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X is a real Hilbert space:
<latexit sha1_base64="Ku//oBJXqF2+oDuuAHQNmwV2CSw="></latexit>
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<latexit sha1_base64="bD63J4YEazFfjOF2VxBL9lo4ylA="></latexit>

Find x? 2 arg min
x2X

 (x)

Optimization
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<latexit sha1_base64="4Kd1V2cLBAJAxQQR/fGGwByPYm8="></latexit>

Find x? 2 arg min
x2X

 (x) =
MX

m=1

gm(Lmx)

Optimization

<latexit sha1_base64="2ZWzKyqYyP52JR4J+hTb5P7idv0="></latexit>

with

• linear operators Lm : X ! Um

• real Hilbert spaces X , Um

• functions gm
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Example:  (x) = kAx � yk2 + kxk1
<latexit sha1_base64="fgeEEvIKY3clPIlIqk8NH5wS9Do="></latexit>
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<latexit sha1_base64="4Kd1V2cLBAJAxQQR/fGGwByPYm8="></latexit>

Find x? 2 arg min
x2X

 (x) =
MX

m=1

gm(Lmx)

Optimization
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Given data y ⇡ Ax]

4

Motivation: image processing
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Given data y ⇡ Ax]

estimate the unknown image x] by solving

Find x? 2 arg min
x2RN1⇥N2

n
D(Ax , y ) + R(x)

o

<latexit sha1_base64="XLHV3b3fwyOEAosNM2OXHsWZI0Q="></latexit>
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Motivation: image processing
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o

<latexit sha1_base64="XLHV3b3fwyOEAosNM2OXHsWZI0Q="></latexit>

5

Motivation: image processing

LC, "Discrete total 
variation: New definition 
and minimization", 2017

LC, "A generic proximal 
algorithm...", 2014
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Example: joint demosaicking-deblurring

LC, "A simple, fast and efficient approach to denoisaicking...", 2010
6
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Example: pansharpening/fusion

7

He, LC et al., "A new pansharpening method...", 2014
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Super-resolution

[Galbraith et al.]regular PALM
8
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30 K. POLISANO, L. CONDAT, M. CLAUSEL AND V. PERRIER

(a) (b) (c)

Fig. 12. (a) An image y = b
] + ✏ of four well-separated lines x], blurred by a Gaussian kernel

� with spread  = 1 and corrupted by noise ✏ ⇠ N (0, 20), two of them being rather vertical (angle
in (�⇡/4,⇡/4]) and the two other ones rather horizontal, (b) the reconstructed image b̃1, (c) the
reconstructed image b̃2.

(a) (b) (c) (d)

(e) (f) (g) (h)

Fig. 13. (a) An image y = b
] + ✏ of one line x], blurred by a Gaussian kernel � with

spread  = 1, no noise and a small square mask M, (b) reconstruction of b̃ by inpainting after
2 · 103 iterations, (c) after 104 iterations, (d) at convergence ; (e)-(f)-(g)-(h) the corresponding
reconstructions of bx in the Fourier domain over iterations.

(a) (b) (c)

Fig. 14. (a) An image y = b
] + ✏ of three line x], blurred by a Gaussian kernel � with spread

 = 1, no noise and a large square mask M, (b) with a random mask and (c) their reconstruction
at convergence.
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A CONVEX APPROACH TO SUPER-RESOLUTION OF LINES IN IMAGES 27

(a) (b) (c) (d)

Fig. 7. (a) An image y = b
] + ✏ of three lines x], blurred by a Gaussian kernel � with spread

 = 1 and corrupted by a strong noise ✏ ⇠ N (0, ⇣) with ⇣ = 200, for the second experiment, (b) with
a strong blur ( = 8) and no noise (⇣ = 0) for the third experiment, (c) the denoised image b̃, (d)
a vectorial drawing of the estimated lines of x] by the Prony-like method.

Table 1
Errors on line parameters recovered by the proposed method.

Experiment 1 Experiment 2 Experiment 3

�✓/✓ (10�7, 3.10�6, 7.10�7) (10�2, 6.10�2, 9.10�2) (6.10�7, 9.10�5, 8.10�6)

�↵/↵ (10�7, 10�7, 10�7) (10�2, 9.10�2, 2.10�1) (4.10�5, 2.10�5, 2.10�5)

�⌘ (4.10�6, 7.10�6, 7.10�6) (5.10�2, 4.10�2, 3.10�2) (5.10�5, 10�4, 3.10�4)

7.1. Closing lines. For a reasonable amount of noise (⇣ = 20), the algorithm
succeeds in separating two close lines (✓1, ⌘1,↵1) = (�0.73,�1, 255) and (✓2, ⌘2,↵2) =
(�0.75, 1, 255) as illustrated in Figure 10. The estimation of the parameters gives
(✓̃1, ⌘̃1, ↵̃1) = (�0.725,�0.7, 237) and (✓̃2, ⌘̃2, ↵̃2) = (�0.753,�0.6, 251).

