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Distributed Optimization

minimize
x2X

(
 (x) :=

1
M

MX

m=1

⇣
Fm(x) + Hm(Kmx)

⌘
+ R(x)

)

<latexit sha1_base64="xRgFChBYQxrnt2KXWNQU4XCXMEI="></latexit>
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linear operators Km : X ! Um
<latexit sha1_base64="JIQJeiiyVJ2Ulqt6XgJHMVW4zJ8="></latexit>

convex functions Fm, Hm, R
<latexit sha1_base64="BaAX39zqXmp1whfwGutFvs/LovE="></latexit>

Fm is LFm -smooth
<latexit sha1_base64="F7a3mYnmcI6dHugOLRjuDLzjibY="></latexit>

with:
•
•  

•  
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minimize
x2X

(
 (x) :=

1
M

MX

m=1

⇣
Fm(x) + Hm(Kmx)

⌘
+ R(x)

)

<latexit sha1_base64="xRgFChBYQxrnt2KXWNQU4XCXMEI="></latexit>

Full splitting proximal algorithms:
• Iterative fixed-point algorithms with calls to  

   
• No other operation
rFm, prox

Hm
, prox

R
, Km, K ⇤

m
<latexit sha1_base64="Jj1emx2hYG1JWf8gnuYCNqFzuTA="></latexit>
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Full splitting proximal algorithms:
• Iterative fixed-point algorithms with calls to  

   
• No other operation
rFm, prox

Hm
, prox

R
, Km, K ⇤

m
<latexit sha1_base64="Jj1emx2hYG1JWf8gnuYCNqFzuTA="></latexit>

Condat et al., “Proximal Splitting Algorithms: A Tour of Recent Advances,
with New Twists,” arXiv:1912.00137

<latexit sha1_base64="O5tIhTl/Hs+VtuO2De9k4mmRcZE="></latexit>
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Find x
? 2 arg min

x2X

�
F (x) + R(x) + H(Kx)

 

<latexit sha1_base64="j/ii/OjWsyF9hWeRJUH20bNdEOI="></latexit>

with K : X ! U
<latexit sha1_base64="lManBZlZkPYn7ZFW8/RIBCsIR78="></latexit>
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<latexit sha1_base64="j/ii/OjWsyF9hWeRJUH20bNdEOI="></latexit>

Fermat’s rule
<latexit sha1_base64="IK8iIpCb103OYnvLXuGIgbrQU9c="></latexit>

0 2 rF (x?) + @R(x?) + K ⇤@H(Kx?)
<latexit sha1_base64="30YYtSwYfdMQ0I7gNdyBwsjzmlk="></latexit>
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⌘<latexit sha1_base64="+W3P8JDR0fwyy/3TyIwTz109e+k="></latexit>

⇢
0 2 rF (x?) + @R(x?) + K ⇤u?

0 2 �Kx? + @H⇤(u?)
<latexit sha1_base64="vARi9+vNsyQWO3tUUihffMejzB4="></latexit>
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Find x
? 2 arg min

x2X
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<latexit sha1_base64="30YYtSwYfdMQ0I7gNdyBwsjzmlk="></latexit>

⌘<latexit sha1_base64="+W3P8JDR0fwyy/3TyIwTz109e+k="></latexit>

⇢
x? = prox�R

�
x? � �rF (x?) � �K ⇤u?

�

u? = prox
H⇤/(�⌘)

�
u? + 1

⌘� Kx?
�

<latexit sha1_base64="7kHbWzmYIgQ/o9AGJCUxWZTcWLg="></latexit>
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⌘<latexit sha1_base64="+W3P8JDR0fwyy/3TyIwTz109e+k="></latexit>

algorithm: iterate (xk , uk ) 7! (xk+1, uk+1)
<latexit sha1_base64="t9DHYgNyXEb7TrRnE6Op7FnhnxA="></latexit>

⇢
x? = prox�R

�
x? � �rF (x?) � �K ⇤u?

