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Optimization

“Nothing takes place in the world whose 
meaning is not that of some maximum 
or minimum.”
― Leonhard Euler     ~1750

optimize = do better

1



/ 37Laurent Condat  -  Proximal splitting algorithms

KAUST
Optimization

1844, «to act as an optimist»

optimize = do better
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Goal

Find x̃ 2 arg min
x2X

 (x)
<latexit sha1_base64="O9SKzeHlZZB/ofsYAsXotNbGeg0="></latexit>
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X is a real Hilbert space:
<latexit sha1_base64="Ku//oBJXqF2+oDuuAHQNmwV2CSw="></latexit>
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Goal

Find x̃ 2 arg min
x2X

 (x) =
MX

m=1

gm(Lmx)
<latexit sha1_base64="CgpiYHH36m7fntCPgMlacrjkKfE="></latexit>

where the Lm are linear operators
<latexit sha1_base64="y+KsKgMbcFu9GeaeHlcPxkYoOPU="></latexit>
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Goal

Find x̃ 2 arg min
x2X

 (x) =
MX

m=1

gm(Lmx)
<latexit sha1_base64="CgpiYHH36m7fntCPgMlacrjkKfE="></latexit>

The functions gm are convex
<latexit sha1_base64="XlVEfP5UxlsjI/5qRN+lWUc/c0A="></latexit>
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ax + (1 � a)y

x y

Convex functions
f is convex if 8x , y 2 X and a 2 [0, 1],
f (ax + (1 � a)y )  af (x) + (1 � a)f (y )

<latexit sha1_base64="AUg94Hup3SuBO0yxys0pDcFzaNM="></latexit>
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+1 +1

+1

|x|

x2

Convex functions
Some convex functions: R ! R [ {+1}
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The gradient

f : X ! R is differentiable (=smooth) at x
if there exists a unique element rf (x) 2 X such that

8e 2 X , f (x + e) = f (x) + he,rf (x)i + o(kek)
<latexit sha1_base64="qtY6b+iPTD71+pxt93FZ8K82KNo="></latexit>
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The gradient field
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Gradient descent

x (i+1) = x (i) � �r(x (i))
<latexit sha1_base64="o15Qg80gqL5GYRgsuCpsahPMPPM="></latexit>
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<latexit sha1_base64="o15Qg80gqL5GYRgsuCpsahPMPPM="></latexit>

11



/ 37Laurent Condat  -  Proximal splitting algorithms

KAUST
Gradient descent

x (i+1) = x (i) � �r(x (i))
<latexit sha1_base64="o15Qg80gqL5GYRgsuCpsahPMPPM="></latexit>

11



/ 37Laurent Condat  -  Proximal splitting algorithms

KAUST
The subdifferential

@f : X ! 2X

x 7!
�

u 2 X : 8y 2 X , f (x) + hy � x , ui  f (y )
 

12

@f (x) is the set of gradients of the
affine minorants of f at x

<latexit sha1_base64="0Ph4lJGMzRyX9bVTGxo06Z4al3Q="></latexit>
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The subdifferential

@f : X ! 2X

x 7!
�

u 2 X : 8y 2 X , f (x) + hy � x , ui  f (y )
 

13

Example: f = | · |
<latexit sha1_base64="K1WFCWBU8S4ZC/UHGT0dbzfFd1A="></latexit>

@f (0) = [�1, 1]
<latexit sha1_base64="h4Koutbh35N3ToLA6XDbF9Jp0cA="></latexit>
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The subdifferential

f is convex and smooth at x ! @f (x) = {rf (x)}.

@f : X ! 2X

x 7!
�

u 2 X : 8y 2 X , f (x) + hy � x , ui  f (y )
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Pierre de Fermat, 
1601-1665 

Fermat’s rule

⌘

minimize
x2X

f (x)

find x̃ 2 X such that
<latexit sha1_base64="iRZnstMMCGr/3sZlgaPGeyCdWHY="></latexit>

0 2 @f (x̃)
<latexit sha1_base64="FEA40N7rZTglrOo+TSDzXuNecvU="></latexit>
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Goal

Find x̃ 2 arg min
x2X

 (x) =
MX

m=1

gm(Lmx)
<latexit sha1_base64="CgpiYHH36m7fntCPgMlacrjkKfE="></latexit>

0 2
MX

m=1

L⇤
m@gm(Lmx̃)

<latexit sha1_base64="LuW1uO//heYtWOpZIHwoxr6B3mM="></latexit>

⇠⌘<latexit sha1_base64="ku4Cepa65A4M22SI1R0WUEtqDMo="></latexit>
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Goal