7.2. More lines and di↵erent amplitudes. A more complicated example is
depicted in Figure 11a, containing seven well-separated lines whose parameters are
enumerated in Table 2, corrupted by some noise with variance ⇣ = 20. We run the
algorithm with c = 0.8c], ⌧ = 1, � = (⌧(M+HS+2))�1 and after only 2.103 iterations,
we are able to denoise the image as illustrated in Figure 11b and to estimate the line
parameters, with the proposed Prony procedure, as illustrated in Figure 11d, with an
error of 10�2, as reported in Table 3.

7.3. General case. We consider an image y = b] + ✏ composed as four noisy
blurred lines ( = 1 and ⇣ = 20) whose two of them are rather vertical (i.e with angle in
(�⇡/4,⇡/4]), while the two other ones are rather horizontal. The extended algorithm
presented in subsection 4.3, provides after n = 6 · 104 iterations the denoised images
depicted in Figure 12. It acts as an angles selector according to the horizontality and
verticality: the rather vertical lines are gathered in the reconstructed image b̃1 (see
Figure 12b) and the rather horizontal lines are gathered in the reconstructed image
b̃2 (see Figure 12c), so that b]

⇡ b̃1 + b̃1, which validates the procedure.

7.4. Inpainting. We consider occluded lines with a mask M as described in the
subsection 4.4. In Figure 13, we occlude a portion of the blurred line ( = 1) by
applying a square mask M in the middle. We run the optimization algorithm and
visualize the Figure 13a to Figure 13d, that is the evolution of the reconstruction
after n = 2.103, n = 104 and n = 106 iterations. We can see that the method is able
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Example: super-resolution of lines

9

Polisano, LC et al., "A convex approach to superresolution...", 2019
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<latexit sha1_base64="4Kd1V2cLBAJAxQQR/fGGwByPYm8="></latexit>

Find x? 2 arg min
x2X

 (x) =
MX

m=1

gm(Lmx)

Convex optimization

<latexit sha1_base64="q+Oa3/7AoYKd3xNX4szEOdqppo4="></latexit>

with

• linear operators Lm : X ! Um

• real Hilbert spaces X , Um

• convex functions gm : Um ! R [ {+1}
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+1 +1

+1

|x|

x2

Convex functions
Some convex functions: R ! R [ {+1}

11
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Indicator functions

For a closed convex set ⌦ ⇢ X , its indicator function is

ı⌦(x) =
⇢

0 if x 2 ⌦,
+1 else.

0
+1

+1
+1

+1

+1ı⌦ is convex.

12
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minimize
x2⌦

f (x) ⌘ minimize
x2X

f (x) s.t. x 2 ⌦

⌘ minimize
x2X

f (x) + ı⌦(x)

Constrained optimization

13

<latexit sha1_base64="4Kd1V2cLBAJAxQQR/fGGwByPYm8="></latexit>

Find x? 2 arg min
x2X

 (x) =
MX

m=1

gm(Lmx)

encompasses the presence of constraints:
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Optimization algorithms

14

<latexit sha1_base64="4Kd1V2cLBAJAxQQR/fGGwByPYm8="></latexit>

Find x? 2 arg min
x2X

 (x) =
MX

m=1

gm(Lmx)

<latexit sha1_base64="E1FFwMm9+p1C3dxa/oHupSwgAR0="></latexit>

iterative algorithm computing
xk+1 = T (xk )

<latexit sha1_base64="qVRHkV638OrqMiDVBjve+zCQSiM="></latexit>

with xk converging to x? = T (x?)
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Smooth minimization: gradient descent

15

<latexit sha1_base64="UIbrdJWRWDxkCofyvST4D12M7Ng="></latexit>

xk+1 = xk � �rf (xk )

<latexit sha1_base64="jC6XVqgxUw02OQLW+n8zytRNoYI="></latexit>

x?
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<latexit sha1_base64="UIbrdJWRWDxkCofyvST4D12M7Ng="></latexit>

xk+1 = xk � �rf (xk )

Smooth minimization: gradient descent

<latexit sha1_base64="jC6XVqgxUw02OQLW+n8zytRNoYI="></latexit>

x?
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<latexit sha1_base64="UIbrdJWRWDxkCofyvST4D12M7Ng="></latexit>

xk+1 = xk � �rf (xk )