�

u? = prox
H⇤/(�⌘)

�
u? + 1

⌘� Kx?
�

<latexit sha1_base64="7kHbWzmYIgQ/o9AGJCUxWZTcWLg="></latexit>



KAUST

/ 15

Proximal Splitting Algorithms

7

�
xk+1 = prox�R

�
xk � �rF (xk ) � �K ⇤uk

�

uk+1 = prox
H⇤/(�⌘)

�
uk + 1

�⌘Kx(2xk+1 � xk )
�

<latexit sha1_base64="pzAXDfHKyEpOs5tZkbC5+ZCJYVQ="></latexit>

�
uk+1 = prox

H⇤/(�⌘)
�
uk + 1

�⌘Kxk
�

xk+1 = prox�R

�
xk � �rF (xk ) � �K ⇤(2uk+1 � uk )

�
<latexit sha1_base64="EWMQmrGr/7nWaMUJRN8ZKs0CPt0="></latexit>

Condat–Vu algorithm form II
<latexit sha1_base64="o7Ws3tLAamyYsgipG+/9FOX9nkM="></latexit>

Condat–Vu algorithm form I
<latexit sha1_base64="VyVZD+L/w+6DIBOuv36KjRz5v28="></latexit>

Vu, “A splitting algorithm for dual monotone inclusions involving cocoercive
operators”, 2013

<latexit sha1_base64="BSBeF1ta/M/Mb3ZNT3n9+FUVNQk="></latexit>

Condat, “A primal-dual splitting method for convex optimization involving
Lipschitzian, proximable and linear composite terms”, 2013

<latexit sha1_base64="/DUqF36FJsykweAY2nPvD7pXtf0="></latexit>
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PD3O algorithm
<latexit sha1_base64="Z8AsNSDiDGCQQMGFVVR4BYEKucw=">AAAHyHiclVXbbtNAEJ22QEq4tIVHXiKiSghVUS6lbR6QKugDQkINiF6ktiDb2ThW7NjypSVYeeEreIW/4g/gLzgz3qRp01xqK97ZszNn5syuYzNwnSgul/8sLC7duXsvt3w//+Dho8crq2tPDiM/CS11YPmuHx6bRqRcp6sOYid21XEQKsMzXXVkdt7y+tG5CiPH736Oe4E68wy767Qcy4gBfWns1fYLhmv7oRO3va+rxXKpLF </latexit>�
xk+1 = prox�R

�
xk � �rF (xk ) � �K ⇤uk

�

uk+1 = prox
H⇤/(�⌘)

�
uk + 1

�⌘Kx(2xk+1�xk ��rF (xk+1)+�rF (xk ))
�

<latexit sha1_base64="wRnafjwZaCg0fxp6YD90Frl7lB0="> qLv9kqJnsT7+W+fRpTSGcn2x8b0cQoHuwy4+qtG33Ok84lIxb9n0efET2506vNYnQ6krNOTDpD0WkbX9OwM7fWn/aRvlEduJg/jqpevdM1ecTjEoP3X5o8qiLMiT++UyuwNPA2DdPjjaVnsNY4muSIOQ2+B30u+upt6mut/407brxaKlWWSyvP9ecPsisPN+AmzCPPOmzDI3gGO+DkPuS+5L7nfuTf5z/mP+U/Z6FncibnOvx15b/9ATCV+kI=</latexit>

Yan, “A new primal-dual algorithm for minimizing the sum of three
functions with a linear operator”, 2018

<latexit sha1_base64="YgbifsskZr6N59v+oi2qkFBIZD0="></latexit>

Salim, Condat, Mishchenko, Richtárik, “Dualize, split, randomize: Fast
nonsmooth optimization algorithms”, arXiv:2004.02635

<latexit sha1_base64="9wjfzQ6xVZbV9qzOetExabJ35QU="></latexit>

�
uk+1 = prox

H⇤/(�⌘)
�
uk + 1

�⌘Kxk
�

xk+1 = prox�R

�
xk � �rF (xk��K ⇤(uk+1�uk )) � �K ⇤(2uk+1�uk )

�
<latexit sha1_base64="DaAtrTGQz5FHrU8tX8+e5vyyguw="></latexit>

PDDY algorithm
<latexit sha1_base64="NUFjuk/JxBVGzOWvNVlfgUwVm/A=">AAAHyHiclVXbbtNAEJ22QEq4tIVHXiKiSghVUZKWtnlAqqAPCAlREL2gNiBfNo5VO7Z8aQlWXvgKXuGv+AP4C86MN2naNJfainf27MyZObPr2Aw9N06q1T9z8wu3bt8pLN4t3rv/4OHS8sqjgzhII0vtW4EXREemESvP7aj9xE08dRRGyvBNTx2ap695/fBMRbEbdD4l3VA1fcPpuC3XMhJAX/Z2dz+XDM8JIjdp+1+Xy9VKVa </latexit>
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�
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H⇤/(�⌘)
�
uk + 1

