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Convex optimization

Find x* € argmin Zf (K;x)

xXex

with
linear operators K : X — U;
finite-dimensional real Hilbert spaces X, U

convex, proper, lower semicontinuous
functions f; : U — R U {+oco}
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Convex optimization

Find x* € argmin Zf (K;x)

xXex

=3~ use a proximal splitting algorithm, with activation
of K, K*, the gradient or proximity operator of f;.

prox; : x € X — argen;in (f(x’) + %[ x — x’Hz)
X/
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Convex optimization

n
Find x™ € arg min (f(x) + g(X) + Z h,-(K,-x))
XeX i—1
with:
f smooth with L-Lipschitz grad — calls to Vf
calls to prox. ,, prox., Ki, K;*
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.

D Product space trick

Find x* € argmin (f(x) + g(x) + h(Kx))

xXex

h(u) = » hi(u;) n
,21: 15> h(Kx) =) hi(Kx)
Kx = (KiX, ..., K,X) =1
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Minimization of 3 functions

Find x* € argmin (f(x) + g(x) + h(Kx))

S

VI, prox.,, prox.,, K, K*

Dual problem:
Find u* e argmin ((f + ) (—=K*u) + h*(u))

uei

We suppose that there exists x* € X such that
0 € VIi(x™) +0g(x™) + K*Oh(Kx™).
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Minimization of 3 functions

Find x* € argmin (f(x) + g(x) + h(Kx))

xXex l

A\ pox,,

can be costly
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Randomized algorithms

Find x* € argmin (f(x) + g(x) + h(Kx))

xXexX l

randomize Vf
3~ SGD-type algorithms
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The power of randomness

Find x* € argmin f(x Zf using the Vf;

XeX
(every f; is L-smooth and u—strongly convex)

II=3° lower bounds in Woodworth & Srebro [2016]

deterministic algorithms: Q(n\/L/puloge™")

randomized algorithms:  Q((n + v/nL/ 1) log 6_1)
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Randomized algorithms

Find x* € argmin (f(x) + g(x) + h(Kx))

xXex l

randomize prox._,

l)
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1979 |

2011

2013

2017

2018
2022

Proximal splitting algorithms

f+9
g+h

g+hoK
f+hoK

f+g+hoK

f+g+h
f+g+hoK
f+g+hoK

minimize f+ g+ ho K

IS5y
ISy

IS5y

forward-backward alg.
Douglas-Rachford alg. / ADMM

Chambolle-Pock

PAPC
LC et al. “Proximal
Condat, Vu Splitting Algorithms
for Convex
Davis-Yin Optimization: A Tour
of Recent Advances,
PD30 with New Twists,”
PDDY SIAM Review, 2023
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1979 |

2011

2013

2017

2018
2022

Proximal splitting algorithms

f+9
g+h

g+hoK
f+hoK

f+g+hoK

f+g+h
f+g+hoK
f+g+hoK

minimize f+ g+ ho K

=5~ forward-backward alg.
=3~ Douglas-Rachford alg. / ADMM

I3~ Chambolle-Pock

=5~ PAPC

I3~ Condat, Vu
I=3> Davis-Yin
I PD30O

<> PDDY
/ AFBA
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Salim, LC et al., “Dualize,
split, randomize: Fast
nonsmooth optimization
algorithms,” JOTA, 2022

12/23




PDDY

PDDY
input: initial points x° € X, u° € U;
stepsizes v > 0,7 >0
fort=0,1,... do
Xt = prox, , (x' = yVF(x") —yK*u')
ut™*! = prox,p. (Ut + TKX')
xi+1 — gt WK*(UtH _ Ut)
end for

Theorem 2. Ify € (0,2/L), 7 > 0, v7||K||? < 1, then (x!);en converges
to a primal solution x* and (u');cn converges to a dual solution u*.

LC, Malinovsky, Richtarik, “Distributed Proximal Splitting Algorithms with Rates
and Acceleration,” Frontiers in Signal Processing, 2022

Laurent Condat : RandProx 13/23



PDDY

PDDY
input: initial points x° € X, u° € U;
stepsizes v > 0,7 >0
fort=0,1,... do
Xt = prox, , (x' = yVF(x") —yK*u')
ut™*! = prox,p. (Ut + TKX')
xi+1 — gt ”yK*(Ut+1 _ Ut)
end for

A prox_,. can be costly
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RandProx

RandProx
input: initial points x° € X, u° € U;
stepsizes v > 0,7 >0;w >0
fort=0,1,...do
Xt = prox, (X' = yVF(x") — yK*u')
ut*! = ut + TR (prox, . (Ut + TKXY) — ut)
xi+l — gt 7(1 +w)K*(Ut+1 _ Ut)
end for

2[RY(d")] =d' and E|
R'=Id, w=0 E= RandProx = PDDY

2

RU(d) — || <w|d|
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Linear convergence

Theorem 1. Suppose that i > 0 or py > 0, and pp- > 0.
In RandProx, suppose that v € (0,2/L), = > 0,
77((1 — OIIK||? + wran) < 1. ThenVt > 0,

5 (Wi < WO, where

1 1
vt = Lixt— x|+ (1 +w)(—+2,uh*> uf - P
y T
B > 2 )
. max(“ YIAf) | (1 —~L) r 2T [ip > |
T+ yug T+ yug (1 +w)(1 +27up+)

Moreover, (x!)ien converges to x* and (ul);en converges to u*,
almost surely.