Smooth minimization: gradient descent

<latexit sha1_base64="jC6XVqgxUw02OQLW+n8zytRNoYI="></latexit>

x?
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<latexit sha1_base64="JAMsd/ji5YBgjyB/dIBigGGVwrY="></latexit>

|x |

<latexit sha1_base64="U1WO5Qx9HPHUO7qZVRs2b5pk0Yc="></latexit>

�0.3
<latexit sha1_base64="Vede4G1BYZ4/poazjQ9P7DzBlvI="></latexit>

0.7
<latexit sha1_base64="CnpkItL9nQOWtpjpvBPfuPiX7fU="></latexit>

1.7
<latexit sha1_base64="pGKk3zsjfivkVGqkchUYb8zV4M0="></latexit>

�1.3
<latexit sha1_base64="ewaVEO1wEqPfw8BBMBBGdsiZPvs="></latexit>

�2.3

Nonsmooth minimization?

18
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0.7
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<latexit sha1_base64="ewaVEO1wEqPfw8BBMBBGdsiZPvs="></latexit>

�2.3

Nonsmooth minimization?

19
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|x |
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20
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<latexit sha1_base64="JAMsd/ji5YBgjyB/dIBigGGVwrY="></latexit>

|x |

<latexit sha1_base64="U1WO5Qx9HPHUO7qZVRs2b5pk0Yc="></latexit>

�0.3
<latexit sha1_base64="Vede4G1BYZ4/poazjQ9P7DzBlvI="></latexit>

0.7
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1.7
<latexit sha1_base64="pGKk3zsjfivkVGqkchUYb8zV4M0="></latexit>

�1.3
<latexit sha1_base64="ewaVEO1wEqPfw8BBMBBGdsiZPvs="></latexit>

�2.3

Nonsmooth minimization?

22
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proxf : H ! H : x 7! arg min
x02H

f (x 0) + 1
2kx � x 0

k
2

x 0
x proxf (x)

f (x 0) + 1
2kx � x 0k2

f (x 0)

The proximity operator

23
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f (x) = |x |
proxf (x) = sgn(x) max(|x |� 1, 0)

proxf : H ! H : x 7! arg min
x02H

f (x 0) + 1
2kx � x 0

k
2

The proximity operator

24
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proxf : H ! H : x 7! arg min
x02H

f (x 0) + 1
2kx � x 0

k
2

The proximity operator

25

0
+1

+1
+1

+1

+1

x

<latexit sha1_base64="39FS9TSu38qdOmch3aJIy8eVkDI="></latexit>

proxı⌦ = proj⌦
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The proximity operator

Exact, finite time, algorithms are available to compute 
the proximity operator of:

• kXk⇤ ! SVD, O(N3)

• 1-D TV ! taut-string alg., O(N)

• 2-D anisotropic TV ! graph cuts

• proj. onto the simplex ! O(N)

...

Pustelnik, LC, "Proximity 
operator of a sum...", 2017

LC, "Fast projection onto 
the simplex...", 2016

LC, "A direct algorithm for 
1-D total variation...", 2013

26
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Proximal splitting algorithms
<latexit sha1_base64="pYST67hVyr+L2uN+a4Ncg25r7U0="></latexit>

Find x? 2 arg min
x2X

MX

m=1

gm(Lmx)

<latexit sha1_base64="VpNDD9MzdUpuZYU4Imz9nBeEpLc="></latexit>

No easy form of proxg1+g2
or proxg�L
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We want full splitting, with individual activation of
Lm, L⇤

m, the gradient or proximity operator of gm.
<latexit sha1_base64="hc9bBNoS0x/r/8a4SuC7LkPPMLI="></latexit><latexit sha1_base64="hc9bBNoS0x/r/8a4SuC7LkPPMLI="></latexit><latexit sha1_base64="hc9bBNoS0x/r/8a4SuC7LkPPMLI="></latexit><latexit sha1_base64="hc9bBNoS0x/r/8a4SuC7LkPPMLI="></latexit>

only fast operations in 

typically, N ⇠ 106–109

28

<latexit sha1_base64="pYST67hVyr+L2uN+a4Ncg25r7U0="></latexit>

Find x? 2 arg min
x2X

MX

m=1

gm(Lmx)

Proximal splitting algorithms

<latexit sha1_base64="nCk1WX+uH0sS6qcTz8q5EQO1zag="></latexit>

eO(N), with N = dimension
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Proximal splitting algorithms
<latexit sha1_base64="8Pe7q2sKThQ/q5itxvxvYCVJBls="></latexit>

Find x? 2 arg min
x2X

 
f (x) +

MX

m=1

gm(Lmx) + h(x)

!

