variation
A new proximal splitting algorithm for convex optimization

• Research plan:  ...
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Context
Estimation of signals / images from partial and noisy 
measurements
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Estimation of signals / images from partial and noisy 
measurements
 ➤  reconstruction method?
 ➤  acquisition setting?

Context
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Example: Multispectral pansharpening
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Example: Multispectral pansharpening

5

X. He, L. C. et al., IEEE Trans. Image Process., 2014
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Inverse problems
Given data

y ⇡ Ax

]
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Inverse problems

estimate the unknown image x

]
by solving

Find x̃ 2 arg min
x2RN1⇥N2

n

D(Ax , y ) + R(x)
o

<latexit sha1_base64="F+559Zxf97wcHeb4yS7jF3N0EKk="></latexit><latexit sha1_base64="F+559Zxf97wcHeb4yS7jF3N0EKk="></latexit><latexit sha1_base64="F+559Zxf97wcHeb4yS7jF3N0EKk="></latexit><latexit sha1_base64="F+559Zxf97wcHeb4yS7jF3N0EKk="></latexit>

Given data
y ⇡ Ax

]
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1.
Total variation

L. Condat, “Discrete total variation: New definition and 
minimization,” SIAM Journal on Imaging Sciences, 2017
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The total variation

8

Total variation (TV) of a continuously-defined

function s(t
1

, t
2

):

<latexit sha1_base64="vxfHIuQ6iTCMu4lja+q7Bs3dYLI="></latexit><latexit sha1_base64="vxfHIuQ6iTCMu4lja+q7Bs3dYLI="></latexit><latexit sha1_base64="vxfHIuQ6iTCMu4lja+q7Bs3dYLI="></latexit><latexit sha1_base64="vxfHIuQ6iTCMu4lja+q7Bs3dYLI="></latexit>

TV(s) =
Z

⌦
krsk

<latexit sha1_base64="SPPt6jwbHIfq2Ap/Vye4vTylF7Q="></latexit><latexit sha1_base64="yfAjYMV+C98RNChjRBnH/T9I6OA="></latexit><latexit sha1_base64="yfAjYMV+C98RNChjRBnH/T9I6OA="></latexit><latexit sha1_base64="8WiHVgHP/Okx2jSolwooRmhF/2w="></latexit>
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The total variation

8

isotropic functional

Total variation (TV) of a continuously-defined

function s(t
1

, t
2

):

<latexit sha1_base64="vxfHIuQ6iTCMu4lja+q7Bs3dYLI="></latexit><latexit sha1_base64="vxfHIuQ6iTCMu4lja+q7Bs3dYLI="></latexit><latexit sha1_base64="vxfHIuQ6iTCMu4lja+q7Bs3dYLI="></latexit><latexit sha1_base64="vxfHIuQ6iTCMu4lja+q7Bs3dYLI="></latexit>

TV(s) =
Z

⌦
krsk

<latexit sha1_base64="SPPt6jwbHIfq2Ap/Vye4vTylF7Q="></latexit><latexit sha1_base64="yfAjYMV+C98RNChjRBnH/T9I6OA="></latexit><latexit sha1_base64="yfAjYMV+C98RNChjRBnH/T9I6OA="></latexit><latexit sha1_base64="8WiHVgHP/Okx2jSolwooRmhF/2w="></latexit>
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Discrete TV: Classical Definitions

TVa(x) =
N1X

n1=1

N2X

n2=1

��
x [n1 + 1, n2] � x [n1, n2]

�� +
��
x [n1, n2 + 1] � x [n1, n2]

��

For an image x with domain ⌦ = {1, ... , N

1

}⇥ {1, ... , N

2

},

9

‘anisotropic’ TV:

<latexit sha1_base64="nEOtAU47I9m0zA7eQCL/1pN70yQ="></latexit><latexit sha1_base64="nEOtAU47I9m0zA7eQCL/1pN70yQ="></latexit><latexit sha1_base64="nEOtAU47I9m0zA7eQCL/1pN70yQ="></latexit><latexit sha1_base64="nEOtAU47I9m0zA7eQCL/1pN70yQ="></latexit>
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Discrete TV: Classical Definitions

TVa(x) =
N1X

n1=1

N2X

n2=1
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x [n1 + 1, n2] � x [n1, n2]

�� +
��
x [n1, n2 + 1] � x [n1, n2]

��

For an image x with domain ⌦ = {1, ... , N

1

}⇥ {1, ... , N

2

},

9

‘anisotropic’ TV:

<latexit sha1_base64="nEOtAU47I9m0zA7eQCL/1pN70yQ="></latexit><latexit sha1_base64="nEOtAU47I9m0zA7eQCL/1pN70yQ="></latexit><latexit sha1_base64="nEOtAU47I9m0zA7eQCL/1pN70yQ="></latexit><latexit sha1_base64="nEOtAU47I9m0zA7eQCL/1pN70yQ="></latexit>

favors horizontal and vertical edges

<latexit sha1_base64="2YB0051FWp6JshWb9Fnf96wz1/0="></latexit><latexit sha1_base64="2YB0051FWp6JshWb9Fnf96wz1/0="></latexit><latexit sha1_base64="2YB0051FWp6JshWb9Fnf96wz1/0="></latexit><latexit sha1_base64="2YB0051FWp6JshWb9Fnf96wz1/0="></latexit>
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Discrete TV: Classical Definitions

TVa(x) =
N1X

n1=1

N2X

n2=1

��
x [n1 + 1, n2] � x [n1, n2]