Laurent Condat : RandProx 16/ 23



Linear convergence

Theorem 2. Suppose that g = 0, us > 0, and that Amin(KK*) > 0
or up~ > 0. In RandProx, suppose that~ € (0,2/L), 7 > 0O,
77‘((1 — O)|IK|? + wran) < 1. ThenVt > 0,

5 (Wi < WO, where

vt = Lixt— x|+ (1 +w)(1 +2Mh*> [0 — o
Y T

2
)

¢ = max ((1 (1 — ALy, 1 2TH + T Amin(KK )> |

(1 + LU)(1 + 27',uh*)

Moreover, (x!)ien converges to x* and (ul);en converges to u*,
almost surely.
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Examples

7

input: initial points x° € X, u° € U;
stepsizes v > 0,7 > 0; p € (0, 1]
\_

RandProx-skip RE:dl —

%

5d" with prob p
0 with prob 1— pj

fort=0,1,...do
Xt = prox, , (x' = yVI(x") — yK*u')
Flip a coin 6 = (1 with prob. p, 0 else)
if ' = 1 then
ui*j = pgoxTh*(u’ -I;71'K)A(t)t
+1 . & Y L * +
x*=X _EK (u™' —u')
else
ut+1 ‘— Ut, Xt+1 '— )"(t
end if
end for
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Examples

RandProx-skip

input: initial points x° € X, u° € U;
stepsizes v > 0,7 > 0; p € (0, 1]
fort=0,1,...do
Xt = prox, , (x' = yVI(x") — yK*u')
Flip a coin 6 = (1 with prob. p, 0 else)
if ' = 1 then
ut*! = prox_,. (u' + TKX?)
xi+l — St %K*(UZ‘H _ Ut)
else
ut+1 ‘— Ut, Xt+1 '— )"(t
end if
end for

e R
Example: g = 0,

/Lh*=O,K=|d,
_ P _ 1
T—;,’}/—Z

iter. complexity:

O (max(ﬁ, #)
X |Og(€_1))

prox. complexity:
O (max(%, 23)
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Examples

RandProx-minibatch min f+ g+ Z,L h;
input: initial points x° € X, (u?)7, € X"; o D
stepsize v > 0; k € {1,...,n} R
VO =S P sampling
fort=0,1,..do > o
Xt = prox,, (x' — 4 VF(x') — yv!) w=7—1,
pick Q' c {1, ..., n} of size k unif. at random =1
foric Q' do N
Uit = prox s p. (uf + X0
end for
foric {1,...,n}\Q' do
utt! = uf
end for

Vt+1 ‘— Z?ﬂ UI;‘+1
Xt+1 ‘— Xt L ’YTn(VtH L Vt)
end for
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Examples

RandProx-FL min >°7 . f
input: initial estimates (x°)7, € X", - N
(UP)y € X" such that 37, up = 0; R linear

. . > (]
stepsize v > 0; w >0 compression
fort=0,1,...do L Y

fori=1,...,nat nodes in parallel do

X! = x! — yVHi(x}) — yU!

al =R (X

// send compressed vector a! to master
end for
at =15, al // aggregation at master
// broadcast &' to all nodes
for/=1,...,nat nodes in parallel do

d =al—a
uttl = ut + mdf
Xit+1 = )A(it . ﬁ dit
end for
end for
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Extension

Decoupled primal and dual randomization

LC et al. “TAMUNA: Doubly accelerated federated learning
with local training, compression, and partial participation,”
preprint, 2023

Dataset real-sim, 1000 workers, 10.0% participation, alpha =0

—— TAMUNA
10-1. Scaffold
—— 5GCS
10—3_
*
Y
[
= 10-5
10—7_
107° . | | | | ) |
0.0 0.2 0.4 0.6 0.8 1.0
TotalCom le7
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Conclusion

A new randomization technique for PDDY,
a generic primal-dual proximal splitting alg.

Note: splitting is good... if you then randomize.

general convex case?
acceleration?
Bregman distances?
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Proximal splitting algorithms

Condat-Vu | & Il PD30 PDDY f+g+hoK

Chambolle-Pock
g+hoK

l

Douglas-Rachford (ADMM) forward-backward
g+ h f+9g

Davis-Yin PAPC
f+g+h f+hoK

Laurent Condat : RandProi 26 / 23



-~ 4 primal-dual algorithms

Condat—Vu algorithm form | minimize
x* = prox_, (x' — 4 VH(x") — yK*u') f+g+hoK
ut*! = prox_p,. (u' + TK(2x" — x1))

Condat—Vu algorithm form Il
ut*! = prox.. . (u' + TKx")
- x" =prox_ (X! =y VI(x!) —yK*(2u™" — u'))

PD30O algorithm

x* = prox_, (x' — 4 VH(x") — yK*u')

Ut = prox, . (U + TK(@xTT Xt V(X 44 V(X))
PDDY algorithm

u™*! = prox,,. (u' + TKx")

_Xl‘+1 _ prOXfyg (Xt _ ’)/Vf(Xt—ﬁ/K*(UtH _ut)) _ ,YK* (Zut+1 —Ut))
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