<latexit sha1_base64="ng6ApWFR1EoyL1Q3JHhL+ynFTiY="></latexit>

with:
• h smooth with �-Lipschitz continuous gradient

! calls to rh
• simple functions f and gm ! calls to prox�f and prox�mgm

• calls to Lm, L⇤
m
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Product space trick

g(u) =
MX

m=1

gm(um)

<latexit sha1_base64="26OGntzIAOiPsDyErVjxPEXt1CA="></latexit>

Lx = (L1x , ... , Lmx)

<latexit sha1_base64="fNuiFeooiLSftK6Th1fR5WLA/yI="></latexit>

g(Lx) =
MX

m=1

gm(Lmx)

<latexit sha1_base64="NAEC3aSTN4Iki03q3fIVNo+3lYw="></latexit>

<latexit sha1_base64="hH00ALQbdnTeP7Lk27/l8pIGMZI="></latexit>

Find x? 2 arg min
x2X

⇣
f (x) + g(Lx) + h(x)

⌘
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Minimization of 3 functions

<latexit sha1_base64="hH00ALQbdnTeP7Lk27/l8pIGMZI="></latexit>

Find x? 2 arg min
x2X

⇣
f (x) + g(Lx) + h(x)

⌘

<latexit sha1_base64="50QHQVPMzYtAUUSLZtTXILAQKYQ="></latexit>

with:
• h smooth with �-Lipschitz continuous gradient

! calls to rh
• simple functions f and g ! calls to prox�f and prox�g

• calls to L, L⇤
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Minimization of 3 functions
<latexit sha1_base64="SNrt4hSVXTrnf7IMo1IGnmXrB+o="></latexit>

minimize f + g � L + h
<latexit sha1_base64="+Spa8dfBEkjs3PJIL0HF1d9vrHY="></latexit>

f + h

<latexit sha1_base64="DnkgGKzog1kcsitRFUS/9AzvvIM="></latexit>

f + g � L

1979

2011

<latexit sha1_base64="k1WyLOZ9fO8Y492gCHPwYz75Zis="></latexit>

f + g � L + h

Chambolle-Pock alg.

forward-backward alg.

LC, "A primal-dual splitting method 
for convex optimization...", 2013
Vu, "A splitting algorithm for dual 
monotone inclusions...", 2013

<latexit sha1_base64="nBAlZwe0zd2g8HWH6ngZIopBHj4="></latexit>

f + g Douglas-Rachford alg.  
= ADMM

2013
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Minimization of 3 functions
<latexit sha1_base64="SNrt4hSVXTrnf7IMo1IGnmXrB+o="></latexit>

minimize f + g � L + h
<latexit sha1_base64="+Spa8dfBEkjs3PJIL0HF1d9vrHY="></latexit>

f + h
<latexit sha1_base64="nBAlZwe0zd2g8HWH6ngZIopBHj4="></latexit>

f + g

<latexit sha1_base64="DnkgGKzog1kcsitRFUS/9AzvvIM="></latexit>

f + g � L

1979

2011
<latexit sha1_base64="5m4JsNXwamGb0LivMp08HcP7OK8="></latexit>

g � L + h2011
Chambolle-Pock alg.

Douglas-Rachford alg.  
= ADMM

Loris-Verhoeven alg.

forward-backward alg.

Combettes, LC, Pesquet, Vu, "A 
forward-backward view of some 
primal-dual optimization...", 2014
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Minimization of 3 functions
<latexit sha1_base64="SNrt4hSVXTrnf7IMo1IGnmXrB+o="></latexit>

minimize f + g � L + h
<latexit sha1_base64="+Spa8dfBEkjs3PJIL0HF1d9vrHY="></latexit>

f + h
<latexit sha1_base64="nBAlZwe0zd2g8HWH6ngZIopBHj4="></latexit>

f + g

<latexit sha1_base64="DnkgGKzog1kcsitRFUS/9AzvvIM="></latexit>

f + g � L

1979

2011

<latexit sha1_base64="k1WyLOZ9fO8Y492gCHPwYz75Zis="></latexit>

f + g � L + h

<latexit sha1_base64="5m4JsNXwamGb0LivMp08HcP7OK8="></latexit>

g � L + h2011
Chambolle-Pock alg.

Douglas-Rachford alg.  
= ADMM

Loris-Verhoeven alg.

Condat-Vu alg.

PD3O alg. (Yan)
PDDY alg.