�� +
��
x [n1, n2 + 1] � x [n1, n2]

��

For an image x with domain ⌦ = {1, ... , N

1

}⇥ {1, ... , N

2

},

TVi(x) =
N1X

n1=1

N2X

n2=1

q�
x [n1 + 1, n2] � x [n1, n2]

�2 +
�
x [n1, n2 + 1] � x [n1, n2]

�2

10

‘isotropic’ TV:

<latexit sha1_base64="rBPucfK0JpRTE43zxsU+UJXit90="></latexit><latexit sha1_base64="rBPucfK0JpRTE43zxsU+UJXit90="></latexit><latexit sha1_base64="rBPucfK0JpRTE43zxsU+UJXit90="></latexit><latexit sha1_base64="rBPucfK0JpRTE43zxsU+UJXit90="></latexit>

‘anisotropic’ TV:

<latexit sha1_base64="nEOtAU47I9m0zA7eQCL/1pN70yQ="></latexit><latexit sha1_base64="nEOtAU47I9m0zA7eQCL/1pN70yQ="></latexit><latexit sha1_base64="nEOtAU47I9m0zA7eQCL/1pN70yQ="></latexit><latexit sha1_base64="nEOtAU47I9m0zA7eQCL/1pN70yQ="></latexit>
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TV of classical patterns

N

TVi =
p

2N
<latexit sha1_base64="G4JeTtP1N858K2YtUPMMCY/LgTs="></latexit><latexit sha1_base64="G4JeTtP1N858K2YtUPMMCY/LgTs="></latexit><latexit sha1_base64="G4JeTtP1N858K2YtUPMMCY/LgTs="></latexit><latexit sha1_base64="G4JeTtP1N858K2YtUPMMCY/LgTs="></latexit>
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TV of classical patterns

N N

TVi =
p

2N
<latexit sha1_base64="G4JeTtP1N858K2YtUPMMCY/LgTs="></latexit><latexit sha1_base64="G4JeTtP1N858K2YtUPMMCY/LgTs="></latexit><latexit sha1_base64="G4JeTtP1N858K2YtUPMMCY/LgTs="></latexit><latexit sha1_base64="G4JeTtP1N858K2YtUPMMCY/LgTs="></latexit>

TVi = 2N
<latexit sha1_base64="apMYqzcLyUNwb8seWdlcGJr4pXg="></latexit><latexit sha1_base64="apMYqzcLyUNwb8seWdlcGJr4pXg="></latexit><latexit sha1_base64="apMYqzcLyUNwb8seWdlcGJr4pXg="></latexit><latexit sha1_base64="apMYqzcLyUNwb8seWdlcGJr4pXg="></latexit>
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Where is the edge?

The discrete gradient



/ 52Laurent Condat 12

Where is the edge?

The discrete gradient
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v•[n1, n2]

v$[n1, n2]

vl[n1, n2]

n1

n2

Proposed method: a 2x finer grid 
for the gradient field
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Proposed method: a 2x finer grid 
for the gradient field

Remember Shannon’s theorem:

<latexit sha1_base64="eomt6hdtMZwY3+j+i23SAo0hK6U="></latexit><latexit sha1_base64="eomt6hdtMZwY3+j+i23SAo0hK6U="></latexit><latexit sha1_base64="eomt6hdtMZwY3+j+i23SAo0hK6U="></latexit><latexit sha1_base64="eomt6hdtMZwY3+j+i23SAo0hK6U="></latexit>

s(t) = cos(ht , ci)
<latexit sha1_base64="/5B7dQ0J/Zpyd297vkwcuhmPjdY="></latexit><latexit sha1_base64="65TztaLtAZCHJFNjyMJhHkeK5Q8="></latexit><latexit sha1_base64="65TztaLtAZCHJFNjyMJhHkeK5Q8="></latexit><latexit sha1_base64="qpC19BzlL+ezgJ2XxVnvH0gKktE="></latexit>

n1

n2

krs(t)k2 /
�
1 � cos(2ht , ci

�
<latexit sha1_base64="iGxi9lDROVz7oy3Eqgd1By3F4y0="></latexit><latexit sha1_base64="tv3MqruRXe10SuZLs2AYwCxu2mU="></latexit><latexit sha1_base64="tv3MqruRXe10SuZLs2AYwCxu2mU="></latexit><latexit sha1_base64="c6JQcyQuaev6omguXD3tREP/He0="></latexit>
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Fundamental theorem of calculus

In 1-D:
Z b

a
s0(t)dt = s(b) � s(a)

<latexit sha1_base64="hrsISztWe2D+rYHTj0YsIDKeHpk="></latexit><latexit sha1_base64="hrsISztWe2D+rYHTj0YsIDKeHpk="></latexit><latexit sha1_base64="hrsISztWe2D+rYHTj0YsIDKeHpk="></latexit><latexit sha1_base64="hrsISztWe2D+rYHTj0YsIDKeHpk="></latexit>
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Fundamental theorem of calculus

By analogy, integrating the gradient field 
should yield the image (up to a constant)

In 1-D:
Z b

a
s0(t)dt = s(b) � s(a)

