
Laurent Condat        Peter Richtárik

King Abdullah Univ. of 
Science and Technology  

(KAUST)  
    Saudi Arabia

RandProx: Primal–Dual 
Optimization Algorithms with 

Randomized Proximal Updates 
[ICLR 2023]



Laurent Condat : RandProx

KAUST

/ 231

Convex optimization

<latexit sha1_base64="Xbh9Qit8VvKTAi5IL9Uj9jN3LdM="></latexit>

with

• linear operators Ki : X ! Ui

• finite-dimensional real Hilbert spaces X , Ui

• convex, proper, lower semicontinuous

functions fi : Ui ! R [ {+1}

<latexit sha1_base64="EpdzKHfPAlVsdt5GE4+QghdUd+8="></latexit>

Find x? 2 arg min
x2X

nX

i=1

fi (Kix)
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Convex optimization

<latexit sha1_base64="VLWdwHRsYgIwtJQY+zcPTYHdC7A="></latexit>

proxf : x 2 X 7! arg min
x02X

⇣
f (x 0) + 1

2kx � x 0k2
⌘

<latexit sha1_base64="1dQV7bWmfphGDmgdXS2axBh9TVg="></latexit>

use a proximal splitting algorithm, with activation
of Ki , K ⇤

i , the gradient or proximity operator of fi .

<latexit sha1_base64="EpdzKHfPAlVsdt5GE4+QghdUd+8="></latexit>

Find x? 2 arg min
x2X

nX

i=1

fi (Kix)
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<latexit sha1_base64="qNRmvlnwuk/0tpRTdNRO7o0zqf0="></latexit>

Find x? 2 arg min
x2X

 
f (x) + g(x) +

nX

i=1

hi (Kix)

!

<latexit sha1_base64="KGPTT8ly5Y+8BcXfcFlkIQpqg0w="></latexit>

with:
• f smooth with L-Lipschitz grad ! calls to rf
• calls to prox�g , prox⌧hi

, Ki , K ⇤
i

Convex optimization
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<latexit sha1_base64="Uq668zqV+9g39Pdrh9LmPxBy6b8="></latexit>

Find x? 2 arg min
x2X

⇣
f (x) + g(x) + h(Kx)

⌘

<latexit sha1_base64="QuEXw3PoXBHK3jQGJeES+SHBVd8="></latexit>

Kx = (K1x , ... , Knx)

<latexit sha1_base64="X1+FUZhpFWRJb2ReXv8o0UJ2NNw="></latexit>

h(u) =
nX

i=1

hi (ui )
<latexit sha1_base64="pI6RcPIp/9+PR1vhs4iQ1KcWMoM="></latexit>

h(Kx) =
nX

i=1

hi (Kix)

Product space trick
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<latexit sha1_base64="9qWIxWZ42G2gUcXmljltGsJIol0="></latexit>, <latexit sha1_base64="9qWIxWZ42G2gUcXmljltGsJIol0="></latexit>, <latexit sha1_base64="9qWIxWZ42G2gUcXmljltGsJIol0="></latexit>,<latexit sha1_base64="9qWIxWZ42G2gUcXmljltGsJIol0="></latexit>,

<latexit sha1_base64="Uq668zqV+9g39Pdrh9LmPxBy6b8="></latexit>

Find x? 2 arg min
x2X

⇣
f (x) + g(x) + h(Kx)

⌘

<latexit sha1_base64="PiBjfjR48jQzT2++9lCJo5D0ynA="></latexit>prox�g
<latexit sha1_base64="ALgx2WdyPseOvUurIYoCWvvSg8Y="></latexit>prox⌧h

<latexit sha1_base64="nEx4nLbVzmEBDNJLvtdnIjORDyM="></latexit>

rf <latexit sha1_base64="Z8g6PA/kQ6pnkV+Jv7X26t22mtI="></latexit>

K ⇤<latexit sha1_base64="qGMRKjwqJ7zpONOqEqCOLO0dp1A="></latexit>

K

Minimization of 3 functions

<latexit sha1_base64="yg2MkHeFHgJfqTRy92h+S5PfA0U="></latexit>

We suppose that there exists x? 2 X such that
<latexit sha1_base64="qvPJ3FbXSi6/6OY9TIayf2tA7Mg="></latexit>

0 2 rf (x?) + @g(x?) + K ⇤@h(Kx?).