2018
2020

forward-backward alg.

Salim, LC et al., "Dualize, 
split, randomize...", 2020

2013
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PD3O algorithm
<latexit sha1_base64="Z8AsNSDiDGCQQMGFVVR4BYEKucw=">AAAHyHiclVXbbtNAEJ22QEq4tIVHXiKiSghVUS6lbR6QKugDQkINiF6ktiDb2ThW7NjypSVYeeEreIW/4g/gLzgz3qRp01xqK97ZszNn5syuYzNwnSgul/8sLC7duXsvt3w//+Dho8crq2tPDiM/CS11YPmuHx6bRqRcp6sOYid21XEQKsMzXXVkdt7y+tG5CiPH736Oe4E68wy767Qcy4gBfWns1fYLhmv7oRO3va+rxXKpLF </latexit>

PDDY algorithm
<latexit sha1_base64="NUFjuk/JxBVGzOWvNVlfgUwVm/A=">AAAHyHiclVXbbtNAEJ22QEq4tIVHXiKiSghVUZKWtnlAqqAPCAlREL2gNiBfNo5VO7Z8aQlWXvgKXuGv+AP4C86MN2naNJfainf27MyZObPr2Aw9N06q1T9z8wu3bt8pLN4t3rv/4OHS8sqjgzhII0vtW4EXREemESvP7aj9xE08dRRGyvBNTx2ap695/fBMRbEbdD4l3VA1fcPpuC3XMhJAX/Z2dz+XDM8JIjdp+1+Xy9VKVa </latexit>

Condat–Vu algorithm form II
<latexit sha1_base64="o7Ws3tLAamyYsgipG+/9FOX9nkM=">AAAH2HiclVVbTxNREB5ALeIN9FEfNjYkxkDTAgJ9MCHigzwY0cglAiF7Od1u2O02e0Hrponxxfjqr/BV/43/QP+F38yelkLphd10z5zvzHwz35yzXavpe3FSLv+ZmJy6dv1GYfrmzK3bd+7em527vxuHaWSrHTv0w2jfMmPlew21k3iJr/abkTIDy1d71skmr++dqij2wsb7pNVUR4HpNryaZ5sJoOPZR5thwzGTxcXd1DB9N4 </latexit>

Condat–Vu algorithm form I
<latexit sha1_base64="VyVZD+L/w+6DIBOuv36KjRz5v28=">AAAH13iclVVbTxNREB5ALeIF0EdeNjYkxkDTAgJ9MCHigz4Y0cjFACF7Od1u2O02e0HrpjG+GF/9Fb7qz/Ef6L/wm9nTUii9sJvumfOdmW/mm3O2azV9L07K5T8Tk1M3bt4qTN+euXP33v3ZufkHe3GYRrbatUM/jA4sM1a+11C7iZf46qAZKTOwfLVvnW7z+v6ZimIvbLxPWk11HJhuw6t5tpkAOplb2A4bjpksL++lhum7Ye </latexit>

<latexit sha1_base64="fh6BvFazOvtv/S1sD7LXajjjJtA=">AAAIuniclVVZb9NAEJ5QjhCuFh55sagq9YyStvSQKCqHEA9FFIkeUrep1vZmY8VHtLZLguW/wb/hkR/BG4/wL5gdO2naNEdtxR5/M/PNfLPr2Gy5ThhVKr8Lt6Zu37l7r3i/9ODho8dPpmeeHoZBrCxxYAVuoI5NHgrX8cVB5ESuOG4pwT3TFUdm8532H50LFTqB/zXqtMSpx6Xv1B2LRwidTf9hrqhHzK27QaCYKaTjJ1wp3k </latexit>�
xk+1 = prox�f

�
xk � �rh(xk ) � �L⇤uk�

uk+1 = prox�g⇤
�
uk + �L(2xk+1 � xk )

�

<latexit sha1_base64="bTmKWbai2uGP+VFWHcW9K+v1GqQ=">AAAIu3iclVXbbtNAEJ20XEK4tfDIi0VVqdcoaUsvD0HlIsFDEUWiF6nbVGt7szGx42httwmWf4O/4ZGP4JE3+Atmx06aNs2ltmKPz8ycmTO7js2W6wRhqfQ7NzV95+69+/kHhYePHj95OjP77DDwI2WJA8t3fXVs8kC4TlMchE7oiuOWEtwzXXFkNt5p/9G5UIHjN7+GnZY49bhsOjXH4iFCZzN/mCtqIXNrru8rZgrpNGOuFO </latexit>�
uk+1 = prox�g⇤