<latexit sha1_base64="hrsISztWe2D+rYHTj0YsIDKeHpk="></latexit><latexit sha1_base64="hrsISztWe2D+rYHTj0YsIDKeHpk="></latexit><latexit sha1_base64="hrsISztWe2D+rYHTj0YsIDKeHpk="></latexit><latexit sha1_base64="hrsISztWe2D+rYHTj0YsIDKeHpk="></latexit>
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x [n1, n2 + 1] � x [n1, n2] =
v$,2[n1, n2] + (vl,2[n1, n2] + vl,2[n1, n2 + 1] +
vl,2[n1 � 1, n2] + vl,2[n1 � 1, n2 + 1])/4 +
(v•,2[n1, n2] + v•,2[n1, n2 + 1])/2

<latexit sha1_base64="HMf6KTVjJvIkaydlR+2rv1anzqE="></latexit><latexit sha1_base64="HMf6KTVjJvIkaydlR+2rv1anzqE="></latexit><latexit sha1_base64="HMf6KTVjJvIkaydlR+2rv1anzqE="></latexit><latexit sha1_base64="HMf6KTVjJvIkaydlR+2rv1anzqE="></latexit>

Fundamental theorem of calculus

In 1-D:
Z b

a
s0(t)dt = s(b) � s(a)

<latexit sha1_base64="hrsISztWe2D+rYHTj0YsIDKeHpk="></latexit><latexit sha1_base64="hrsISztWe2D+rYHTj0YsIDKeHpk="></latexit><latexit sha1_base64="hrsISztWe2D+rYHTj0YsIDKeHpk="></latexit><latexit sha1_base64="hrsISztWe2D+rYHTj0YsIDKeHpk="></latexit>
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Proposed TV

image
vx

gradient field on 
a twice finer grid

linear consistency (integration)

Sv = Dx

<latexit sha1_base64="89S6HTnmTmUJnvT853w8Se02UvI="></latexit><latexit sha1_base64="rRH4pmyx5EtLefb+8flpPUIyEOQ="></latexit><latexit sha1_base64="rRH4pmyx5EtLefb+8flpPUIyEOQ="></latexit><latexit sha1_base64="9aNcfjm/x3bSmxN+RASpv/DWn2E="></latexit>
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Proposed TV

image
vx

gradient field on 
a twice finer grid

linear consistency (integration)

Sv = Dx

<latexit sha1_base64="89S6HTnmTmUJnvT853w8Se02UvI="></latexit><latexit sha1_base64="rRH4pmyx5EtLefb+8flpPUIyEOQ="></latexit><latexit sha1_base64="rRH4pmyx5EtLefb+8flpPUIyEOQ="></latexit><latexit sha1_base64="9aNcfjm/x3bSmxN+RASpv/DWn2E="></latexit>

TVp(x) := min
v

kvk1,1,2 s.t. Sv = Dx

<latexit sha1_base64="xWg3ZBRRrxXD1dC+lnFv7FhQsV8="></latexit><latexit sha1_base64="Rt+JcM31FSse3XWbfUabs6UpbPU="></latexit><latexit sha1_base64="Rt+JcM31FSse3XWbfUabs6UpbPU="></latexit><latexit sha1_base64="TxtUNMSNMROP64skVpnGuGFKnKI="></latexit>
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image
vx

gradient field on 
a twice finer grid

linear consistency (integration)

17

Proposed TV

Sv = Dx

<latexit sha1_base64="89S6HTnmTmUJnvT853w8Se02UvI="></latexit><latexit sha1_base64="rRH4pmyx5EtLefb+8flpPUIyEOQ="></latexit><latexit sha1_base64="rRH4pmyx5EtLefb+8flpPUIyEOQ="></latexit><latexit sha1_base64="9aNcfjm/x3bSmxN+RASpv/DWn2E="></latexit>

Note: the mapping x 7! arg min

v

kvk
1,1,2

s.t. Sv = Dx

is nonlinear

<latexit sha1_base64="QpcjxPrQ4AIGuyzCw3VIInHiKbo="></latexit><latexit sha1_base64="QpcjxPrQ4AIGuyzCw3VIInHiKbo="></latexit><latexit sha1_base64="QpcjxPrQ4AIGuyzCw3VIInHiKbo="></latexit><latexit sha1_base64="QpcjxPrQ4AIGuyzCw3VIInHiKbo="></latexit>

TVp(x) := min
v

kvk1,1,2 s.t. Sv = Dx

<latexit sha1_base64="xWg3ZBRRrxXD1dC+lnFv7FhQsV8="></latexit><latexit sha1_base64="Rt+JcM31FSse3XWbfUabs6UpbPU="></latexit><latexit sha1_base64="Rt+JcM31FSse3XWbfUabs6UpbPU="></latexit><latexit sha1_base64="TxtUNMSNMROP64skVpnGuGFKnKI="></latexit>
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image
vx

gradient field on 
a twice finer grid

linear consistency (integration)

18

Proposed TV

Sv = Dx

<latexit sha1_base64="89S6HTnmTmUJnvT853w8Se02UvI="></latexit><latexit sha1_base64="rRH4pmyx5EtLefb+8flpPUIyEOQ="></latexit><latexit sha1_base64="rRH4pmyx5EtLefb+8flpPUIyEOQ="></latexit><latexit sha1_base64="9aNcfjm/x3bSmxN+RASpv/DWn2E="></latexit>

TVp(x) := min
v

kvk1,1,2 s.t. Sv = Dx

<latexit sha1_base64="xWg3ZBRRrxXD1dC+lnFv7FhQsV8="></latexit><latexit sha1_base64="Rt+JcM31FSse3XWbfUabs6UpbPU="></latexit><latexit sha1_base64="Rt+JcM31FSse3XWbfUabs6UpbPU="></latexit><latexit sha1_base64="TxtUNMSNMROP64skVpnGuGFKnKI="></latexit>

inverse problem philosophy

(think of image enlargement)