<latexit sha1_base64="U+wPRegp8Xj/T8LjjAtaLgb27ww="></latexit>

Find u? 2 arg min
u2U

⇣
(f + g)⇤(�K ⇤u) + h⇤(u)

⌘
<latexit sha1_base64="r6mv2eQEf1tR03lpDadU9wEINTE="></latexit>

Dual problem:
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<latexit sha1_base64="Uq668zqV+9g39Pdrh9LmPxBy6b8="></latexit>

Find x? 2 arg min
x2X

⇣
f (x) + g(x) + h(Kx)

⌘

<latexit sha1_base64="ALgx2WdyPseOvUurIYoCWvvSg8Y="></latexit>prox⌧h

Minimization of 3 functions

<latexit sha1_base64="wSGXiGY9vn6LwMz+vFKZZnDLxno="></latexit>

can be costly
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<latexit sha1_base64="Uq668zqV+9g39Pdrh9LmPxBy6b8="></latexit>

Find x? 2 arg min
x2X

⇣
f (x) + g(x) + h(Kx)

⌘

<latexit sha1_base64="hF9TmtTzAtlTfiMIO6FlZ28fDGo="></latexit>

randomize rf
<latexit sha1_base64="Ok/z6XtrfcD3CEJkO0RfFJEpWBY="></latexit>

SGD-type algorithms

Randomized algorithms
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The power of randomness

<latexit sha1_base64="j5PUb09chBHWGWn+BlKR9Zn6zXQ="></latexit>

using the rfi

lower bounds in Woodworth & Srebro [2016]

<latexit sha1_base64="e7w1+Pb0BIQDenpUqt9SqFOAiWU="></latexit>

(every fi is L-smooth and µ-strongly convex)

<latexit sha1_base64="6vK+eIQIsDQS+OLBCzJwDASyHTo="></latexit>• deterministic algorithms:
<latexit sha1_base64="BY0C06Psuwd5wKi55rKRl3qkALY="></latexit>

⌦
�
(n +

p
nL/µ) log ✏�1�

<latexit sha1_base64="TIq67JmoA1tgjSV75zBjFi65Syk="></latexit>

⌦
�
n
p

L/µ log ✏�1�

<latexit sha1_base64="6vK+eIQIsDQS+OLBCzJwDASyHTo="></latexit>• randomized algorithms:

<latexit sha1_base64="XpZKRfgHpwYtfHfbZfQA0G9utTk="></latexit>

Find x? 2 arg min
x2X

f (x) =
nX

i=1

fi (x)
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<latexit sha1_base64="Uq668zqV+9g39Pdrh9LmPxBy6b8="></latexit>

Find x? 2 arg min
x2X

⇣
f (x) + g(x) + h(Kx)

⌘

<latexit sha1_base64="RufTaP+4+UvRCFLIHMn2osiWPN0="></latexit>

?

Randomized algorithms

<latexit sha1_base64="ALgx2WdyPseOvUurIYoCWvvSg8Y="></latexit>prox⌧h
<latexit sha1_base64="sHLUplVtZs3ilXMO6qo2ftbje+M="></latexit>

randomize
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1979

2011 Chambolle-Pock
PAPC

Condat, Vu

PD3O
PDDY

2018
2022

forward-backward alg.

2013

<latexit sha1_base64="f6zBnKLZzAygYATu02s3bMM+6Qw="></latexit>

minimize f + g + h � K

<latexit sha1_base64="4b0yZlwcPAea2eKIeGhbmcst/EY="></latexit>

f + g + h � K

<latexit sha1_base64="f5Pr/85pm6Gn5bJXf/RfDmBJylM="></latexit>

g + h � K

<latexit sha1_base64="Hqg0kyeP2ocf8mq0ntVu2bi9/e8="></latexit>

g + h

<latexit sha1_base64="2rQiUeoYbBjfWDfwuqc4hwerydo="></latexit>

f + g

<latexit sha1_base64="hrp0IbVY0J1Y4VJ3dNtJ3CMSQpY="></latexit>

f + h � K

Proximal splitting algorithms

Douglas-Rachford alg. / ADMM

2017
<latexit sha1_base64="4b0yZlwcPAea2eKIeGhbmcst/EY="></latexit>

f + g + h � K
<latexit sha1_base64="4b0yZlwcPAea2eKIeGhbmcst/EY="></latexit>

f + g + h � K

<latexit sha1_base64="3xpiTBguxRYeJTGIjfgrZbnYaik="></latexit>

f + g + h Davis-Yin

LC et al. “Proximal 
Splitting Algorithms 
for Convex 
Optimization: A Tour 
of Recent Advances, 
with New Twists,” 
SIAM Review, 2023
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1979

2011 Chambolle-Pock
PAPC

Condat, Vu

PD3O
PDDY

2018
2022

forward-backward alg.