�
uk + �Lxk�

xk+1 = prox�f
�
xk � �rh(xk ) � �L⇤(2uk+1 � uk )

�

4 Primal-dual algorithms

<latexit sha1_base64="p/RIg6MR5vqEIHt8L5foklZlOdE=">AAAI+XiclVVLb9NAEJ5QHiG8WjhycakqJX1ESUtfh6LyOHAookj0IXWbsrY3jhU7jtZ2SbB85h9w54aQOCHBiSM/gn8A/4LZsZOmTfOorWbH38x8M9/sutabju0HpdKfzJWJq9eu38jezN26fefuvcmp+3u+F0pD7Bqe48kDnfvCsRtiN7ADRxw0peCu7oh9vf5c+fdPhPRtr/E2aDfFkcuthl21DR4gdDyV0ZgjqgFzqo7nST </latexit>�
xk+1 = prox�f

�
xk � �rh(xk ) � �L⇤uk�

uk+1 = prox�g⇤
�
uk + �L(2xk+1�xk ��rh(xk+1)+�rh(xk ))

�

<latexit sha1_base64="UQlgbLr2HlqMaQub4b8khoLk2hY="></latexit>�
uk+1 = prox�g⇤

�
uk + �Lxk�

xk+1 = prox�f
�
xk � �rh(xk��L⇤(uk+1�uk )) � �L⇤(2uk+1�uk )

�

<latexit sha1_base64="Pwlc34RNKVGct+taemW1V5WhEsg="></latexit>

minimize
f + g � L + h
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PD3O algorithm
<latexit sha1_base64="Z8AsNSDiDGCQQMGFVVR4BYEKucw=">AAAHyHiclVXbbtNAEJ22QEq4tIVHXiKiSghVUS6lbR6QKugDQkINiF6ktiDb2ThW7NjypSVYeeEreIW/4g/gLzgz3qRp01xqK97ZszNn5syuYzNwnSgul/8sLC7duXsvt3w//+Dho8crq2tPDiM/CS11YPmuHx6bRqRcp6sOYid21XEQKsMzXXVkdt7y+tG5CiPH736Oe4E68wy767Qcy4gBfWns1fYLhmv7oRO3va+rxXKpLF </latexit>

PDDY algorithm
<latexit sha1_base64="NUFjuk/JxBVGzOWvNVlfgUwVm/A=">AAAHyHiclVXbbtNAEJ22QEq4tIVHXiKiSghVUZKWtnlAqqAPCAlREL2gNiBfNo5VO7Z8aQlWXvgKXuGv+AP4C86MN2naNJfainf27MyZObPr2Aw9N06q1T9z8wu3bt8pLN4t3rv/4OHS8sqjgzhII0vtW4EXREemESvP7aj9xE08dRRGyvBNTx2ap695/fBMRbEbdD4l3VA1fcPpuC3XMhJAX/Z2dz+XDM8JIjdp+1+Xy9VKVa </latexit>

Condat–Vu algorithm form II
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Condat–Vu algorithm form I
<latexit sha1_base64="VyVZD+L/w+6DIBOuv36KjRz5v28=">AAAH13iclVVbTxNREB5ALeIF0EdeNjYkxkDTAgJ9MCHigz4Y0cjFACF7Od1u2O02e0HrpjG+GF/9Fb7qz/Ef6L/wm9nTUii9sJvumfOdmW/mm3O2azV9L07K5T8Tk1M3bt4qTN+euXP33v3ZufkHe3GYRrbatUM/jA4sM1a+11C7iZf46qAZKTOwfLVvnW7z+v6ZimIvbLxPWk11HJhuw6t5tpkAOplb2A4bjpksL++lhum7Ye </latexit>
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xk+1 = prox�f

�
xk � �rh(xk ) � �L⇤uk�

uk+1 = prox�g⇤
�
uk + �L(2xk+1 � xk )

�

<latexit sha1_base64="bTmKWbai2uGP+VFWHcW9K+v1GqQ=">AAAIu3iclVXbbtNAEJ20XEK4tfDIi0VVqdcoaUsvD0HlIsFDEUWiF6nbVGt7szGx42httwmWf4O/4ZGP4JE3+Atmx06aNs2ltmKPz8ycmTO7js2W6wRhqfQ7NzV95+69+/kHhYePHj95OjP77DDwI2WJA8t3fXVs8kC4TlMchE7oiuOWEtwzXXFkNt5p/9G5UIHjN7+GnZY49bhsOjXH4iFCZzN/mCtqIXNrru8rZgrpNGOuFO </latexit>�
uk+1 = prox�g⇤