<latexit sha1_base64="D5pIS7U1X63i/2Ek9AOtJ2LVyjs="></latexit><latexit sha1_base64="D5pIS7U1X63i/2Ek9AOtJ2LVyjs="></latexit><latexit sha1_base64="D5pIS7U1X63i/2Ek9AOtJ2LVyjs="></latexit><latexit sha1_base64="D5pIS7U1X63i/2Ek9AOtJ2LVyjs="></latexit>
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TV minimization

⌘

19

Find x̃ 2 arg min
x2RN1⇥N2

{F (x) + �TVp(x)}
<latexit sha1_base64="jbyppu7rHs2ZQL4XWVqqpawPMyM="></latexit><latexit sha1_base64="NwoXgPhz2dBrWiHeclVeqOut5tg="></latexit><latexit sha1_base64="NwoXgPhz2dBrWiHeclVeqOut5tg="></latexit><latexit sha1_base64="bdYbfLuEZquoi2ngFgoWFr1TIks="></latexit>

Find (x̃ , ṽ ) 2 arg min
x2RN1⇥N2 ,v2(R2)3⇥N1⇥N2

{F (x) + � kvk1,1,2 : Sv = Dx}
<latexit sha1_base64="syVUZGtGWWebGG/tsBXxUb0M+2g="></latexit><latexit sha1_base64="J2U8sf3cQgeDPUapRmC7GNB/T9k="></latexit><latexit sha1_base64="J2U8sf3cQgeDPUapRmC7GNB/T9k="></latexit><latexit sha1_base64="aXurzujUTgGUKCO9Z+S+H5vLMkg="></latexit>
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Smoothing an edge

20

Find (x̃ , ṽ ) 2 arg min
(x ,v )

n

1
2kx � yk2 + � kvk1,1,2 : Sv = Dx

o

<latexit sha1_base64="VV7IUjIgFkum9u8zJnNQSnRJJyk="></latexit><latexit sha1_base64="b7u8ytYRNeW0USeysguAh45z+Q4="></latexit><latexit sha1_base64="b7u8ytYRNeW0USeysguAh45z+Q4="></latexit><latexit sha1_base64="N70bnfuSf0q91LiyVnl3CLfHARw="></latexit>
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Smoothing an edge

21

Find (x̃ , ṽ ) 2 arg min
(x ,v )

n

1
2kx � yk2 + � kvk1,1,2 : Sv = Dx

o

<latexit sha1_base64="VV7IUjIgFkum9u8zJnNQSnRJJyk="></latexit><latexit sha1_base64="b7u8ytYRNeW0USeysguAh45z+Q4="></latexit><latexit sha1_base64="b7u8ytYRNeW0USeysguAh45z+Q4="></latexit><latexit sha1_base64="N70bnfuSf0q91LiyVnl3CLfHARw="></latexit>
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Enlargement

isotropic TV proposed TV
22
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A thorough definition of the gradient field of an 
image and of the discrete TV

Summary
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A thorough definition of the gradient field of an 
image and of the discrete TV

Perspectives

• extension to a discrete calculus framework
• applications to PDEs and simulation
• application to volume rendering

Summary
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• extension to a discrete calculus framework
• applications to PDEs and simulation
• application to volume rendering

A thorough definition of the gradient field of an 
image and of the discrete TV

Summary

Perspectives



/ 52Laurent Condat 

• extension to a discrete calculus framework
• applications to PDEs and simulation
• application to volume rendering

A thorough definition of the gradient field of an 
image and of the discrete TV

U. R. Alim, T. Möller, and L. C., IEEE Trans. 
Visualization and Computer Graphics, 2010

[Csébfalvi and Domonkos, 2010]

Summary

Perspectives

25
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2. Convex 
optimization

L. Condat, “A primal-dual splitting method for convex optimization 
involving Lipschitzian, proximable and linear composite terms,” 
Journal of Optimization Theory and Applications, 2013



/ 52Laurent Condat 

Setting

2

66664

⇥ ⇥ ⇥ ⇥ ⇥
⇥ ⇥ ⇥ ⇥ ⇥
⇥ ⇥ ⇥ ⇥ ⇥
⇥ ⇥ ⇥ ⇥ ⇥
⇥ ⇥ ⇥ ⇥ ⇥

3

77775

27

We place ourselves in a real Hilbert space X

We look for an object x̃ 2 X , for instance,

<latexit sha1_base64="mWB+m8QY8ipjVSm7Tg9N3fgcwpA="></latexit><latexit sha1_base64="mWB+m8QY8ipjVSm7Tg9N3fgcwpA="></latexit><latexit sha1_base64="mWB+m8QY8ipjVSm7Tg9N3fgcwpA="></latexit><latexit sha1_base64="mWB+m8QY8ipjVSm7Tg9N3fgcwpA="></latexit>
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Goal

28

Find x̃ 2 arg min
x2X

 (x)

for a convex, lower semicontinuous,

(cost) function  : X ! R [ {+1}
<latexit sha1_base64="GfJQTNuGrKZbem4YEFh5Dlt7QE0="></latexit><latexit sha1_base64="GfJQTNuGrKZbem4YEFh5Dlt7QE0="></latexit><latexit sha1_base64="GfJQTNuGrKZbem4YEFh5Dlt7QE0="></latexit><latexit sha1_base64="GfJQTNuGrKZbem4YEFh5Dlt7QE0="></latexit>
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Convex functions