Salim, LC et al., “Dualize, 
split, randomize: Fast 
nonsmooth optimization 
algorithms,” JOTA, 2022

2013

<latexit sha1_base64="f6zBnKLZzAygYATu02s3bMM+6Qw="></latexit>

minimize f + g + h � K

<latexit sha1_base64="4b0yZlwcPAea2eKIeGhbmcst/EY="></latexit>

f + g + h � K

<latexit sha1_base64="f5Pr/85pm6Gn5bJXf/RfDmBJylM="></latexit>

g + h � K

<latexit sha1_base64="Hqg0kyeP2ocf8mq0ntVu2bi9/e8="></latexit>

g + h

<latexit sha1_base64="2rQiUeoYbBjfWDfwuqc4hwerydo="></latexit>

f + g

<latexit sha1_base64="hrp0IbVY0J1Y4VJ3dNtJ3CMSQpY="></latexit>

f + h � K

Proximal splitting algorithms

Douglas-Rachford alg. / ADMM

2017
<latexit sha1_base64="4b0yZlwcPAea2eKIeGhbmcst/EY="></latexit>

f + g + h � K
<latexit sha1_base64="4b0yZlwcPAea2eKIeGhbmcst/EY="></latexit>

f + g + h � K

<latexit sha1_base64="3xpiTBguxRYeJTGIjfgrZbnYaik="></latexit>

f + g + h Davis-Yin

/ AFBA
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<latexit sha1_base64="/une5fiS5Gs/99AQ6sVqWBU/gdg="></latexit>

Algorithm 1 PDDY algorithm
input: initial points x0 2 X , u0 2 U ;
stepsizes � > 0, ⌧ > 0
for t = 0, 1, ... do

x̂ t := prox�g
�
xt � �rf (xt ) � �K ⇤ut�

ut+1 := prox⌧h⇤
�
ut + ⌧K x̂t�

xt+1 := x̂ t � �K ⇤(ut+1 � ut )
end for

<latexit sha1_base64="6Q+FI5MPNS/1AbXdjYj7hSDLwzc="></latexit>

PDDY

LC, Malinovsky, Richtárik, “Distributed Proximal Splitting Algorithms with Rates 
and Acceleration,” Frontiers in Signal Processing, 2022

PDDY

<latexit sha1_base64="Ha+cVrXw7f6N9DOe27ExVN9TlFc="></latexit>

Theorem 2. If � 2 (0, 2/L), ⌧ > 0, �⌧kKk2  1, then (xt )t2N converges
to a primal solution x? and (ut )t2N converges to a dual solution u?.
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<latexit sha1_base64="/une5fiS5Gs/99AQ6sVqWBU/gdg="></latexit>

Algorithm 1 PDDY algorithm
input: initial points x0 2 X , u0 2 U ;
stepsizes � > 0, ⌧ > 0
for t = 0, 1, ... do

x̂ t := prox�g
�
xt � �rf (xt ) � �K ⇤ut�

ut+1 := prox⌧h⇤
�
ut + ⌧K x̂t�

xt+1 := x̂ t � �K ⇤(ut+1 � ut )
end for

<latexit sha1_base64="6Q+FI5MPNS/1AbXdjYj7hSDLwzc="></latexit>

PDDY

<latexit sha1_base64="+/bgMCx2BXU/97vmKTmQn4wArtA="></latexit>

prox⌧h⇤ can be costly

PDDY
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<latexit sha1_base64="Yyl02odXdC2bGorVywWcYwtNtak="></latexit>

and

15

RandProx
<latexit sha1_base64="Y/+CsGAAH9m3YbLmhMPKXbrlKTg="></latexit>

Algorithm 1 RandProx
input: initial points x0 2 X , u0 2 U ;
stepsizes � > 0, ⌧ > 0; ! � 0
for t = 0, 1, ... do

x̂ t := prox�g
�
xt � �rf (xt ) � �K ⇤ut�

ut+1 := ut + 1
1+!R

t�prox⌧h⇤ (ut + ⌧K x̂t ) � ut�

xt+1 := x̂ t � �(1 + !)K ⇤(ut+1 � ut )
end for

<latexit sha1_base64="oDdG4e1I0yYN2hldJ40ggQxQHh4="></latexit>

RandProx

<latexit sha1_base64="SrSnoEZ9TUrmSIjFS7bcz7OVL84="></latexit>

E
h��Rt (dt ) � dt��2

i
 !

