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Convex optimization
<latexit sha1_base64="yWq/OoB/B5wgGyr+CIdBLWKiv/Y="></latexit>

Find x? 2 arg min
x2X

nX

i=1

fi (Kix)

<latexit sha1_base64="UCJzQGhr3oXLBI7BTL4svaZMmCY="></latexit>

with

• linear operators Ki : X ! Ui

• real Hilbert spaces X , Ui

• convex functions fi : Ui ! R [ {+1}
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Convex optimization

2

encompasses constraints:

ı⌦(x) =
⇢

0 if x 2 ⌦,
+1 else. 0

+1

+1
+1

+1

+1

<latexit sha1_base64="ZTzjDjMQBOFVa+6KzukGn6TSsHQ="></latexit>

minimize
x2X

f (x) s.t. x 2 ⌦ ⌘ minimize
x2X

f (x) + ı⌦(x)

Note: ı⌦1 + ı⌦2 = ı⌦1\⌦2

<latexit sha1_base64="yWq/OoB/B5wgGyr+CIdBLWKiv/Y="></latexit>

Find x? 2 arg min
x2X

nX

i=1

fi (Kix)
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f (x) = |x |
proxf (x) = sgn(x) max(|x |� 1, 0)

The proximity operator

3

<latexit sha1_base64="VLWdwHRsYgIwtJQY+zcPTYHdC7A="></latexit>

proxf : x 2 X 7! arg min
x02X

⇣
f (x 0) + 1

2kx � x 0k2
⌘
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The proximity operator

4

0
+1

+1
+1

+1

+1

x

<latexit sha1_base64="39FS9TSu38qdOmch3aJIy8eVkDI="></latexit>

proxı⌦ = proj⌦

<latexit sha1_base64="VLWdwHRsYgIwtJQY+zcPTYHdC7A="></latexit>

proxf : x 2 X 7! arg min
x02X

⇣
f (x 0) + 1

2kx � x 0k2
⌘
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Exact, finite time, algorithms are available to compute 
the proximity operator of:

5

<latexit sha1_base64="eGnugLFZdKQNEXvD8e4+0UDZiSI="></latexit>

kXk⇤ ! SVD O(d3)<latexit sha1_base64="xqZylJKwUjcaOXGuRJpAzu2/c9Y="></latexit>•
<latexit sha1_base64="+0q1y8j7Lv361V2Y6cSIjulmNbA="></latexit>

1-D TV ! taut-string alg., O(d)<latexit sha1_base64="xqZylJKwUjcaOXGuRJpAzu2/c9Y="></latexit>•

<latexit sha1_base64="zembe3inAwr+xohOSYrtMuGFi6I="></latexit>

graph cuts, dynamic programming. . .

<latexit sha1_base64="lcC0G9/rHHfDLGpZ3/4SWXbMpx4="></latexit>

proj. onto the simplex ! O(d)<latexit sha1_base64="xqZylJKwUjcaOXGuRJpAzu2/c9Y="></latexit>•

LC, "A direct algorithm for 
1-D total variation...", 2013
LC, "Fast projection onto 
the simplex...", 2016

The proximity operator
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Proximal splitting algorithms
<latexit sha1_base64="yWq/OoB/B5wgGyr+CIdBLWKiv/Y="></latexit>

Find x? 2 arg min
x2X

nX

i=1

fi (Kix)

<latexit sha1_base64="tkEANuFTjNL7st3l48yb/7Pj3DQ="></latexit>

No easy form of proxf1+f2 or proxf�K



Laurent Condat : RandProx

KAUST

/ 247

Proximal splitting algorithms
<latexit sha1_base64="yWq/OoB/B5wgGyr+CIdBLWKiv/Y="></latexit>

Find x? 2 arg min
x2X

nX

i=1

fi (Kix)

<latexit sha1_base64="SIK5u6LOKuASkRBChQId9U5bmkI="></latexit>

We want full splitting, with individual activation of
Ki , K ⇤

i , the gradient or proximity operator of fi .
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<latexit sha1_base64="qNRmvlnwuk/0tpRTdNRO7o0zqf0="></latexit>

Find x? 2 arg min
x2X

 
f (x) + g(x) +

nX

i=1

hi (Kix)

!