�
uk + �Lxk�

xk+1 = prox�f
�
xk � �rh(xk ) � �L⇤(2uk+1 � uk )

�

<latexit sha1_base64="p/RIg6MR5vqEIHt8L5foklZlOdE=">AAAI+XiclVVLb9NAEJ5QHiG8WjhycakqJX1ESUtfh6LyOHAookj0IXWbsrY3jhU7jtZ2SbB85h9w54aQOCHBiSM/gn8A/4LZsZOmTfOorWbH38x8M9/sutabju0HpdKfzJWJq9eu38jezN26fefuvcmp+3u+F0pD7Bqe48kDnfvCsRtiN7ADRxw0peCu7oh9vf5c+fdPhPRtr/E2aDfFkcuthl21DR4gdDyV0ZgjqgFzqo7nST </latexit>�
xk+1 = prox�f

�
xk � �rh(xk ) � �L⇤uk�

uk+1 = prox�g⇤
�
uk + �L(2xk+1�xk ��rh(xk+1)+�rh(xk ))

�

<latexit sha1_base64="UQlgbLr2HlqMaQub4b8khoLk2hY="></latexit>�
uk+1 = prox�g⇤

�
uk + �Lxk�

xk+1 = prox�f
�
xk � �rh(xk��L⇤(uk+1�uk )) � �L⇤(2uk+1�uk )

�

Salim, LC et al., "Dualize, 
split, randomize: Fast 
nonsmooth optimization 
algorithms", 2020

4 Primal-dual algorithms
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Condat-Vu I & II PD3O PDDY

Chambolle-Pock Loris-Verhoeven

<latexit sha1_base64="vail1s7v+9PVhWgmO3pGo611Z0k="></latexit>

f + g � L + h

<latexit sha1_base64="mXhyd9AU21nqQ4aneDPc1Xj4HeQ="></latexit>

f + g � L
<latexit sha1_base64="EhT3Wqf5DLKGMNFwsEma4ZNTGGU="></latexit>

g � L + h

Douglas-Rachford (ADMM)
<latexit sha1_base64="FHaO5acOkWQ+fV2vRAHzUTrgt+s="></latexit>

f + g

forward-backward
<latexit sha1_base64="VxVWkABNmfxv2j3mM5b69C2Zfj4="></latexit>

f + h

Primal-dual algorithms

37
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Condat-Vu I & II PD3O PDDY

Chambolle-Pock Loris-Verhoeven

<latexit sha1_base64="vail1s7v+9PVhWgmO3pGo611Z0k="></latexit>

f + g � L + h

<latexit sha1_base64="mXhyd9AU21nqQ4aneDPc1Xj4HeQ="></latexit>

f + g � L
<latexit sha1_base64="EhT3Wqf5DLKGMNFwsEma4ZNTGGU="></latexit>

g � L + h

<latexit sha1_base64="VxVWkABNmfxv2j3mM5b69C2Zfj4="></latexit>

f + h

LC et al. "Proximal 
Splitting Algorithms for 
Convex Optimization: 
A Tour of Recent 
Advances, with New 
Twists", 2019

Douglas-Rachford (ADMM)
<latexit sha1_base64="FHaO5acOkWQ+fV2vRAHzUTrgt+s="></latexit>

f + g

Primal-dual algorithms

38
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<latexit sha1_base64="FHaO5acOkWQ+fV2vRAHzUTrgt+s="></latexit>

f + g <latexit sha1_base64="VxVWkABNmfxv2j3mM5b69C2Zfj4="></latexit>

f + h

LC et al. "Proximal 
Splitting Algorithms for 
Convex Optimization: 
A Tour of Recent 
Advances, with New 
Twists", 2019

algorithms for large-scale  
nonsmooth optimization

allow us  
to design  

can be  
analyzed

with

convex analysis
monotone and fixed-point  

operator theory

Principle

39
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Summary

40

nonsmooth functions

proximal splitting algorithms !

large scale

Condat-Vu, PD3O, PDDY: versatile primal-dual algorithms

LC et al. "Proximal Splitting Algorithms for Convex Optimization: 
A Tour of Recent Advances, with New Twists", 2019



/ 52Laurent Condat

Speed?