S = arg min
x2X

 (x) =
MX

m=1

gm(Lmx)
<latexit sha1_base64="pllFDtSatrCnIfdnIP2e+fPEL5E="></latexit>

Design an iterative algorithm which computes
x (i+1) = T (x (i))

<latexit sha1_base64="VrCuy1fv2O2XmUTf0jxR/e1vTxg="></latexit>

with kx (i) � x̃k ! 0, for some x̃ 2 S = Fix T
<latexit sha1_base64="4Zv574WvV5hzm8B6KHpLeqarqc8="></latexit>
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S = arg min
x2X

 (x) =
MX

m=1

gm(Lmx)
<latexit sha1_base64="pllFDtSatrCnIfdnIP2e+fPEL5E="></latexit>

Design an iterative algorithm which computes
x (i+1) = T (x (i))

<latexit sha1_base64="VrCuy1fv2O2XmUTf0jxR/e1vTxg="></latexit>

with kx (i) � x̃k ! 0, for some x̃ 2 S = Fix T
<latexit sha1_base64="4Zv574WvV5hzm8B6KHpLeqarqc8="></latexit>
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Example: x (i+1) = x (i) � �rf (x (i))
<latexit sha1_base64="R+gG5EbJqhnmiiUNM+ZDUIKfTqU="></latexit>
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Gradient descent

= ski in the night

18



/ 37Laurent Condat  -  Proximal splitting algorithms

KAUST

 ski in the fog
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x 0
x proxf (x)

f (x 0) + 1
2kx � x 0k2

f (x 0)

The proximity operator

20
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proxf : H ! H : x 7! arg min
x02H

f (x 0) + 1
2kx � x 0

k
2

x 0
x proxf (x)

f (x 0) + 1
2kx � x 0k2

f (x 0)

The proximity operator

20
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f (x) = |x |
proxf (x) = sgn(x) max(|x |� 1, 0)

proxf : H ! H : x 7! arg min
x02H

f (x 0) + 1
2kx � x 0

k
2

The proximity operator

21
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proxf : H ! H : x 7! arg min
x02H

f (x 0) + 1
2kx � x 0

k
2

The proximity operator

proxf = (@f + Id)�1
<latexit sha1_base64="gM+dh63Gv1f1vyuJGqCqS1A6vjs="></latexit>
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Goal

Find x̃ 2 arg min
x2X

 (x) =
MX

m=1

gm(Lmx)
<latexit sha1_base64="CgpiYHH36m7fntCPgMlacrjkKfE="></latexit>

We want full splitting, with individual activation of
Lm, L⇤

m, the gradient or proximity operator of gm.
<latexit sha1_base64="BamoEiqMnQMDg+jRG196bpnoUI8="></latexit>
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Minimization of 2 functions

24

min h + f ⌘ 0 2 rh(x) + @f (x)
<latexit sha1_base64="ZZhDOcEZZdavsmPPw39pE0qJ3Ds="></latexit>



/ 37Laurent Condat  -  Proximal splitting algorithms

KAUST
Minimization of 2 functions

25

forward–backward algorithm:
<latexit sha1_base64="yaqtLku6MLbW3xXlHS5cQy/GgIU="></latexit>

x (i+1) = prox�g
�
x (i) � �rh(x (i))

�
<latexit sha1_base64="y+MwdHdO5TiY7tj6KNVKcNWNge8="></latexit>
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Minimization of 2 functions

25

forward–backward algorithm:
<latexit sha1_base64="yaqtLku6MLbW3xXlHS5cQy/GgIU="></latexit>

x (i+1) = prox�g
�
x (i) � �rh(x (i))

�
<latexit sha1_base64="y+MwdHdO5TiY7tj6KNVKcNWNge8="></latexit>

⌘ 0 2 @g(x (i+1)) + rh(x (i)) + ( 1
� Id)(x (i+1) � x (i))

<latexit sha1_base64="xmD79pZ6QowCLYfuKxn9ghFb7f0="></latexit>
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Forward-backward splitting

26

More generally, to solve
<latexit sha1_base64="aJ/+LrJfPI88OnYAGkb0NV3sqKc="></latexit>

where M is maximally monotone, C is cocoercive, P � 0
<latexit sha1_base64="pAdJ0dZ4aRMgZftzkLR51j1eMqo="></latexit>

forward–backward algorithm:
<latexit sha1_base64="yaqtLku6MLbW3xXlHS5cQy/GgIU="></latexit>

0 2 M(x) + C(x)
<latexit sha1_base64="WGhXJLHXbl4LBJB9O16pAs4s0EM="></latexit>

0 2 M(x (i+1)) + C(x (i)) + P(x (i+1) � x (i))
<latexit sha1_base64="SwAUVC9dZVPJX35J5w74yUoBPPM="></latexit>
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Goal