<latexit sha1_base64="KGPTT8ly5Y+8BcXfcFlkIQpqg0w="></latexit>

with:
• f smooth with L-Lipschitz grad ! calls to rf
• calls to prox�g , prox⌧hi

, Ki , K ⇤
i

Proximal splitting algorithms
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<latexit sha1_base64="Uq668zqV+9g39Pdrh9LmPxBy6b8="></latexit>

Find x? 2 arg min
x2X

⇣
f (x) + g(x) + h(Kx)

⌘

<latexit sha1_base64="QuEXw3PoXBHK3jQGJeES+SHBVd8="></latexit>

Kx = (K1x , ... , Knx)

<latexit sha1_base64="X1+FUZhpFWRJb2ReXv8o0UJ2NNw="></latexit>

h(u) =
nX

i=1

hi (ui )
<latexit sha1_base64="pI6RcPIp/9+PR1vhs4iQ1KcWMoM="></latexit>

h(Kx) =
nX

i=1

hi (Kix)

Product space trick
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<latexit sha1_base64="9qWIxWZ42G2gUcXmljltGsJIol0="></latexit>, <latexit sha1_base64="9qWIxWZ42G2gUcXmljltGsJIol0="></latexit>, <latexit sha1_base64="9qWIxWZ42G2gUcXmljltGsJIol0="></latexit>,<latexit sha1_base64="9qWIxWZ42G2gUcXmljltGsJIol0="></latexit>,

<latexit sha1_base64="Uq668zqV+9g39Pdrh9LmPxBy6b8="></latexit>

Find x? 2 arg min
x2X

⇣
f (x) + g(x) + h(Kx)

⌘

<latexit sha1_base64="PiBjfjR48jQzT2++9lCJo5D0ynA="></latexit>prox�g
<latexit sha1_base64="ALgx2WdyPseOvUurIYoCWvvSg8Y="></latexit>prox⌧h

<latexit sha1_base64="nEx4nLbVzmEBDNJLvtdnIjORDyM="></latexit>

rf <latexit sha1_base64="Z8g6PA/kQ6pnkV+Jv7X26t22mtI="></latexit>

K ⇤<latexit sha1_base64="qGMRKjwqJ7zpONOqEqCOLO0dp1A="></latexit>

K

Minimization of 3 functions
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<latexit sha1_base64="Uq668zqV+9g39Pdrh9LmPxBy6b8="></latexit>

Find x? 2 arg min
x2X

⇣
f (x) + g(x) + h(Kx)

⌘

<latexit sha1_base64="hF9TmtTzAtlTfiMIO6FlZ28fDGo="></latexit>

randomize rf
<latexit sha1_base64="Ok/z6XtrfcD3CEJkO0RfFJEpWBY="></latexit>

SGD-type algorithms

Randomized algorithms
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<latexit sha1_base64="Uq668zqV+9g39Pdrh9LmPxBy6b8="></latexit>

Find x? 2 arg min
x2X

⇣
f (x) + g(x) + h(Kx)

⌘

<latexit sha1_base64="RufTaP+4+UvRCFLIHMn2osiWPN0="></latexit>

?

Randomized algorithms

<latexit sha1_base64="ALgx2WdyPseOvUurIYoCWvvSg8Y="></latexit>prox⌧h
<latexit sha1_base64="sHLUplVtZs3ilXMO6qo2ftbje+M="></latexit>

randomize
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The power of randomness
<latexit sha1_base64="EVyf6CmjIL14/UMNhzqq+++jtwY="></latexit>

Find x? 2 arg min
x2X

nX

i=1

fi (x)
<latexit sha1_base64="j5PUb09chBHWGWn+BlKR9Zn6zXQ="></latexit>

using the rfi

lower bounds in Woodworth & Srebro [2016]

<latexit sha1_base64="e7w1+Pb0BIQDenpUqt9SqFOAiWU="></latexit>

(every fi is L-smooth and µ-strongly convex)

<latexit sha1_base64="6vK+eIQIsDQS+OLBCzJwDASyHTo="></latexit>• deterministic algorithms:
<latexit sha1_base64="BY0C06Psuwd5wKi55rKRl3qkALY="></latexit>

⌦
�
(n +

p
nL/µ) log ✏�1�

<latexit sha1_base64="TIq67JmoA1tgjSV75zBjFi65Syk="></latexit>

⌦
�
n
p

L/µ log ✏�1�

<latexit sha1_base64="6vK+eIQIsDQS+OLBCzJwDASyHTo="></latexit>• randomized algorithms:
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<latexit sha1_base64="Uq668zqV+9g39Pdrh9LmPxBy6b8="></latexit>

Find x? 2 arg min
x2X

⇣
f (x) + g(x) + h(Kx)

⌘

<latexit sha1_base64="RufTaP+4+UvRCFLIHMn2osiWPN0="></latexit>

?

Randomized algorithms

<latexit sha1_base64="ALgx2WdyPseOvUurIYoCWvvSg8Y="></latexit>prox⌧h
<latexit sha1_base64="sHLUplVtZs3ilXMO6qo2ftbje+M="></latexit>

randomize
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1979

2011 Chambolle-Pock
PAPC

Condat, Vu

PD3O
PDDY

2018
2020

forward-backward alg.