29

f

� 1
2 x1 + 1

2 x2
�

<latexit sha1_base64="9BwumV4o6gw5PV287hbloHdwEFY="></latexit><latexit sha1_base64="9zkLsw1pzjpP/cmoBPShBUnpXww="></latexit><latexit sha1_base64="9zkLsw1pzjpP/cmoBPShBUnpXww="></latexit><latexit sha1_base64="NBwr9EQ+U0hzraznQ0Mt+iSG//c="></latexit>

f (x1)
<latexit sha1_base64="x01f7q1RzrQltdoWWf0541c9Yq0="></latexit><latexit sha1_base64="He7anzbCPFt0dWoryhz61DLvFlI="></latexit><latexit sha1_base64="He7anzbCPFt0dWoryhz61DLvFlI="></latexit><latexit sha1_base64="f01iSgFi+BkFZDEYAjSEKRVKqko="></latexit>

f (x2)
<latexit sha1_base64="1jOLpfJdNLxjtr86+1X75zQv7i8="></latexit><latexit sha1_base64="GiVQzeSrtyGNCIPmBnKbDMx+TJo="></latexit><latexit sha1_base64="GiVQzeSrtyGNCIPmBnKbDMx+TJo="></latexit><latexit sha1_base64="Ot/VK7rKWY6iyzmYiiSax6qEPYw="></latexit>

1
2 f (x1) + 1

2 f (x2)
<latexit sha1_base64="jIGEYGaO/0WTJs5AVxrm5MYGkek="></latexit><latexit sha1_base64="IBzgdrgY6kbvk9bz1gS3Fzm34tA="></latexit><latexit sha1_base64="IBzgdrgY6kbvk9bz1gS3Fzm34tA="></latexit><latexit sha1_base64="v9LTl8ZR6qAhkg8+VzShgoUO380="></latexit>

x1
<latexit sha1_base64="OwQrVkyg209QtH/rj3T3JxgO00I="></latexit><latexit sha1_base64="2zuzfy1li0BrrKnI+A1AVC7RelE="></latexit><latexit sha1_base64="2zuzfy1li0BrrKnI+A1AVC7RelE="></latexit><latexit sha1_base64="b1YLanNNENWagLcavbhcIS2dCOI="></latexit>

x2
<latexit sha1_base64="wD5h0zdbQeDRsVb5cwOftMCpvyU="></latexit><latexit sha1_base64="AhJRUH2cMA9QZCDqO6Qcyvw2xTg="></latexit><latexit sha1_base64="AhJRUH2cMA9QZCDqO6Qcyvw2xTg="></latexit><latexit sha1_base64="xQDNaz2tZDdzf359LttolOzKJW0="></latexit>

x1+x2
2

<latexit sha1_base64="5hnnKRLzJxBqfsXZ/iaKx2Swp1U="></latexit><latexit sha1_base64="kSOUJt5LUNaL+ijlJ3FJC6PyeJI="></latexit><latexit sha1_base64="kSOUJt5LUNaL+ijlJ3FJC6PyeJI="></latexit><latexit sha1_base64="Fil1bm31CJ6DIfzwdMmZuRXVcjY="></latexit>
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Convex functions

|x |
<latexit sha1_base64="fEuEjVjA1QeDDuMmnyRFy8/2C/8="></latexit><latexit sha1_base64="b0EmWGCFvLCJxCCc5mYNzluS9II="></latexit><latexit sha1_base64="b0EmWGCFvLCJxCCc5mYNzluS9II="></latexit><latexit sha1_base64="D0Fx5yqe7YLFUiI+Rf5aRp8XeX8="></latexit>

x

2
<latexit sha1_base64="FeQVpjpmswo/Ux+zpnUWb9xbrzI="></latexit><latexit sha1_base64="WFhyA/PjDtRBgWPbRa1EdeejdGM="></latexit><latexit sha1_base64="WFhyA/PjDtRBgWPbRa1EdeejdGM="></latexit><latexit sha1_base64="6y7rZHgRgDW7w+uJqaKvZq6fZxM="></latexit>

30
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Convex optimization

A nonconvex function

31
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Goal

32

Find x̃ 2 arg min
x2X

(
 (x) =

MX

m=1

g

m

(L
m

x)

)

<latexit sha1_base64="VtM+4LqGhWdP1bjYE4sYWKzd4ks="></latexit><latexit sha1_base64="VtM+4LqGhWdP1bjYE4sYWKzd4ks="></latexit><latexit sha1_base64="VtM+4LqGhWdP1bjYE4sYWKzd4ks="></latexit><latexit sha1_base64="VtM+4LqGhWdP1bjYE4sYWKzd4ks="></latexit>

with

• convex functions gm

• linear operators Lm
<latexit sha1_base64="bCxF79/WuEkc7UXQTIf2AUOtzD8="></latexit><latexit sha1_base64="bCxF79/WuEkc7UXQTIf2AUOtzD8="></latexit><latexit sha1_base64="bCxF79/WuEkc7UXQTIf2AUOtzD8="></latexit><latexit sha1_base64="bCxF79/WuEkc7UXQTIf2AUOtzD8="></latexit>
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Goal

33

Find x̃ 2 arg min
x2X

(
 (x) =

MX

m=1

g

m

(L
m

x)

)

<latexit sha1_base64="VtM+4LqGhWdP1bjYE4sYWKzd4ks="></latexit><latexit sha1_base64="VtM+4LqGhWdP1bjYE4sYWKzd4ks="></latexit><latexit sha1_base64="VtM+4LqGhWdP1bjYE4sYWKzd4ks="></latexit><latexit sha1_base64="VtM+4LqGhWdP1bjYE4sYWKzd4ks="></latexit>

We want full splitting, with individual activation of

Lm, L⇤
m, the gradient or proximity operator of gm.