[Ben Recht]

41

Gradient descent

"
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Convergence rates

42

<latexit sha1_base64="eG4BdepJj3f5FXoxAbWhf72C87A="></latexit>

Theorem – PD3O, with g continuous around Lx?:

<latexit sha1_base64="d/ARYMjMnPoM5J89f8m4HzPUGPY="></latexit>

kx
k � x

?k2 = O
�
1/k

2�

<latexit sha1_base64="H6GpA4r+GLskU58blttWMlNk02w="></latexit>

Theorem – linear convergence of PD3O and PDDY

when h or f strongly convex and g smooth:
<latexit sha1_base64="BAUaUaaZbEOYhwcbyjmUApoECTA="></latexit>

kxk � x?k2  (1 � ⇢)k c0

<latexit sha1_base64="oTBrvMwzn+89K5feO+GtBYae7io="></latexit>

 (xk ) � (x?) = o(1/
p

k )

LC et al. "Distributed Proximal Splitting Algorithms 
with Rates and Acceleration", 2022

<latexit sha1_base64="3iw4fULQTJAZcT330xaO58/4g2U="></latexit>

Theorem – accelerated PD3O and PDDY

when h or f strongly convex, with varying stepsizes:
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Minimization with an affine constraint

43

<latexit sha1_base64="xk10d9RYHaQSYAe8Et1hkZBeuOI="></latexit>

Find x? 2 arg min
x2X

h(x) s.t. Lx = y

<latexit sha1_base64="PZ17mO1ngNTP1pvPILuAvqw8+cc="></latexit>

h strongly convex
<latexit sha1_base64="wEeKeLOHKYVfTTwKvDma/igYZP4="></latexit>

linear convergence
Salim, LC et al., "Dualize, split, 
randomize: Fast nonsmooth 
optimization algorithms", 2020

Salim, LC et al., "An Optimal 
Algorithm for Strongly Convex 
Minimization under Affine 
Constraints", AISTATS 2022

optimal acceleration:
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Decentralized setting

Salim, LC et al., "Dualize, split, 
randomize: Fast nonsmooth 
optimization algorithms", 2020

Salim, LC et al., "An Optimal 
Algorithm for Strongly Convex 
Minimization under Affine 
Constraints", AISTATS 2022

DESTROY algorithm:

optimal acceleration:

<latexit sha1_base64="zlKpXBXfrGZDRkF7XcD/CuK8LEs="></latexit>

Find x? 2 arg min
x2X

MX

m=1

hm(xm) s.t. x1 = · · · = xM
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Master

Node 1 Node 2 Node M...

Distributed optimization



/ 52Laurent Condat 46

Master

Node 1 Node 2 Node M...

Distributed optimization
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Federated learning
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Distributed algorithms

48

<latexit sha1_base64="4d6n0/xcF/wJt/jKagJZ8vxRPgU="></latexit>

Distributed PDDY Algorithm

input: (�k )k2N, ⌘ � kbLk2, (!m)M
m=1,

x0
f 2 X , (u0

m)M
m=1 2 bU

initialize: p0
m := L⇤

mu0
m, m = 1, ..., M

for k = 0, 1, ... do
at all nodes, for m = 1, ... , M, do

uk+1
m := proxM!mg⇤

m/(�k⌘)
�
uk

m

+ M!m
�k⌘

Lmxk
f
�

pk+1
m := L⇤

muk+1
m

xk+1
m := xk

f � �k
M!m

(pk+1
m � pk

m)
ak

m := M!mxk+1
m � �k+1rhm(xk+1

m )
� �k+1pk+1

m
transmit ak

m to master
at master, do

xk+1
f := prox�k+1f

� 1
M
PM

m=1 ak
m
�

broadcast xk+1
f to all nodes

end for

<latexit sha1_base64="ldknMecV/Fxu0C6LKm0VNHohtHU="></latexit>

minimize
x2X

f (x) +
1
M

MX

m=1

gm(Lmx) +
1
M

MX

m=1

hm(x),

LC et al. "Distributed 
Proximal Splitting 
Algorithms with Rates 
and Acceleration", 
2022
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Communication bottleneck

less communication with local steps
Malinovky et al., "From local SGD to local fixed point 
methods for federated learning", ICML 2020
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Communication bottleneck

compression
Albasyoni et al. "Optimal Gradient Compression 
for Distributed and Federated Learning", 2020 
LC and Richtárik, "MURANA: A Generic Framework 
for Stochastic Variance-Reduced Optimization", 2021 
LC et al., "EF-BV: A unified theory of error feedback...", 2022 
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Summary

51

nonsmooth large-scale optimization

proximal splitting algorithms !

speed

!
‣ (math.) acceleration
‣ cheaper iterations 

(computations, 
communication)
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Perspectives

Beyond SGD: randomized fixed-point algorithms:  
random/inexact/cheap estimates of operators to call  
or variables/coordinates to update

52

Applications to communication networks, data processing 
on graphs, federated learning

Acceleration of fixed-point algorithms