��dt��2<latexit sha1_base64="YaI2UFY9F8hjC0Q5pinB56WLehY="></latexit>

E
⇥
Rt (dt )

⇤
= dt

<latexit sha1_base64="y4JvJzFUlRy2x4uimafnQHgYsEI="></latexit>

Rt ⌘ Id, ! = 0
<latexit sha1_base64="o9IjgrjQHH89I2L26tyKarUHzhk="></latexit>

RandProx = PDDY
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Linear convergence

16

<latexit sha1_base64="BDxHeWseCB8yN6dG+sDllk/RALw="></latexit>

E
⇥
 t⇤  ct 0, where

<latexit sha1_base64="TTzZWsNRA08cjjbvw2VKMp7JOtA="></latexit>

Theorem 1. Suppose that µf > 0 or µg > 0, and µh⇤ > 0.
In RandProx, suppose that � 2 (0, 2/L), ⌧ > 0,
�⌧

�
(1 � ⇣)kKk2 + !ran)  1. Then 8t � 0,

<latexit sha1_base64="FB9zUdWmqUtykaBtyPIU3tTiE3s="></latexit>

 t =
1
�

��xt � x?
��2 + (1 + !)

✓
1
⌧

+ 2µh⇤

◆��ut � u?
��2 ,

<latexit sha1_base64="1hHSsrmPZIT4kCSGD0fJ3ewESRQ="></latexit>

Moreover, (xt )t2N converges to x? and (ut )t2N converges to u?,
almost surely.

<latexit sha1_base64="kYGOsC27M4CmhYFzClPjh5sE52Y="></latexit>

c = max
✓

(1 � �µf )2

1 + �µg
,

(1 � �L)2

1 + �µg
, 1 � 2⌧µh⇤

(1 + !)(1 + 2⌧µh⇤ )

◆
.
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Linear convergence

17

<latexit sha1_base64="BDxHeWseCB8yN6dG+sDllk/RALw="></latexit>

E
⇥
 t⇤  ct 0, where

<latexit sha1_base64="FB9zUdWmqUtykaBtyPIU3tTiE3s="></latexit>

 t =
1
�

��xt � x?
��2 + (1 + !)

✓
1
⌧

+ 2µh⇤

◆��ut � u?
��2 ,

<latexit sha1_base64="1hHSsrmPZIT4kCSGD0fJ3ewESRQ="></latexit>

Moreover, (xt )t2N converges to x? and (ut )t2N converges to u?,
almost surely.

<latexit sha1_base64="FbXOXLb1Ibaup7PkkC+n5EpGTkE="></latexit>

Theorem 2. Suppose that g = 0, µf > 0, and that �min(KK ⇤) > 0
or µh⇤ > 0. In RandProx, suppose that � 2 (0, 2/L), ⌧ > 0,
�⌧

�
(1 � ⇣)kKk2 + !ran)  1. Then 8t � 0,

<latexit sha1_base64="jdnfgwJhKyE9k/u9W2Uxt+ErcfY="></latexit>

c = max
✓

(1 � �µf )2, (1 � �L)2, 1 � 2⌧µh⇤ + �⌧�min(KK ⇤)
(1 + !)(1 + 2⌧µh⇤ )

◆
.
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<latexit sha1_base64="TInNx0Ms+rsuOqG20aFwTIckXO4="></latexit>