<latexit sha1_base64="hc9bBNoS0x/r/8a4SuC7LkPPMLI="></latexit><latexit sha1_base64="hc9bBNoS0x/r/8a4SuC7LkPPMLI="></latexit><latexit sha1_base64="hc9bBNoS0x/r/8a4SuC7LkPPMLI="></latexit><latexit sha1_base64="hc9bBNoS0x/r/8a4SuC7LkPPMLI="></latexit>
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Goal

33

Find x̃ 2 arg min
x2X

(
 (x) =

MX

m=1

g

m

(L
m

x)

)

<latexit sha1_base64="VtM+4LqGhWdP1bjYE4sYWKzd4ks="></latexit><latexit sha1_base64="VtM+4LqGhWdP1bjYE4sYWKzd4ks="></latexit><latexit sha1_base64="VtM+4LqGhWdP1bjYE4sYWKzd4ks="></latexit><latexit sha1_base64="VtM+4LqGhWdP1bjYE4sYWKzd4ks="></latexit>

We want full splitting, with individual activation of

Lm, L⇤
m, the gradient or proximity operator of gm.

<latexit sha1_base64="hc9bBNoS0x/r/8a4SuC7LkPPMLI="></latexit><latexit sha1_base64="hc9bBNoS0x/r/8a4SuC7LkPPMLI="></latexit><latexit sha1_base64="hc9bBNoS0x/r/8a4SuC7LkPPMLI="></latexit><latexit sha1_base64="hc9bBNoS0x/r/8a4SuC7LkPPMLI="></latexit>

no implicit operation (inner loop or linear system to solve)
only fast operations in

typically, N ⇠ 106–109
O(N) or O(N log N), with N = dim.

•
 •
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The proximity operator

f (x) = |x |
prox

f

(x) = sgn(x) max(|x |� 1, 0)

prox

f

: X ! X : x 7! arg min

x

02X
f (x

0
) +

1

2

kx � x

0k2

<latexit sha1_base64="smgDt+JnBGfkfVNxCc39kNVvMoc="></latexit><latexit sha1_base64="smgDt+JnBGfkfVNxCc39kNVvMoc="></latexit><latexit sha1_base64="smgDt+JnBGfkfVNxCc39kNVvMoc="></latexit><latexit sha1_base64="smgDt+JnBGfkfVNxCc39kNVvMoc="></latexit>
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Goal

37

Find x̃ 2 arg min
x2X

n

f (x) + g(Lx) + h(x)
o

<latexit sha1_base64="GMdR/g/wtL1TOMvAKwFFV+JQz8M="></latexit><latexit sha1_base64="WewyuojnXRC0k/R3DyCqTEtz8fk="></latexit><latexit sha1_base64="WewyuojnXRC0k/R3DyCqTEtz8fk="></latexit><latexit sha1_base64="XAFh6BZBapQBE9kRSbUS8k1ASOo="></latexit>
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Find x̃ 2 arg min
x2X

n

f (x) + g(Lx) + h(x)
o

<latexit sha1_base64="GMdR/g/wtL1TOMvAKwFFV+JQz8M="></latexit><latexit sha1_base64="WewyuojnXRC0k/R3DyCqTEtz8fk="></latexit><latexit sha1_base64="WewyuojnXRC0k/R3DyCqTEtz8fk="></latexit><latexit sha1_base64="XAFh6BZBapQBE9kRSbUS8k1ASOo="></latexit>

Optimality conditions
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Optimality conditions

38

✓
0
0

◆
2
✓

@f (x̃) + L

⇤
ũ

�Lx̃ +(@g)�1
ũ

◆
+
✓
rh(x̃)

0

◆

<latexit sha1_base64="CQAp7nnuVYuA6JH1q9lBTPM1xOU="></latexit><latexit sha1_base64="CQAp7nnuVYuA6JH1q9lBTPM1xOU="></latexit><latexit sha1_base64="CQAp7nnuVYuA6JH1q9lBTPM1xOU="></latexit><latexit sha1_base64="CQAp7nnuVYuA6JH1q9lBTPM1xOU="></latexit>

⌘<latexit sha1_base64="OjP5qFAgOs72nTZAtU1aKty3EfE="></latexit><latexit sha1_base64="pD0H/6OaH+aO79pNiIg+gYjwsus="></latexit><latexit sha1_base64="pD0H/6OaH+aO79pNiIg+gYjwsus="></latexit><latexit sha1_base64="LOQ5mDPPW7PXFr4EEUWhgIv2Qwo="></latexit>

Find x̃ 2 arg min
x2X

n

f (x) + g(Lx) + h(x)
o

<latexit sha1_base64="GMdR/g/wtL1TOMvAKwFFV+JQz8M="></latexit><latexit sha1_base64="WewyuojnXRC0k/R3DyCqTEtz8fk="></latexit><latexit sha1_base64="WewyuojnXRC0k/R3DyCqTEtz8fk="></latexit><latexit sha1_base64="XAFh6BZBapQBE9kRSbUS8k1ASOo="></latexit>
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Proposed algorithm

✓
0
0

◆
2
✓

@f (x̃) + L

⇤
ũ

�Lx̃ +(@g)�1
ũ

◆
+
✓
rh(x̃)