Salim, LC et al., "Dualize, 
split, randomize: Fast 
nonsmooth optimization 
algorithms”, JOTA, 2022

2013

<latexit sha1_base64="f6zBnKLZzAygYATu02s3bMM+6Qw="></latexit>

minimize f + g + h � K

<latexit sha1_base64="4b0yZlwcPAea2eKIeGhbmcst/EY="></latexit>

f + g + h � K

<latexit sha1_base64="f5Pr/85pm6Gn5bJXf/RfDmBJylM="></latexit>

g + h � K

<latexit sha1_base64="Hqg0kyeP2ocf8mq0ntVu2bi9/e8="></latexit>

g + h

<latexit sha1_base64="2rQiUeoYbBjfWDfwuqc4hwerydo="></latexit>

f + g

<latexit sha1_base64="hrp0IbVY0J1Y4VJ3dNtJ3CMSQpY="></latexit>

f + h � K

Proximal splitting algorithms

Douglas-Rachford alg. / ADMM

2017
<latexit sha1_base64="4b0yZlwcPAea2eKIeGhbmcst/EY="></latexit>

f + g + h � K
<latexit sha1_base64="4b0yZlwcPAea2eKIeGhbmcst/EY="></latexit>

f + g + h � K

<latexit sha1_base64="3xpiTBguxRYeJTGIjfgrZbnYaik="></latexit>

f + g + h Davis-Yin

/ AFBA



Laurent Condat : RandProx

KAUST

/ 2416

<latexit sha1_base64="f6zBnKLZzAygYATu02s3bMM+6Qw="></latexit>

minimize f + g + h � K

Proximal splitting algorithms

LC, Malinovsky, Richtárik, "Distributed Proximal 
Splitting Algorithms with Rates and Acceleration", 
2022

Convergence speed:

LC et al. "Proximal Splitting Algorithms for Convex 
Optimization: A Tour of Recent Advances, with 
New Twists", SIAM Review, 2023
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PDDY algorithm

17

<latexit sha1_base64="/une5fiS5Gs/99AQ6sVqWBU/gdg="></latexit>

Algorithm 1 PDDY algorithm
input: initial points x0 2 X , u0 2 U ;
stepsizes � > 0, ⌧ > 0
for t = 0, 1, ... do

x̂ t := prox�g
�
xt � �rf (xt ) � �K ⇤ut�

ut+1 := prox⌧h⇤
�
ut + ⌧K x̂t�

xt+1 := x̂ t � �K ⇤(ut+1 � ut )
end for

<latexit sha1_base64="6Q+FI5MPNS/1AbXdjYj7hSDLwzc="></latexit>

PDDY

<latexit sha1_base64="+/bgMCx2BXU/97vmKTmQn4wArtA="></latexit>

prox⌧h⇤ can be costly
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<latexit sha1_base64="Yyl02odXdC2bGorVywWcYwtNtak="></latexit>

and

18

RandProx
<latexit sha1_base64="Y/+CsGAAH9m3YbLmhMPKXbrlKTg="></latexit>

Algorithm 1 RandProx
input: initial points x0 2 X , u0 2 U ;
stepsizes � > 0, ⌧ > 0; ! � 0
for t = 0, 1, ... do

x̂ t := prox�g
�
xt � �rf (xt ) � �K ⇤ut�

ut+1 := ut + 1
1+!R

t�prox⌧h⇤ (ut + ⌧K x̂t ) � ut�

xt+1 := x̂ t � �(1 + !)K ⇤(ut+1 � ut )
end for

<latexit sha1_base64="oDdG4e1I0yYN2hldJ40ggQxQHh4="></latexit>

RandProx

<latexit sha1_base64="SrSnoEZ9TUrmSIjFS7bcz7OVL84="></latexit>

E
h��Rt (dt ) � dt��2

i
 !

��dt��2<latexit sha1_base64="YaI2UFY9F8hjC0Q5pinB56WLehY="></latexit>

E
⇥
Rt (dt )

⇤
= dt

<latexit sha1_base64="y4JvJzFUlRy2x4uimafnQHgYsEI="></latexit>

Rt ⌘ Id, ! = 0
<latexit sha1_base64="o9IjgrjQHH89I2L26tyKarUHzhk="></latexit>

RandProx = PDDY
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Linear convergence

19

<latexit sha1_base64="dJw6e97jautPGrOE4ikQ+usblrw="></latexit>

Theorem 1. Suppose that µf > 0 or µg > 0, and µh⇤ > 0.
For suitable � and ⌧ , 8t � 0,

<latexit sha1_base64="BDxHeWseCB8yN6dG+sDllk/RALw="></latexit>

E
⇥
 t⇤  ct 0, where

<latexit sha1_base64="c6W3bnQvbQdPtrAElYiD3GX0PzM="></latexit>

 t =
1
�

��xt�x?
��2+(1+!)