�⌘Kxk
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PDDY algorithm
<latexit sha1_base64="NUFjuk/JxBVGzOWvNVlfgUwVm/A=">AAAHyHiclVXbbtNAEJ22QEq4tIVHXiKiSghVUZKWtnlAqqAPCAlREL2gNiBfNo5VO7Z8aQlWXvgKXuGv+AP4C86MN2naNJfainf27MyZObPr2Aw9N06q1T9z8wu3bt8pLN4t3rv/4OHS8sqjgzhII0vtW4EXREemESvP7aj9xE08dRRGyvBNTx2ap695/fBMRbEbdD4l3VA1fcPpuC3XMhJAX/Z2dz+XDM8JIjdp+1+Xy9VKVa </latexit>

Convergence if � 2 (0, 2/LF ) and ⌘ � kKk2
<latexit sha1_base64="O9eefWmg9onHsWbKDKLy7DFHnmc="></latexit>
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PDDY algorithm
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Condat et al., “Proximal Splitting Algorithms: A Tour of Recent Advances,
with New Twists,” arXiv:1912.00137

<latexit sha1_base64="O5tIhTl/Hs+VtuO2De9k4mmRcZE="></latexit>
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Goal

minimize
x2X

(
 (x) :=

1
M

MX

m=1

⇣
Fm(x) + Hm(Kmx)

⌘
+ R(x)

)

<latexit sha1_base64="xRgFChBYQxrnt2KXWNQU4XCXMEI="></latexit>

• Distributed versions of these algorithms?
• Convergence rates?
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Distributed PD3O and PDDY algs.
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Theorem 1 – convergence rate of the Distributed PD3O Algorithm. Suppose

that �k ⌘ � 2 (0, 2/LbF ) and ⌘ � kbKk2. Suppose that every Hm is continuous on

a ball around Kmx?. Then the following hold:

(i)  (xk
) � (x?

) = o(1/
p

k ).

Define the weighted ergodic iterate x̄ k =
2

k (k+1)

Pk
i=1

ix i , for every k � 1. Then

(ii)  (x̄ k
) � (x?

) = O(1/k ).

Furthermore, if every Hm is Lm-smooth for some Lm > 0,

(iii) min
i=1,...,k

 (xi
) � (x?

) = o(1/k ).
<latexit sha1_base64="AD6QwOgz05Xd41hQCVorsSvbcMo="></latexit>
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Theorem 3 – similar result for the accelerated Distributed PDDY Algorithm.
<latexit sha1_base64="yMuFo7Wr+tYwp1oWPTwO4oLAiNc="></latexit>

Convergence Rates

Theorem 2 – accelerated Distributed PD3O Algorithm. Suppose that µbF +µR >
0. Let x? be the unique solution. Let  2 (0, 1) and �0 2 (0, 2(1 � )/LbF ). Set

�1 = �0 and �k+1 =
�
��2

k
µbF+�k

q
(�kµbF)2 + 1 + 2�kµR

�
/(1+2�kµR), for every

k � 1. Then there exists ĉ0 > 0 such that, for every k � 2,

kx
k � x

?k2 
�2

k

1 � �kµbF
ĉ0 = O

�
1/k

2
�
.

<latexit sha1_base64="4VUzpAfH/HpWwVVXvtgTOOMriug="></latexit>
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Convergence Rates

Theorem 4 – linear convergence of the Distributed PD3O Algorithm. Suppose

that µbF + µR > 0, that every Hm is Lm-smooth, for some Lm > 0, that � 2
(0, 2/LbF ). Then there exists ⇢ 2 (0, 1] and ĉ0 > 0 such that, for every k 2 N,

kx
k+1 � x

?k2  (1 � ⇢)
k
ĉ0.

<latexit sha1_base64="t6QzVbYBy58U4f6Gy7/0y7n7ClM="></latexit>

Theorem 5 – similar result for the Distributed PDDY Algorithm.
<latexit sha1_base64="ZP+PUKtLbSxA3l3EnSda5zd1GeY="></latexit>