0

◆

<latexit sha1_base64="CQAp7nnuVYuA6JH1q9lBTPM1xOU="></latexit><latexit sha1_base64="CQAp7nnuVYuA6JH1q9lBTPM1xOU="></latexit><latexit sha1_base64="CQAp7nnuVYuA6JH1q9lBTPM1xOU="></latexit><latexit sha1_base64="CQAp7nnuVYuA6JH1q9lBTPM1xOU="></latexit>

⌘<latexit sha1_base64="OjP5qFAgOs72nTZAtU1aKty3EfE="></latexit><latexit sha1_base64="pD0H/6OaH+aO79pNiIg+gYjwsus="></latexit><latexit sha1_base64="pD0H/6OaH+aO79pNiIg+gYjwsus="></latexit><latexit sha1_base64="LOQ5mDPPW7PXFr4EEUWhgIv2Qwo="></latexit>

forward-backward iteration

in the primal-dual product space

<latexit sha1_base64="4i5/e3EHKuMAI2lYpAQsY1+rXcY="></latexit><latexit sha1_base64="4i5/e3EHKuMAI2lYpAQsY1+rXcY="></latexit><latexit sha1_base64="4i5/e3EHKuMAI2lYpAQsY1+rXcY="></latexit><latexit sha1_base64="4i5/e3EHKuMAI2lYpAQsY1+rXcY="></latexit>

Find x̃ 2 arg min
x2X

n

f (x) + g(Lx) + h(x)
o

<latexit sha1_base64="GMdR/g/wtL1TOMvAKwFFV+JQz8M="></latexit><latexit sha1_base64="WewyuojnXRC0k/R3DyCqTEtz8fk="></latexit><latexit sha1_base64="WewyuojnXRC0k/R3DyCqTEtz8fk="></latexit><latexit sha1_base64="XAFh6BZBapQBE9kRSbUS8k1ASOo="></latexit>
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Proposed algorithm

✓
0
0

◆
2
✓

@f (x̃) + L

⇤
ũ

�Lx̃ +(@g)�1
ũ

◆
+
✓
rh(x̃)

0

◆

<latexit sha1_base64="CQAp7nnuVYuA6JH1q9lBTPM1xOU="></latexit><latexit sha1_base64="CQAp7nnuVYuA6JH1q9lBTPM1xOU="></latexit><latexit sha1_base64="CQAp7nnuVYuA6JH1q9lBTPM1xOU="></latexit><latexit sha1_base64="CQAp7nnuVYuA6JH1q9lBTPM1xOU="></latexit>

⌘<latexit sha1_base64="OjP5qFAgOs72nTZAtU1aKty3EfE="></latexit><latexit sha1_base64="pD0H/6OaH+aO79pNiIg+gYjwsus="></latexit><latexit sha1_base64="pD0H/6OaH+aO79pNiIg+gYjwsus="></latexit><latexit sha1_base64="LOQ5mDPPW7PXFr4EEUWhgIv2Qwo="></latexit>

Find x̃ 2 arg min
x2X

n

f (x) + g(Lx) + h(x)
o

<latexit sha1_base64="GMdR/g/wtL1TOMvAKwFFV+JQz8M="></latexit><latexit sha1_base64="WewyuojnXRC0k/R3DyCqTEtz8fk="></latexit><latexit sha1_base64="WewyuojnXRC0k/R3DyCqTEtz8fk="></latexit><latexit sha1_base64="XAFh6BZBapQBE9kRSbUS8k1ASOo="></latexit>

40

$
x

(i+1)

:= prox⌧ f

�
x

(i) � ⌧rh(x

(i)

) � ⌧L

⇤
u

(i)

�

u

(i+1)

:= prox�g

⇤
�
u

(i)

+ �L(2x

(i+1) � x

(i)

)

�
<latexit sha1_base64="dwKuO2nfYdjyj4RzTbBLesHK5x0="></latexit><latexit sha1_base64="dwKuO2nfYdjyj4RzTbBLesHK5x0="></latexit><latexit sha1_base64="dwKuO2nfYdjyj4RzTbBLesHK5x0="></latexit><latexit sha1_base64="dwKuO2nfYdjyj4RzTbBLesHK5x0="></latexit>
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Proposed algorithm

41

Proposed algorithm. Choose the parameters ⌧ > 0,

� > 0, and the initial estimates x

(0)

, u

(0)

1

, ... , u

(0)

M

.

Then iterate, for i = 0, 1, ...666664

x

(i+1)

:= prox⌧ f

�
x

(i) � ⌧rh(x

(i)

) � ⌧
P

M

m=1

L

⇤
m

u

(i)

m

�

For m = 1, ... , M,j
u

(i+1)

m

:= prox�g

⇤
m

�
u

(i)

m

+ �L

m

(2x

(i+1) � x

(i)

)

�
<latexit sha1_base64="5H8pD/DKrJRLokig2P1x/8R7EVI="></latexit><latexit sha1_base64="5H8pD/DKrJRLokig2P1x/8R7EVI="></latexit><latexit sha1_base64="5H8pD/DKrJRLokig2P1x/8R7EVI="></latexit><latexit sha1_base64="5H8pD/DKrJRLokig2P1x/8R7EVI="></latexit>

Find x̃ 2 arg min
x2X

(
f (x) +

MX

m=1

g

m

(L
m

x) + h(x)

)

<latexit sha1_base64="aA4sL7IQJdaibyUgTzhezKiP2y8="></latexit><latexit sha1_base64="myc/VGu4uDR4ZMjWqjcW6kvUNJk="></latexit><latexit sha1_base64="myc/VGu4uDR4ZMjWqjcW6kvUNJk="></latexit><latexit sha1_base64="Jp3eet17RuLqXEhRww1pqTSJzWE="></latexit>
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Proposed algorithm

41

Proposed algorithm. Choose the parameters ⌧ > 0,

� > 0, and the initial estimates x

(0)

, u

(0)

1

, ... , u

(0)

M

.