✓
1
⌧

+2µh⇤

◆��ut�u?
��2 ,

<latexit sha1_base64="gEzQcZNDduUfu21Nf+CiRl1/Th4="></latexit>

c := max
✓

(1��µf )2

1 + �µg
, 1� 2⌧µh⇤

(1+!)(1+2⌧µh⇤ )

◆

+ almost sure convergence
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<latexit sha1_base64="ToeOApGRoHUAPjYiLjd+orVwo5c="></latexit>

Algorithm 1
input: initial points x0 2 X , u0 2 U ;
stepsizes � > 0, ⌧ > 0; p 2 (0, 1]
for t = 0, 1, ... do

x̂ t := prox�g
�
xt � �rf (xt ) � �K ⇤ut�

Flip a coin ✓t = (1 with probability p, 0 else)
if ✓t = 1 then

ut+1 := prox⌧h⇤ (ut + ⌧K x̂t )
xt+1 := x̂ t � �

p K ⇤(ut+1 � ut )
else

ut+1 := ut , xt+1 := x̂ t

end if
end for

Examples
<latexit sha1_base64="p28z+1M3fDf0roTFxLUFrAt7UXk="></latexit>

RandProx-skip

20

<latexit sha1_base64="Gdm6bbko24fniLg9LfsFk0TaWDs="></latexit>

Rt : dt 7!(
1
p dt with prob p
0 with prob 1�p

<latexit sha1_base64="BbTxfAwlwP9uK7kPz1BuANpcZhk="></latexit>

! = 1
p � 1
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Examples
<latexit sha1_base64="a/IqjmkTHcx+rye7QNOeI41RrQU="></latexit>

Algorithm 1
input: initial points x0 2 X , (u0

i )n
i=1 2 X n;

stepsize � > 0; k 2 {1, ... , n}
v0 :=

Pn
i=1 u0

i
for t = 0, 1, ... do

x̂ t := prox�g
�
xt � �rf (xt ) � �vt�

pick ⌦t ⇢ {1, ... , n} of size k unif. at random
for i 2 ⌦t do

ut+1
i := prox 1

�n h⇤
i
(ut

i + 1
�n x̂ t )

end for
for i 2 {1, ... , n}\⌦t do

ut+1
i := ut

i
end for
vt+1 :=

Pn
i=1 ut+1

i
x t+1 := x̂ t � �n

k (vt+1 � vt )
end for

<latexit sha1_base64="13BzqKOci9F7oV6cLWyd06jqE2Y="></latexit>

RandProx-minibatch
<latexit sha1_base64="4S+JnfRczJWUvBgUUNBnu6JMMeg="></latexit>

Rt :
sampling

21

<latexit sha1_base64="/qdBalQc7kO+W2HuUhkJWsMHIf8="></latexit>

min f + g +
Pn

i=1 hi
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Examples
<latexit sha1_base64="gT398/rBu9UJKzGiqZux2X+nqg8="></latexit>

Algorithm 1
input: initial estimates (x0

i )n
i=1 2 X n,

(u0
i )n

i=1 2 X n such that
Pn

i=1 u0
i = 0;

stepsize � > 0; ! � 0
for t = 0, 1, ... do

for i = 1, ... , n at nodes in parallel do
x̂ t

i := xt
i � �rfi (xt

i ) � �ut
i

at
i := Rt (x̂ t

i )
// send compressed vector at

i to master
end for
at := 1

n
Pn

i=1 at
i // aggregation at master

// broadcast at to all nodes
for i = 1, ... , n at nodes in parallel do

dt
i := at

i � at

ut+1
i := ut

i + 1
�(1+!)2 dt

i

x t+1
i := x̂ t

i �
1

1+!dt
i

end for
end for

<latexit sha1_base64="xn7mvQLYZhxHynGWZ/m4K/SyCcU="></latexit>

RandProx-FL

<latexit sha1_base64="CZPL5os0gbkASEVj6IlzQK7Xv9s="></latexit>

Rt :
compression

22

<latexit sha1_base64="ppVlr7INeeH11reNaDlElA8z9Fg="></latexit>

min
Pn

i=1 fi



Laurent Condat : RandProx

KAUST

/ 2423

A new randomization technique for PDDY,  
a generic primal-dual proximal splitting alg.

Conclusion



Laurent Condat : RandProx

KAUST

/ 2424

‣ joint primal and dual randomization
LC et al. "TAMUNA: Doubly accelerated federated learning 
with local training, compression, and partial participation”, 
preprint, 2023

Perspectives
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‣ joint primal and dual randomization

‣ different metric / Bregman distances

‣ acceleration?

LC et al. "TAMUNA: Doubly accelerated federated learning 
with local training, compression, and partial participation”, 
preprint, 2023

Perspectives