Find x̃ 2 arg min
x2X

 (x) =
MX

m=1

gm(Lmx)
<latexit sha1_base64="CgpiYHH36m7fntCPgMlacrjkKfE="></latexit>
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Goal

using rh, proxf , proxg
<latexit sha1_base64="vUfamAU8W8Y+AShNwazf5rEUtLI="></latexit>

Find x̃ 2 arg min
x2X

n
h(x) + f (x) + g(Lx)

o

<latexit sha1_base64="6HpdEtQJHf2jvjCDZjoF4HxWz/E="></latexit>
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Goal

Find (x̃ , ũ) solution to
<latexit sha1_base64="38JHZ+PqUZ8fPYe0LdcGBV5atQY="></latexit>

⌘<latexit sha1_base64="MMG4MTFgqlsA1/tDQa1Gi8P9wRE="></latexit>

⇢
u 2 @g(Lx)
0 2 rh(x) + @f (x) + L⇤u

<latexit sha1_base64="AFFFzpNryktONaq9N/I4M0uFGLo="></latexit>

29

0 2 rh(x) + @f (x) + L⇤@g(Lx)
<latexit sha1_base64="P32OBpSqqn2GSHD5/2AZHSeTAUs="></latexit>

Find x̃ solution to
<latexit sha1_base64="RDxr29rZy9YJrTzwPNi1gaIM1Fk="></latexit>
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Goal

Find (x̃ , ũ) solution to
<latexit sha1_base64="38JHZ+PqUZ8fPYe0LdcGBV5atQY="></latexit>✓

0
0

◆
2
✓

@f (x) + L⇤u
�Lx + (@g)�1(u)

◆
+
✓
rh(x)

0

◆

<latexit sha1_base64="bMxi0EzV+ibBPzF5+J0b/oVbO6E="></latexit>

30

0 2 rh(x) + @f (x) + L⇤@g(Lx)
<latexit sha1_base64="P32OBpSqqn2GSHD5/2AZHSeTAUs="></latexit>

Find x̃ solution to
<latexit sha1_base64="RDxr29rZy9YJrTzwPNi1gaIM1Fk="></latexit>

⌘<latexit sha1_base64="MMG4MTFgqlsA1/tDQa1Gi8P9wRE="></latexit>
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Goal

Find (x̃ , ũ) solution to
<latexit sha1_base64="38JHZ+PqUZ8fPYe0LdcGBV5atQY="></latexit>

max. monotone cocoercive

✓
0
0

◆
2
✓

@f (x) + L⇤u
�Lx + (@g)�1(u)

◆
+
✓
rh(x)

0

◆

<latexit sha1_base64="bMxi0EzV+ibBPzF5+J0b/oVbO6E="></latexit>

30

0 2 rh(x) + @f (x) + L⇤@g(Lx)
<latexit sha1_base64="P32OBpSqqn2GSHD5/2AZHSeTAUs="></latexit>

Find x̃ solution to
<latexit sha1_base64="RDxr29rZy9YJrTzwPNi1gaIM1Fk="></latexit>

⌘<latexit sha1_base64="MMG4MTFgqlsA1/tDQa1Gi8P9wRE="></latexit>
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Primal-dual forward-backward splitting

forward–backward algorithm:
<latexit sha1_base64="yaqtLku6MLbW3xXlHS5cQy/GgIU="></latexit>

✓
0
0

◆
2
✓

@f (x (i+1)) + L⇤u(i+1)

�Lx (i+1) + @g⇤(u(i+1))

◆
+
✓
rh(x (i))

0

◆
+
✓

? ?
? ?

◆✓
x (i+1) � x (i)

u(i+1) � u(i)

◆

<latexit sha1_base64="ubuWh1vGX5+oYkauqwi3laAIcmc="></latexit>
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Primal-dual forward-backward splitting

forward–backward algorithm:
<latexit sha1_base64="yaqtLku6MLbW3xXlHS5cQy/GgIU="></latexit>

✓
0
0

◆
2
✓

@f (x (i+1)) + L⇤u(i+1)

�Lx (i+1) + @g⇤(u(i+1))

◆
+
✓
rh(x (i))

0

◆
+
✓ 1

⌧ Id ?
? 1

� Id

◆✓
x (i+1) � x (i)

u(i+1) � u(i)

◆

<latexit sha1_base64="RiQwf3aaurcyE0zFt+iejYZXy3g="></latexit>
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Primal-dual forward-backward splitting

forward–backward algorithm:
<latexit sha1_base64="yaqtLku6MLbW3xXlHS5cQy/GgIU="></latexit>