Then iterate, for i = 0, 1, ...666664

x

(i+1)

:= prox⌧ f

�
x

(i) � ⌧rh(x

(i)

) � ⌧
P

M

m=1

L

⇤
m

u

(i)

m

�

For m = 1, ... , M,j
u

(i+1)

m

:= prox�g

⇤
m

�
u

(i)

m

+ �L

m

(2x

(i+1) � x

(i)

)

�
<latexit sha1_base64="5H8pD/DKrJRLokig2P1x/8R7EVI="></latexit><latexit sha1_base64="5H8pD/DKrJRLokig2P1x/8R7EVI="></latexit><latexit sha1_base64="5H8pD/DKrJRLokig2P1x/8R7EVI="></latexit><latexit sha1_base64="5H8pD/DKrJRLokig2P1x/8R7EVI="></latexit>

Convergence if

1

⌧ � �
��PM

m=1

L⇤
mLm

�� � �
2

<latexit sha1_base64="boGV3AZf21AL1yypty0++INAp/g="></latexit><latexit sha1_base64="boGV3AZf21AL1yypty0++INAp/g="></latexit><latexit sha1_base64="boGV3AZf21AL1yypty0++INAp/g="></latexit><latexit sha1_base64="boGV3AZf21AL1yypty0++INAp/g="></latexit>

Find x̃ 2 arg min
x2X

(
f (x) +

MX

m=1

g

m

(L
m

x) + h(x)

)

<latexit sha1_base64="aA4sL7IQJdaibyUgTzhezKiP2y8="></latexit><latexit sha1_base64="myc/VGu4uDR4ZMjWqjcW6kvUNJk="></latexit><latexit sha1_base64="myc/VGu4uDR4ZMjWqjcW6kvUNJk="></latexit><latexit sha1_base64="Jp3eet17RuLqXEhRww1pqTSJzWE="></latexit>
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Particular cases

42

• g � L = 0 ! minimize
x2H

n

f (x) + h(x)
o

• h = 0 ! minimize
x2H

n

f (x) + g(Lx)
o

• h = 0 and L = Id ! minimize
x2H

n

f (x) + g(x)
o

Chambolle–Pock algorithm

<latexit sha1_base64="2Igf1U9TdQVwBf9tYnfqKv+bCeY="></latexit><latexit sha1_base64="2Igf1U9TdQVwBf9tYnfqKv+bCeY="></latexit><latexit sha1_base64="2Igf1U9TdQVwBf9tYnfqKv+bCeY="></latexit><latexit sha1_base64="2Igf1U9TdQVwBf9tYnfqKv+bCeY="></latexit>

forward–backward algorithm

<latexit sha1_base64="j7urNukg2lv9X22XSMNkoS5iLoY="></latexit><latexit sha1_base64="j7urNukg2lv9X22XSMNkoS5iLoY="></latexit><latexit sha1_base64="j7urNukg2lv9X22XSMNkoS5iLoY="></latexit><latexit sha1_base64="j7urNukg2lv9X22XSMNkoS5iLoY="></latexit>

Douglas–Rachford (⌘ ADMM) algorithm

<latexit sha1_base64="vhEzITz0VMO63glDiyTt0ornFE8="></latexit><latexit sha1_base64="vhEzITz0VMO63glDiyTt0ornFE8="></latexit><latexit sha1_base64="vhEzITz0VMO63glDiyTt0ornFE8="></latexit><latexit sha1_base64="vhEzITz0VMO63glDiyTt0ornFE8="></latexit>
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Low-level routines

• L. Condat, “A direct algorithm for 1D total variation 
denoising,” IEEE Signal Proc. Letters, 2013.

• L. Condat, “Fast projection onto the simplex and the l1 
ball,” Mathematical Programming, 2016.

• N. Pustelnik and L. Condat, “Proximity operator of a sum of 
functions; application to depth map estimation,” IEEE Signal 
Processing Letters, 2017. 

• Code for more-or-less classical proxs. on my webpage

43
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Future work

• New fixed-point iterations, e.g. with momentum

• Other low-level routines, e.g. projection of a matrix
on

• Distributed / parallel optimization. GPUs
F. Iutzeler and L. C., “Distributed projection on the simplex and 
l1 ball via ADMM and gossip,” IEEE Signal Process. Letters, 2018

a `
1,1 norm ball

<latexit sha1_base64="70xn8vZnQ2CB1eyv+JcJs2K3ZRc="></latexit><latexit sha1_base64="70xn8vZnQ2CB1eyv+JcJs2K3ZRc="></latexit><latexit sha1_base64="70xn8vZnQ2CB1eyv+JcJs2K3ZRc="></latexit><latexit sha1_base64="70xn8vZnQ2CB1eyv+JcJs2K3ZRc="></latexit>
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Conclusion

Higher-dimensional formulations are often the key
• (image, gradient) pair
• (primal, dual) variables
• joint (spatial, spectral) information
• vectors mapped to Toeplitz matrices

...

52



Thank you!


