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Optimization

optimize = do better
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Optimization
optimize = do better

“Nothing takes place in the world whose
meaning is not that of some maximum
or minimum.”

— Leonhard Euler ~1750
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Optimization

optimize = do better

1844, «to act as an optimist»
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Goal

Find X € argmin V(x)
xeXx
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Goal

Find X € argmin V(x)
xeXx

X Is a real Hilbert space:

X X X X X
X X X X X
X X X X X
X X X X X
X X X X X
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Goal

Find X € argmin V(x)
xeXx
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Goal

Find X € arg min W(x ng mX)

xXex

where the L., are linear operators
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Goal

Find X € arg min W(x ng mX)

xXex

The functions g,, are convex
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Convex functions

fisconvex if Vx,y € X and a € [0, 1],
flax + (1 — a)y) < af(x) + (1 — a)f(y)

ax+(1—ay

Laurent Condat - Proximal splitting algorithms 6/37



Convex functions

Some convex functions: R — R U {+o0}

+00

N
\_
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The gradient

f: X — R is differentiable (=smooth) at x
If there exists a unigue element Vf(x) € X such that

Ve € X, f(x + e) = f(x) + (e, VI(x)) + o(]|e]|)
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The gradient field
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Gradient descent

X1 2 x) _ 7 (x(0)
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Gradient descent

X1 2 x) _ 7 (x(0)
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Gradient descent

X1 2 x) _ 7 (x(0)
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The subdifferential

of: X — 2%
x—{ueX 1 VyeX, f(x)+(y—x,u) <f(y)}

I=3- 0f(x) is the set of gradients of the
affine minorants of f at x
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The subdifferential

of: X — 2%
x—{ueX 1 VyeX, f(x)+(y—x,u) <f(y)}

Example: f=| - |
5 0f(0) = [—1,1] v
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The subdifferential

of: X — 2%
x—{ueX 1 VyeX, f(x)+(y—x,u) <f(y)}

f is convex and smooth at x — 9f(x) = {Vf(x)}.

Laurent Condat - Proximal splitting algorithms 14 /37



Fermat’s rule

minimize f(x)
xXeXx

find X € X such that
0 € 0f(X)

Pierre de Fermat,
1601-1665
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Goal

Find X € arg min W(x ng mX)

xXex

0 e Z L Ogm(LmX)

m=1
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Goal

M
S=argmin ¥(x) = » gm(LmX)
xeX m=1

=3~ Design an iterative algorithm which computes
xU+1) = T(x\)
with ||x") — X|| — 0, forsome x € S=Fix T
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Goal

M
S=argmin ¥(x) = » gm(LmX)
xeX m=1

=3~ Design an iterative algorithm which computes
xU+1) = T(x\)
with ||x") — X|| — 0, forsome x € S=Fix T

Example: x"*1) = x) — AV f(x\")
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Gradient descent

= ski in the night
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ski in the fog
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The proximity operator

A f /
- )\ f(x') + blx — x|

X prox,(x)
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The proximity operator

prox;: H — H: x — argmin f(x’) + 3||x — x||%
x'€H
1 f(x’)\

X prox,(x)

\
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The proximity operator

proxs: H — H: X — argerzin f(x') + 5||x — X'||2
X/

AN /
f(x) = |x N /

prox;(x) = sgn(x) max(|x| — 1, 0)
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The proximity operator

proxs: H — H: X — argér?{in f(x') + 5||x — X'||2
X/

prox; = (Of + Id)~"
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Goal

M
Find X € argmin W(x) = » ~ gm(LmX)
m=1

xXeXx

We want full splitting, with individual activation of
Lm, LY, the gradient or proximity operator of gp,.
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Minimization of 2 functions

N
y

minh+f = 0¢ Vh(x)+ 0f(x)
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Minimization of 2 functions

forward—backward algorithm:
x"*D = prox_, (x) — yVh(x"))
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Minimization of 2 functions

forward—backward algorithm:

x"*D = prox_, (x) — yVh(x"))

= 0 dg(x"V) + VA(X") + (L1d)(x+D — x()
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Forward-backward splitting

More generally, to solve
0 € M(x) + C(x)

where M is maximally monotone, C is cocoercive, P > 0

[~ forward—backward algorithm:
0 € M(x"* ) + C(x) + P(x"*D — x)
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Goal

xXeXx

M
Find X € argmin W(x) = » ~ gm(LmX)
m=1
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Goal

Find X € arg min {h(x) £ F(x) + g(Lx)}

xXex

using Vh, prox;, prox,
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Goal

Find X solution to
0 € Vh(x) + 0f(x) + L"0g(Lx)

Find (X, U) solution to

u e 0g(Lx)
{ 0 e Vh(x)+0f(x)+ L*u
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Goal

Find X solution to
0 € Vh(x) + 0f(x) + L"0g(Lx)

Find (X, U) solutlon to

( ) ( L+ (00) 1 >>+<v%(x)>
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Goal

Find X solution to
0 € Vh(x) + 0f(x) + L"0g(Lx)

Find (X, U) solutlon to

( ) ( L+ (06) >>+<V%(X)>

T T

max. monotone cocoercive
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‘)

'» Primal-dual forward-backward splitting

=3~ forward-backward algorithm:

0 Of(xU+1)) 4 L* yt+ D) vV h(x") S (i+1) 5 )
= - + + - -
(O) (_LX(/+1 n ag ( /+1))> ( 0 > ( ) (U(/+1) L u(/))
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‘)

'» Primal-dual forward-backward splitting

=3~ forward-backward algorithm:

0 Of(xU+1)) 4 Lyt ) vV h(x) x(i+1) — x (0
0/) S\ [ yli+1) + 0g* (U1 + 0 + S+ )
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‘)

'» Primal-dual forward-backward splitting

[~ forward—backward algorithm:
0 Of(xU+ 1)) 4 Lxyl+h) vV h(x) x(+1) _ ()
0] S\ i+ | og* (L) t 0 t i) )

(/+1)

X = prox_;(x" — 7vh(x") — rL*u")
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‘

'» Primal-dual forward-backward splitting

[~ forward—backward algorithm:
0 OFf (x4 Lyl ) vV h(x) x(i+1) _ x(0)
0] S\ i+, og* (u+1) t 0 t i) _ )

xU*1) = prox_;(x\) — 7V h(x") — 7L*u\)

u'™* ) = prox, . (U + o L(2x1*1) — x())

g*
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‘

'» Primal-dual forward-backward splitting
[~ forward—backward algorithm:
0 af(x(/+1 )+ [ *yt+1) Vh(X(i)) xU+1) ()
0/) S\ [ ylixn) +0g* (U /+1))>+< 0 >+( > (U(i+1) _ U(i))

xU*1) = prox_;(x\) — 7V h(x") — 7L*u\)
u*? = prox, . (U + o L(2x1*1) — x{1))

Convergence if 1 — o||L||2 > 2
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Particular cases

e goL=0 — minimize {f(x) ' h(x)}

XeH
=5 forward—-backward algorithm

e h=0 — minimize {f(x)+g(Lx)}

XEH

I3~ Chambolle—Pock algorithm

e h=0and L =Id — minimize {f(x) ' g(x)}

XEH

=5~ Douglas—Rachford (= ADMM) algorithm
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make it
possible
to design
new

Summary

splitting methods
to solve monotone inclusions

primal-dual proximal algorithms
to solve convex optimization problems
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