Algorithm 1
input: initial points x0 2 X , u0 2 U ;
stepsizes � > 0, ⌧ > 0; p 2 (0, 1]
for t = 0, 1, ... do

x̂ t := prox�g
�
xt � �rf (xt ) � �K ⇤ut�

Flip a coin ✓t = (1 with prob. p, 0 else)
if ✓t = 1 then

ut+1 := prox⌧h⇤ (ut + ⌧K x̂t )
xt+1 := x̂ t � �

p K ⇤(ut+1 � ut )
else

ut+1 := ut , xt+1 := x̂ t

end if
end for

Examples
<latexit sha1_base64="p28z+1M3fDf0roTFxLUFrAt7UXk="></latexit>

RandProx-skip

18

<latexit sha1_base64="Gdm6bbko24fniLg9LfsFk0TaWDs="></latexit>

Rt : dt 7!(
1
p dt with prob p
0 with prob 1�p

<latexit sha1_base64="BbTxfAwlwP9uK7kPz1BuANpcZhk="></latexit>

! = 1
p � 1
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<latexit sha1_base64="TInNx0Ms+rsuOqG20aFwTIckXO4="></latexit>

Algorithm 1
input: initial points x0 2 X , u0 2 U ;
stepsizes � > 0, ⌧ > 0; p 2 (0, 1]
for t = 0, 1, ... do

x̂ t := prox�g
�
xt � �rf (xt ) � �K ⇤ut�

Flip a coin ✓t = (1 with prob. p, 0 else)
if ✓t = 1 then

ut+1 := prox⌧h⇤ (ut + ⌧K x̂t )
xt+1 := x̂ t � �

p K ⇤(ut+1 � ut )
else

ut+1 := ut , xt+1 := x̂ t

end if
end for

Examples
<latexit sha1_base64="p28z+1M3fDf0roTFxLUFrAt7UXk="></latexit>

RandProx-skip

19

<latexit sha1_base64="x6eaQnI+MBAHVQ2mfzyNUM8DhE4="></latexit>

Example: g = 0,
µh⇤ = 0, K = Id,
⌧ = p

� , � = 1
L

<latexit sha1_base64="8ZNy/SV4DsdyNROsuaC8WA/ZReY="></latexit>

prox. complexity:
O

⇣
max

⇣
pL
µ , 1

p

⌘

⇥ log(✏�1)
⌘

<latexit sha1_base64="rEuHa4N2SlUsDwOSU1PKdNMrzhA="></latexit>

iter. complexity:
O

⇣
max

⇣
L
µ , 1

p2

⌘

⇥ log(✏�1)
⌘
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Examples
<latexit sha1_base64="a/IqjmkTHcx+rye7QNOeI41RrQU="></latexit>

Algorithm 1
input: initial points x0 2 X , (u0

i )n
i=1 2 X n;

stepsize � > 0; k 2 {1, ... , n}
v0 :=

Pn
i=1 u0

i
for t = 0, 1, ... do

x̂ t := prox�g
�
xt � �rf (xt ) � �vt�

pick ⌦t ⇢ {1, ... , n} of size k unif. at random
for i 2 ⌦t do

ut+1
i := prox 1

�n h⇤
i
(ut

i + 1
�n x̂ t )

end for
for i 2 {1, ... , n}\⌦t do

ut+1
i := ut

i
end for
vt+1 :=

Pn
i=1 ut+1

i
x t+1 := x̂ t � �n

k (vt+1 � vt )
end for

<latexit sha1_base64="13BzqKOci9F7oV6cLWyd06jqE2Y="></latexit>

RandProx-minibatch
<latexit sha1_base64="4S+JnfRczJWUvBgUUNBnu6JMMeg="></latexit>

Rt :
sampling

20

<latexit sha1_base64="/qdBalQc7kO+W2HuUhkJWsMHIf8="></latexit>

min f + g +
Pn

i=1 hi

<latexit sha1_base64="1CVXBW5nwj8dHHXbvUDrPgtk3ck="></latexit>

! = n
k � 1,

⌧ = 1
�n
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Examples
<latexit sha1_base64="gT398/rBu9UJKzGiqZux2X+nqg8="></latexit>