✓
0
0

◆
2
✓

@f (x (i+1)) + L⇤u(i+1)

�Lx (i+1) + @g⇤(u(i+1))

◆
+
✓
rh(x (i))

0

◆
+
✓ 1

⌧ Id �L⇤

? 1
� Id

◆✓
x (i+1) � x (i)

u(i+1) � u(i)

◆

<latexit sha1_base64="HawtlMHHU1tJiIvjCCX8AiuAn0M="></latexit>

x (i+1) = prox⌧ f
�
x (i) � ⌧rh(x (i)) � ⌧L⇤u(i)�

<latexit sha1_base64="Xe7oafzL4h+aN6NQZAhC60bX9e0="></latexit>
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Primal-dual forward-backward splitting

✓
0
0

◆
2
✓

@f (x (i+1)) + L⇤u(i+1)

�Lx (i+1) + @g⇤(u(i+1))

◆
+
✓
rh(x (i))

0

◆
+
✓ 1

⌧ Id �L⇤

�L 1
� Id

◆✓
x (i+1) � x (i)

u(i+1) � u(i)

◆

<latexit sha1_base64="3QDZztf0yH0Zm6G3/xR5FPoUwtQ="></latexit>

forward–backward algorithm:
<latexit sha1_base64="yaqtLku6MLbW3xXlHS5cQy/GgIU="></latexit>

$
x (i+1) = prox⌧ f

�
x (i) � ⌧rh(x (i)) � ⌧L⇤u(i)�

u(i+1) = prox�g⇤
�
u(i) + �L(2x (i+1) � x (i))

�
<latexit sha1_base64="RbZavK1NcaVxqSYIREamrWg4z5E="></latexit>
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Primal-dual forward-backward splitting

✓
0
0

◆
2
✓

@f (x (i+1)) + L⇤u(i+1)

�Lx (i+1) + @g⇤(u(i+1))

◆
+
✓
rh(x (i))

0

◆
+
✓ 1

⌧ Id �L⇤

�L 1
� Id

◆✓
x (i+1) � x (i)

u(i+1) � u(i)

◆

<latexit sha1_base64="3QDZztf0yH0Zm6G3/xR5FPoUwtQ="></latexit>

forward–backward algorithm:
<latexit sha1_base64="yaqtLku6MLbW3xXlHS5cQy/GgIU="></latexit>

$
x (i+1) = prox⌧ f

�
x (i) � ⌧rh(x (i)) � ⌧L⇤u(i)�

u(i+1) = prox�g⇤
�
u(i) + �L(2x (i+1) � x (i))

�
<latexit sha1_base64="RbZavK1NcaVxqSYIREamrWg4z5E="></latexit>

34

Convergence if 1
⌧ � �kLk2 � �

2
<latexit sha1_base64="h4i91iyloidKpEQA01MTfOhod+o="></latexit>
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Particular cases

• g � L = 0 ! minimize
x2H

n
f (x) + h(x)

o

• h = 0 ! minimize
x2H

n
f (x) + g(Lx)

o

• h = 0 and L = Id ! minimize
x2H

n
f (x) + g(x)

o

Chambolle–Pock algorithm
<latexit sha1_base64="2Igf1U9TdQVwBf9tYnfqKv+bCeY="></latexit><latexit sha1_base64="2Igf1U9TdQVwBf9tYnfqKv+bCeY="></latexit><latexit sha1_base64="2Igf1U9TdQVwBf9tYnfqKv+bCeY="></latexit><latexit sha1_base64="2Igf1U9TdQVwBf9tYnfqKv+bCeY="></latexit>

forward–backward algorithm
<latexit sha1_base64="j7urNukg2lv9X22XSMNkoS5iLoY="></latexit><latexit sha1_base64="j7urNukg2lv9X22XSMNkoS5iLoY="></latexit><latexit sha1_base64="j7urNukg2lv9X22XSMNkoS5iLoY="></latexit><latexit sha1_base64="j7urNukg2lv9X22XSMNkoS5iLoY="></latexit>

Douglas–Rachford (⌘ ADMM) algorithm
<latexit sha1_base64="vhEzITz0VMO63glDiyTt0ornFE8="></latexit><latexit sha1_base64="vhEzITz0VMO63glDiyTt0ornFE8="></latexit><latexit sha1_base64="vhEzITz0VMO63glDiyTt0ornFE8="></latexit><latexit sha1_base64="vhEzITz0VMO63glDiyTt0ornFE8="></latexit>
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Summary

primal-dual proximal algorithms 
to solve convex optimization problems 

make it  
possible  
to design  

new

can be  
explained 

by

splitting methods
to solve monotone inclusions

36
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Thank you!


