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Distributed Optimization

M
minimize {\I!(x) = /:7 Z(Fm(x) ' Hm(Kmx)) ; R(x)}

xXex
m=1
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Distributed Optimization

xXex

M
minimize {\I!(x) : /:—” Z(Fm(x) ' Hm(Kmx)) ; R(x)}

with:
convex functions F,,, Hn, R

Fmis Lr_-smooth
linear operators K, : X — Un,
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Distributed Optimization

M
minimize {\I!(x) - /:7 Z(Fm(x) ' Hm(Kmx)) ; R(x)}

xXex
m=1

Full splitting proximal algorithms:

lterative fixed-point algorithms with calls to
V Fp, Proxy , proxg, Km, Ky,

No other operation
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Distributed Optimization

xXex

M
minimize {\I!(x) - /:7 Z(Fm(x) ' Hm(Kmx)) ; R(x)}

Full splitting proximal algorithms:
lterative fixed-point algorithms with calls to
V Fp, Proxy , proxg, Km, Ky,

No other operation

Condat et al., “Proximal Splitting Algorithms: A Tour of Recent Advances,
with New Twists,” arXiv:1912.00137
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Proximal Splitting Algorithms

Find x* € argmin {F(x) + R(x) + H(Kx)}

Xex
with K: X — U
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Proximal Splitting Algorithms

Find x* € argmin {F(x) + R(x) + H(Kx)}

Xex

Fermat’s rule =5~
0 e VF(x*)+0R(x*) + K*OH(Kx™)
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Proximal Splitting Algorithms

Find x* € argmin {F(x) + R(x) + H(Kx)}

xXex

Fermat’s rule =5
0 e VF(x*)+0R(x*) + K*OH(Kx™)

(0 e VF(x*) + OR(x*) + K*u*
0 € —Kx* + OH*(u")

A
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Proximal Splitting Algorithms

Find x* € argmin {F(x) + R(x) + H(Kx)}

xXex

Fermat’s rule =5
0 e VF(x*)+0R(x*) + K*OH(Kx™)

X* = prox_g(x* —yVF(x*) — yK*u*)
U* = ProX - /¢y, (U* +—Kx)
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Proximal Splitting Algorithms

Find x* € argmin {F(x) + R(x) + H(Kx)}

xXex

Fermat’s rule =5
0 e VF(x*)+0R(x*) + K*OH(Kx™)

X* = prox_g(x* —yVF(x*) — yK*u*)
U* = ProX - /¢y, (U* +—Kx)

algorithm: iterate (x*, u¥) — (x**1, uk+1)
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Condat—Vu algorithm form |
x:+1 = prox. g (x* — ZV/i(Xk) - ykK: ur) k
u*t' = prOXH*/(W)(U + %KX(ZX X ))

Condat—Vu algorithm form I
Uk+1 = prOXH*/(W) (Uk + %ka)
X1 = prox, g (x¥ — yVF(x¥) — yK*(2u

Proximal Splitting Algorithms

_ uk))

Condat, “A primal-dual splitting method for convex optimization involving

Lipschitzian, proximable and linear composite terms”, 201

3

Vu, “A splitting algorithm for dual monotone inclusions invo
operators”, 2013

ving cocoercive
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Proximal Splitting Algorithms

PD30O algorithm
X1 = prox, g (x¥ — yVF(x*) — yK*u¥)
U = ProX e gy (U + S KX(2X XK T F (1) 44V F (X))

PDDY algorithm
U = ProX . g, (U + 2 KxX)
X = prox g (x* —WVF(X KU UR) = K (2uR - u))

Yan, “A new primal-dual algorithm for minimizing the sum of three
functions with a linear operator”, 2018

Salim, Condat, Mishchenko, Richtarik, “Dualize, split, randomize: Fast
nonsmooth optimization algorithms”, arXiv:2004.02635
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Proximal Splitting Algorithms

PD30O algorithm
X1 = prox, g (x¥ — yVF(x*) — yK*u¥)
U = ProX e gy (U + S KX(2X XK T F (1) 44V F (X))