Algorithm 1
input: initial estimates (x0

i )n
i=1 2 X n,

(u0
i )n

i=1 2 X n such that
Pn

i=1 u0
i = 0;

stepsize � > 0; ! � 0
for t = 0, 1, ... do

for i = 1, ... , n at nodes in parallel do
x̂ t

i := xt
i � �rfi (xt

i ) � �ut
i

at
i := Rt (x̂ t

i )
// send compressed vector at

i to master
end for
at := 1

n
Pn

i=1 at
i // aggregation at master

// broadcast at to all nodes
for i = 1, ... , n at nodes in parallel do

dt
i := at

i � at

ut+1
i := ut

i + 1
�(1+!)2 dt

i

x t+1
i := x̂ t

i �
1

1+!dt
i

end for
end for

<latexit sha1_base64="xn7mvQLYZhxHynGWZ/m4K/SyCcU="></latexit>

RandProx-FL

21

<latexit sha1_base64="ppVlr7INeeH11reNaDlElA8z9Fg="></latexit>

min
Pn

i=1 fi
<latexit sha1_base64="D9jJbOD9xE4bR0qN5cpN+GBjenM="></latexit>

Rt : linear
compression
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Decoupled primal and dual randomization
LC et al. “TAMUNA: Doubly accelerated federated learning 
with local training, compression, and partial participation,” 
preprint, 2023

Extension
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A new randomization technique for PDDY,  
a generic primal-dual proximal splitting alg.

Conclusion

Note: splitting is good… if you then randomize.

‣ general convex case? 

‣ acceleration?

‣ Bregman distances?



Laurent Condat : RandProx

KAUST

/ 23

Bonus
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Condat-Vu I & II PD3O PDDY

Chambolle-Pock PAPC

Douglas-Rachford (ADMM) forward-backward

Proximal splitting algorithms

26

Davis-Yin

<latexit sha1_base64="4b0yZlwcPAea2eKIeGhbmcst/EY="></latexit>

f + g + h � K

<latexit sha1_base64="qiMEkWlXBEdMmQ8nJa74XpKr4ZE="></latexit>

f + h � K
<latexit sha1_base64="wYDjXTrok0ev1tF9qllH8HEjXFE="></latexit>

g + h � K
<latexit sha1_base64="3xpiTBguxRYeJTGIjfgrZbnYaik="></latexit>

f + g + h

<latexit sha1_base64="SFCfBkfVLuYv+tTbEhf84enOzDM="></latexit>

g + h
<latexit sha1_base64="Nozyt2qQE0C9neCo3s5UF1dVhgk="></latexit>

f + g
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PD3O algorithm
<latexit sha1_base64="Z8AsNSDiDGCQQMGFVVR4BYEKucw=">AAAHyHiclVXbbtNAEJ22QEq4tIVHXiKiSghVUS6lbR6QKugDQkINiF6ktiDb2ThW7NjypSVYeeEreIW/4g/gLzgz3qRp01xqK97ZszNn5syuYzNwnSgul/8sLC7duXsvt3w//+Dho8crq2tPDiM/CS11YPmuHx6bRqRcp6sOYid21XEQKsMzXXVkdt7y+tG5CiPH736Oe4E68wy767Qcy4gBfWns1fYLhmv7oRO3va+rxXKpLF </latexit>

PDDY algorithm
<latexit sha1_base64="NUFjuk/JxBVGzOWvNVlfgUwVm/A=">AAAHyHiclVXbbtNAEJ22QEq4tIVHXiKiSghVUZKWtnlAqqAPCAlREL2gNiBfNo5VO7Z8aQlWXvgKXuGv+AP4C86MN2naNJfainf27MyZObPr2Aw9N06q1T9z8wu3bt8pLN4t3rv/4OHS8sqjgzhII0vtW4EXREemESvP7aj9xE08dRRGyvBNTx2ap695/fBMRbEbdD4l3VA1fcPpuC3XMhJAX/Z2dz+XDM8JIjdp+1+Xy9VKVa </latexit>

Condat–Vu algorithm form II
<latexit sha1_base64="o7Ws3tLAamyYsgipG+/9FOX9nkM=">AAAH2HiclVVbTxNREB5ALeIN9FEfNjYkxkDTAgJ9MCHigzwY0cglAiF7Od1u2O02e0Hrponxxfjqr/BV/43/QP+F38yelkLphd10z5zvzHwz35yzXavpe3FSLv+ZmJy6dv1GYfrmzK3bd+7em527vxuHaWSrHTv0w2jfMmPlew21k3iJr/abkTIDy1d71skmr++dqij2wsb7pNVUR4HpNryaZ5sJoOPZR5thwzGTxcXd1DB9N4 </latexit>