PDDY algorithm

UK = ProX e /oy (UF + J—nKx")

k — prOX,y/:g (X o ’}/VF(X ,YK*( k+1 )) o ”yK*(ZUk+1 _Uk))

Convergence if v € (0,2/Lg) and n > ||K]|?
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Proximal Splitting Algorithms

PD30O algorithm
X1 = prox, g (x¥ — yVF(x*) — yK*u¥)
U = ProX e gy (U + S KX(2X XK T F (1) 44V F (X))

PDDY algorithm
U = ProX . g, (U + 2 KxX)
xh+1 —prox,y,q(x —WF(X —yK* (U —uk)) — yK* (2ukT — k)

Condat et al., “Proximal Splitting Algorithms: A Tour of Recent Advances,
with New Twists,” arXiv:1912.00137
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M
minimize {w(x) : I:—JZ(Fm(x) ' Hm(Kmx)) ' R(x)}

Xex

= Distributed versions of these algorithms?
Convergence rates?
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(

Distributed PD30O Algorithm

<" Distributed PD30 and PDDY algs.

iIlpUt (’yk)kGNa n= > ”I{”2 (wm)m 1)
(qm) 1€XM (u ) 1EUM
initialize: a) =¢) — K*u) m=1..M
for k=0,1,... do
at master, do
zh _prOX R r(3 Z’n]\le ay,)
broadcast z**! to all nodes
at all nodes, for m=1,...,M, do
qf;n—i-l Mwm k+1 VF (SEk+1)

k+1 . 7k+1 k
. (ur,
= PrOXMme* /(Yke417)

+ LK, (Menghtl 4 gt — gt)
k—l—l _q”lf:n-i—l K* k—l—l

u,,

transmit ak+1 to master
end for

Distributed PDDY Algorithm

input: ('Yk)kENa n > ||K||27 (wm)fnj\;lzla
% € X, (u )euUM
initialize: p® = K*u? m=1,....M

for k=0,1,... do
at all nodes, for m=1,..., M, do

ul:n+1 = PIOX p1o,,, H, /(vkn)(
_|_ Mwm me
pllrcn-l-l K* k-l-l
okttt — b ok o)
= M @bt =y VE ()
—’Yk+1pflrcn+1

transmit a* to master

at master, do

k+1

1
LR

— Mk
prOX’Yk+1R(H Zmzl a’m)
broadcast %t to all nodes
end for
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Convergence Rates

Theorem 1 — convergence rate of the Distributed PD30O Algorithm. Suppose

that v =~ €(0,2/Lz) and n > HRHZ. Suppose that every H,, is continuous on
a ball around K,,x*. Then the following hold:

(i) W(xF)—w(x*) = o(1/Vk).

K

Define the weighted ergodic iterate x* = ﬁ S ix!, for every k > 1. Then

(i)  W(XF) — w(x*) = O(1/k).
Furthermore, if every H,, is L,,-smooth for some L, > 0,

(i)  min V(x') — W(x*) = o(1/k).
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Convergence Rates

Theorem 2 — accelerated Distributed PD30 Algorithm. Suppose that piz+pug >
0. Let x* be the unique solution. Let x € (0,1) and v € (0,2(1 — x)/Lz). Set

Y1 =70 and yis1 = (—YEppk +7k \/ (vkppk)? + 1 +2vkur) /(1 +27vkpR), for every
k > 1. Then there exists ¢y > 0 such that, for every k > 2,

V2
— 1 = kppk

XK — x*|)? < Co = O(1/k).

Theorem 3 — similar result for the accelerated Distributed PDDY Algorithm.
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Convergence Rates

Theorem 4 — linear convergence of the Distributed PD30O Algorithm. Suppose
that pz + up > 0, that every Hy is Lp-smooth, for some L, > 0, that v €
(0,2/Lz). Then there exists p € (0, 1] and ¢y > 0 such that, for every k ¢ N,

k+1

X —x*|2 < (1= p)C

Theorem 5 — similar result for the Distributed PDDY Algorithm.
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