Condat–Vu algorithm form I
<latexit sha1_base64="VyVZD+L/w+6DIBOuv36KjRz5v28=">AAAH13iclVVbTxNREB5ALeIF0EdeNjYkxkDTAgJ9MCHigz4Y0cjFACF7Od1u2O02e0HrpjG+GF/9Fb7qz/Ef6L/wm9nTUii9sJvumfOdmW/mm3O2azV9L07K5T8Tk1M3bt4qTN+euXP33v3ZufkHe3GYRrbatUM/jA4sM1a+11C7iZf46qAZKTOwfLVvnW7z+v6ZimIvbLxPWk11HJhuw6t5tpkAOplb2A4bjpksL++lhum7Ye </latexit>

4 primal-dual algorithms

<latexit sha1_base64="4b0yZlwcPAea2eKIeGhbmcst/EY="></latexit>

f + g + h � K
minimize

<latexit sha1_base64="AtIRqCZNpGq0kMi9SX5qRD3O2J4=">AAAJyXiclVbbTttAEJ2UXkh6g/aRF6sIiWuUoBLaByRo+1AJVaVSuUgsQb5sbAtfwnpNEyw/Vepj/6IfVfUHWvUnOjvZQAIkpo5iz87OOXtmdtaJ1Q78RNZqP0t3Ju7eu/9gslx5+Ojxk6dT08/2kjgVNt+14yAWB5aZ8MCP+K70ZcAP2oKboRXwfevkrZrfP+Mi8ePos+y2+VFoupHf8m1Tout46hcLeEuyoBXEsWAWd/0oM4 </latexit>�
xt+1 = prox�g

�
xt � �rf (xt ) � �K ⇤ut�

ut+1 = prox⌧h⇤
�
ut + ⌧K (2xt+1 � xt )

�

<latexit sha1_base64="+De/ezyKGIqnwWpW8ga0WvUSKms=">AAAJy3iclVZLT9tAEJ6UPkj6gvbIxSpC4hklqEB7QKKlh0oIlUrlIbEE+bGxLfyI1mtKcH1sj/0X/VE99N6qf6Kzk80LSEwdxZ79dr5vZ2ZnnVitwE9krfazdGfi7r37DybLlYePHj95OjX97CCJU2HzfTsOYnFkmQkP/IjvS18G/KgluBlaAT+0zrbV/OE5F4kfR59ku8VPQtON/KZvmxKh06lfLOBNyYJmEMeCWdz1o8wUwm </latexit>�
ut+1 = prox⌧h⇤

�
ut + ⌧Kxt�

xt+1 = prox�g
�
xt � �rf (xt ) � �K ⇤(2ut+1 � ut )

�

<latexit sha1_base64="VU6S+YxBG15wZuxzAh8srmYog/0=">AAAKC3iclVZLb9NAEJ5QXgnPwrEcXKpKTVuiBNEAh0rlcUCqEEWiUKnbRH5sbKt+ROs1NFg+IXGDf8GBK70hrvwI/gGIP8HsZNMmbRMXW8nOzsz3zWPHTqxu4CeyXv9VOjN19tz5CxfLlUuXr1y9dn36xuskToXNN+04iMWWZSY88CO+KX0Z8K2u4GZoBfyNtftE2d+85SLx4+iV7HX5Tmi6kd/xbVOiqj1dusUC3pEs6ARxLN </latexit>�
xt+1 = prox�g

�
xt � �rf (xt ) � �K ⇤ut�

ut+1 = prox⌧h⇤
�
ut + ⌧K (2xt+1�xt��rf (xt+1)+�rf (xt ))

�

<latexit sha1_base64="NlbZICvJ2N6/e4QF1ibb3n3VQ6Q=">AAAJ9niclVZLb9NAEJ6UVxOehWMvLlWlpoUoQdDCoVJ5HJAqRJFoi8Q2kR8b26of0XpdEixfOXLiSm8VV/4O/wDEn2B2skmTtomLrcSz38737czsrBOrE/iJrNd/lWYuXb5y9dpsuXL9xs1bt+/M3d1N4lTYfMeOg1h8sMyEB37Ed6QvA/6hI7gZWgHfsw5eqvm9Qy4SP47ey16H74emG/lt3zYlQq250jUW8LZkQTuIY8EW8L </latexit>�
ut+1 = prox⌧h⇤

�
ut + ⌧Kxt�

xt+1 = prox�g
�
xt � �rf (xt��K ⇤(ut+1�ut )) � �K ⇤(2ut+1�ut )

�


