
Laurent Condat
GIPSA-lab, CNRS, Univ. Grenoble Alpes

Grenoble, France

Optimal transport of measures
in frequency domain

SPARS, Jul. 2019



/ 27Laurent Condat   -   optimal transport of measures in frequency domain 

Context
M = {signed Radon

measures on T = R\Z}
<latexit sha1_base64="41/mhRVNlkxXjl3A5uWXSor0MnM="></latexit><latexit sha1_base64="41/mhRVNlkxXjl3A5uWXSor0MnM="></latexit><latexit sha1_base64="41/mhRVNlkxXjl3A5uWXSor0MnM="></latexit><latexit sha1_base64="41/mhRVNlkxXjl3A5uWXSor0MnM="></latexit>

V =
�

(vm)M
m=�M 2 C2M+1 :

v�m = v⇤
m
 

<latexit sha1_base64="Xi3S46XtKoHaY9Ze6gKlQHFl6dI="></latexit><latexit sha1_base64="Xi3S46XtKoHaY9Ze6gKlQHFl6dI="></latexit><latexit sha1_base64="Xi3S46XtKoHaY9Ze6gKlQHFl6dI="></latexit><latexit sha1_base64="Xi3S46XtKoHaY9Ze6gKlQHFl6dI="></latexit>

µ
<latexit sha1_base64="Zu6afAEPdJX6h68slAtBIiRBcF0="></latexit><latexit sha1_base64="Zu6afAEPdJX6h68slAtBIiRBcF0="></latexit><latexit sha1_base64="Zu6afAEPdJX6h68slAtBIiRBcF0="></latexit><latexit sha1_base64="Zu6afAEPdJX6h68slAtBIiRBcF0="></latexit>

real
imag.

(Fµ)m =
Z 1

0
e� j2⇡fmdµ(f )

<latexit sha1_base64="YbGLaqV2c2iBYzqg/u0NHIw93ew="></latexit><latexit sha1_base64="YbGLaqV2c2iBYzqg/u0NHIw93ew="></latexit><latexit sha1_base64="YbGLaqV2c2iBYzqg/u0NHIw93ew="></latexit><latexit sha1_base64="YbGLaqV2c2iBYzqg/u0NHIw93ew="></latexit>

m = �M, ... , M
<latexit sha1_base64="OGrxwD6thyBxF8USPhw/suV3sL8="></latexit><latexit sha1_base64="OGrxwD6thyBxF8USPhw/suV3sL8="></latexit><latexit sha1_base64="OGrxwD6thyBxF8USPhw/suV3sL8="></latexit><latexit sha1_base64="OGrxwD6thyBxF8USPhw/suV3sL8="></latexit>

F
<latexit sha1_base64="zYuyY5P5bUcyAqOh8KL1jtxrXaE="></latexit><latexit sha1_base64="zYuyY5P5bUcyAqOh8KL1jtxrXaE="></latexit><latexit sha1_base64="zYuyY5P5bUcyAqOh8KL1jtxrXaE="></latexit><latexit sha1_base64="zYuyY5P5bUcyAqOh8KL1jtxrXaE="></latexit>

1
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real
imag.

F
<latexit sha1_base64="zYuyY5P5bUcyAqOh8KL1jtxrXaE="></latexit><latexit sha1_base64="zYuyY5P5bUcyAqOh8KL1jtxrXaE="></latexit><latexit sha1_base64="zYuyY5P5bUcyAqOh8KL1jtxrXaE="></latexit><latexit sha1_base64="zYuyY5P5bUcyAqOh8KL1jtxrXaE="></latexit>

4

About existence, uniqueness, cardinality of µ given Fµ, see

<latexit sha1_base64="j70WZMzsBItgkzDJwRYZs0gJD34="></latexit><latexit sha1_base64="j70WZMzsBItgkzDJwRYZs0gJD34="></latexit><latexit sha1_base64="j70WZMzsBItgkzDJwRYZs0gJD34="></latexit><latexit sha1_base64="j70WZMzsBItgkzDJwRYZs0gJD34="></latexit>

[L. Condat, “Atomic norm minimization for decomposition into complex

exponentials,” preprint, 2018]

<latexit sha1_base64="FU8wv601Xj9TSq+Y7dnPsbLC4tQ="></latexit><latexit sha1_base64="FU8wv601Xj9TSq+Y7dnPsbLC4tQ="></latexit><latexit sha1_base64="FU8wv601Xj9TSq+Y7dnPsbLC4tQ="></latexit><latexit sha1_base64="FU8wv601Xj9TSq+Y7dnPsbLC4tQ="></latexit>
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Global optimization

minimize
t2T

f (t)
<latexit sha1_base64="xBUDsYkQ25AYIa7A+FvbB7W8jgU="></latexit><latexit sha1_base64="xBUDsYkQ25AYIa7A+FvbB7W8jgU="></latexit><latexit sha1_base64="xBUDsYkQ25AYIa7A+FvbB7W8jgU="></latexit><latexit sha1_base64="xBUDsYkQ25AYIa7A+FvbB7W8jgU="></latexit>
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<latexit sha1_base64="xBUDsYkQ25AYIa7A+FvbB7W8jgU="></latexit><latexit sha1_base64="xBUDsYkQ25AYIa7A+FvbB7W8jgU="></latexit><latexit sha1_base64="xBUDsYkQ25AYIa7A+FvbB7W8jgU="></latexit><latexit sha1_base64="xBUDsYkQ25AYIa7A+FvbB7W8jgU="></latexit>

minimize

proba. measure µZ

T
f (t)dµ(t)

<latexit sha1_base64="ZCTOefBmJh6uvqQhY0j25RUVgmE="></latexit><latexit sha1_base64="ZCTOefBmJh6uvqQhY0j25RUVgmE="></latexit><latexit sha1_base64="ZCTOefBmJh6uvqQhY0j25RUVgmE="></latexit><latexit sha1_base64="ZCTOefBmJh6uvqQhY0j25RUVgmE="></latexit>

⌘<latexit sha1_base64="NNIfy5k9RD26csoGxAPhb2oboIw="></latexit><latexit sha1_base64="gnWMLWxWrDlQD4vLh/dIIB2pDrA="></latexit><latexit sha1_base64="gnWMLWxWrDlQD4vLh/dIIB2pDrA="></latexit><latexit sha1_base64="GW8HQAPlECFSDvCAvsbMBezuToU="></latexit>0 1

5
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Global optimization
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t2T

f (t)
<latexit sha1_base64="xBUDsYkQ25AYIa7A+FvbB7W8jgU="></latexit><latexit sha1_base64="xBUDsYkQ25AYIa7A+FvbB7W8jgU="></latexit><latexit sha1_base64="xBUDsYkQ25AYIa7A+FvbB7W8jgU="></latexit><latexit sha1_base64="xBUDsYkQ25AYIa7A+FvbB7W8jgU="></latexit>

minimize

proba. measure µZ

T
f (t)dµ(t)

<latexit sha1_base64="ZCTOefBmJh6uvqQhY0j25RUVgmE="></latexit><latexit sha1_base64="ZCTOefBmJh6uvqQhY0j25RUVgmE="></latexit><latexit sha1_base64="ZCTOefBmJh6uvqQhY0j25RUVgmE="></latexit><latexit sha1_base64="ZCTOefBmJh6uvqQhY0j25RUVgmE="></latexit>

⌘<latexit sha1_base64="NNIfy5k9RD26csoGxAPhb2oboIw="></latexit><latexit sha1_base64="gnWMLWxWrDlQD4vLh/dIIB2pDrA="></latexit><latexit sha1_base64="gnWMLWxWrDlQD4vLh/dIIB2pDrA="></latexit><latexit sha1_base64="GW8HQAPlECFSDvCAvsbMBezuToU="></latexit>0 1

0 1

1
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f (t , t 0) � 0
<latexit sha1_base64="IxOexg1j+Cw+FynAEwKHQ6sQNqk="></latexit><latexit sha1_base64="IxOexg1j+Cw+FynAEwKHQ6sQNqk="></latexit><latexit sha1_base64="IxOexg1j+Cw+FynAEwKHQ6sQNqk="></latexit><latexit sha1_base64="IxOexg1j+Cw+FynAEwKHQ6sQNqk="></latexit>

Global optimization with pairwise costs
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0 1

1

t
<latexit sha1_base64="oWdr16TX2KdWAdRvrbj0qUiZA4o="></latexit><latexit sha1_base64="oWdr16TX2KdWAdRvrbj0qUiZA4o="></latexit><latexit sha1_base64="oWdr16TX2KdWAdRvrbj0qUiZA4o="></latexit><latexit sha1_base64="oWdr16TX2KdWAdRvrbj0qUiZA4o="></latexit> t 0

<latexit sha1_base64="C5mtPBABKTI/gFx3mj3h32UDEGg="></latexit><latexit sha1_base64="C5mtPBABKTI/gFx3mj3h32UDEGg="></latexit><latexit sha1_base64="C5mtPBABKTI/gFx3mj3h32UDEGg="></latexit><latexit sha1_base64="C5mtPBABKTI/gFx3mj3h32UDEGg="></latexit>

7

Global optimization with pairwise costs

f (t , t 0) � 0
<latexit sha1_base64="IxOexg1j+Cw+FynAEwKHQ6sQNqk="></latexit><latexit sha1_base64="IxOexg1j+Cw+FynAEwKHQ6sQNqk="></latexit><latexit sha1_base64="IxOexg1j+Cw+FynAEwKHQ6sQNqk="></latexit><latexit sha1_base64="IxOexg1j+Cw+FynAEwKHQ6sQNqk="></latexit>
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0 1

1 f (t , t 0)
<latexit sha1_base64="zn3ynUvINR7DLLMErD5XFFLdaus="></latexit><latexit sha1_base64="zn3ynUvINR7DLLMErD5XFFLdaus="></latexit><latexit sha1_base64="zn3ynUvINR7DLLMErD5XFFLdaus="></latexit><latexit sha1_base64="zn3ynUvINR7DLLMErD5XFFLdaus="></latexit>

f (t , t 0) � 0: cost of transporting �t to �t0
<latexit sha1_base64="40rT0f902S93zIG909Ha9tlCy5M="></latexit><latexit sha1_base64="40rT0f902S93zIG909Ha9tlCy5M="></latexit><latexit sha1_base64="40rT0f902S93zIG909Ha9tlCy5M="></latexit><latexit sha1_base64="40rT0f902S93zIG909Ha9tlCy5M="></latexit>

t
<latexit sha1_base64="oWdr16TX2KdWAdRvrbj0qUiZA4o="></latexit><latexit sha1_base64="oWdr16TX2KdWAdRvrbj0qUiZA4o="></latexit><latexit sha1_base64="oWdr16TX2KdWAdRvrbj0qUiZA4o="></latexit><latexit sha1_base64="oWdr16TX2KdWAdRvrbj0qUiZA4o="></latexit> t 0

<latexit sha1_base64="C5mtPBABKTI/gFx3mj3h32UDEGg="></latexit><latexit sha1_base64="C5mtPBABKTI/gFx3mj3h32UDEGg="></latexit><latexit sha1_base64="C5mtPBABKTI/gFx3mj3h32UDEGg="></latexit><latexit sha1_base64="C5mtPBABKTI/gFx3mj3h32UDEGg="></latexit>

7

Global optimization with pairwise costs
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Optimal transport

0 1

1

Tf (µ,µ0)
<latexit sha1_base64="WAcigNSPq0COS0utqTqaPNhPZBo="></latexit><latexit sha1_base64="WAcigNSPq0COS0utqTqaPNhPZBo="></latexit><latexit sha1_base64="WAcigNSPq0COS0utqTqaPNhPZBo="></latexit><latexit sha1_base64="WAcigNSPq0COS0utqTqaPNhPZBo="></latexit>

with same mass:
<latexit sha1_base64="B29P6X9uBH58gjc4KEaQ8Jz10JQ="></latexit><latexit sha1_base64="B29P6X9uBH58gjc4KEaQ8Jz10JQ="></latexit><latexit sha1_base64="B29P6X9uBH58gjc4KEaQ8Jz10JQ="></latexit><latexit sha1_base64="B29P6X9uBH58gjc4KEaQ8Jz10JQ="></latexit>

Generalization to a pair of positive measures µ and µ0
<latexit sha1_base64="pBJpOtS1wNNg5wJQQ9bw3Lncmus="></latexit><latexit sha1_base64="pBJpOtS1wNNg5wJQQ9bw3Lncmus="></latexit><latexit sha1_base64="pBJpOtS1wNNg5wJQQ9bw3Lncmus="></latexit><latexit sha1_base64="pBJpOtS1wNNg5wJQQ9bw3Lncmus="></latexit>

8

Tf (µ,µ0
) = inf

positive measure

⌫ on T2

Z

T2

f (t , t 0)d⌫(t , t 0)

<latexit sha1_base64="cNlvvStXv1JVeZI+BpAGXYdP948="></latexit><latexit sha1_base64="aiqYY1ES4BH4ob8zX+6QT6usb0o="></latexit><latexit sha1_base64="aiqYY1ES4BH4ob8zX+6QT6usb0o="></latexit><latexit sha1_base64="FpcLTYkRp+Cja+Jh3JsjRR6iNqQ="></latexit>

s.t. the marginals of ⌫ are µ and µ0
<latexit sha1_base64="wni8rQXX0VsyZaYGlwtBfhn9nvo="></latexit><latexit sha1_base64="wni8rQXX0VsyZaYGlwtBfhn9nvo="></latexit><latexit sha1_base64="wni8rQXX0VsyZaYGlwtBfhn9nvo="></latexit><latexit sha1_base64="wni8rQXX0VsyZaYGlwtBfhn9nvo="></latexit>
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<latexit sha1_base64="pBJpOtS1wNNg5wJQQ9bw3Lncmus="></latexit><latexit sha1_base64="pBJpOtS1wNNg5wJQQ9bw3Lncmus="></latexit><latexit sha1_base64="pBJpOtS1wNNg5wJQQ9bw3Lncmus="></latexit><latexit sha1_base64="pBJpOtS1wNNg5wJQQ9bw3Lncmus="></latexit>

8

Tf (µ,µ0
) = inf

positive measure

⌫ on T2

Z

T2

f (t , t 0)d⌫(t , t 0)

<latexit sha1_base64="cNlvvStXv1JVeZI+BpAGXYdP948="></latexit><latexit sha1_base64="aiqYY1ES4BH4ob8zX+6QT6usb0o="></latexit><latexit sha1_base64="aiqYY1ES4BH4ob8zX+6QT6usb0o="></latexit><latexit sha1_base64="FpcLTYkRp+Cja+Jh3JsjRR6iNqQ="></latexit>

s.t. the marginals of ⌫ are µ and µ0
<latexit sha1_base64="wni8rQXX0VsyZaYGlwtBfhn9nvo="></latexit><latexit sha1_base64="wni8rQXX0VsyZaYGlwtBfhn9nvo="></latexit><latexit sha1_base64="wni8rQXX0VsyZaYGlwtBfhn9nvo="></latexit><latexit sha1_base64="wni8rQXX0VsyZaYGlwtBfhn9nvo="></latexit>

for every c � 0, (t , t 0) 2 T2

<latexit sha1_base64="JJlfqFSwskLBWo9xYdFoYZ7eaWc="></latexit><latexit sha1_base64="JJlfqFSwskLBWo9xYdFoYZ7eaWc="></latexit><latexit sha1_base64="JJlfqFSwskLBWo9xYdFoYZ7eaWc="></latexit><latexit sha1_base64="JJlfqFSwskLBWo9xYdFoYZ7eaWc="></latexit>

This is the largest convex function with Tf (c�t , c�t0 ) = cf (t , t 0),
<latexit sha1_base64="LH7uhOKBxsCIv2h6tcedjcj0H/Q="></latexit><latexit sha1_base64="LH7uhOKBxsCIv2h6tcedjcj0H/Q="></latexit><latexit sha1_base64="LH7uhOKBxsCIv2h6tcedjcj0H/Q="></latexit><latexit sha1_base64="LH7uhOKBxsCIv2h6tcedjcj0H/Q="></latexit>
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Typical transport costs

f (t , t 0) = {0 if t = t 0, 1 else}
<latexit sha1_base64="ltqWgq/8ETrHIxfjfcOANrMjpjU="></latexit><latexit sha1_base64="ltqWgq/8ETrHIxfjfcOANrMjpjU="></latexit><latexit sha1_base64="ltqWgq/8ETrHIxfjfcOANrMjpjU="></latexit><latexit sha1_base64="ltqWgq/8ETrHIxfjfcOANrMjpjU="></latexit>

Tf (µ,µ0) = 1
2kµ� µ0kTV

<latexit sha1_base64="SATqWgQkzypW+CAO9jWMgxSu5y8="></latexit><latexit sha1_base64="wVEvyMPOZiVBmqC4kbWBAYAIKLg="></latexit><latexit sha1_base64="wVEvyMPOZiVBmqC4kbWBAYAIKLg="></latexit><latexit sha1_base64="Un6gBsHSMIGP1rEB1egw9wVH2gg="></latexit>

f (t , t 0) = d(t , t 0)
<latexit sha1_base64="qbJxWCvcJm2sl26ljJhwgYdI58M="></latexit><latexit sha1_base64="qbJxWCvcJm2sl26ljJhwgYdI58M="></latexit><latexit sha1_base64="qbJxWCvcJm2sl26ljJhwgYdI58M="></latexit><latexit sha1_base64="qbJxWCvcJm2sl26ljJhwgYdI58M="></latexit>

Tf (µ,µ0) is the 1-Wasserstein distance
<latexit sha1_base64="Ywfk+d+FD8FOQzQrWllYbr+lAM8="></latexit><latexit sha1_base64="Ywfk+d+FD8FOQzQrWllYbr+lAM8="></latexit><latexit sha1_base64="Ywfk+d+FD8FOQzQrWllYbr+lAM8="></latexit><latexit sha1_base64="Ywfk+d+FD8FOQzQrWllYbr+lAM8="></latexit>

f (t , t 0) = d(t , t 0)2
<latexit sha1_base64="HKLTL+6xwk08Ud2eAZiSLfoR4z0="></latexit><latexit sha1_base64="HKLTL+6xwk08Ud2eAZiSLfoR4z0="></latexit><latexit sha1_base64="HKLTL+6xwk08Ud2eAZiSLfoR4z0="></latexit><latexit sha1_base64="HKLTL+6xwk08Ud2eAZiSLfoR4z0="></latexit>

p
Tf (µ,µ0) is the 2-Wasserstein distance

<latexit sha1_base64="Lhcvc4WsI6BZLiZFq6EH9eG+l6g="></latexit><latexit sha1_base64="Lhcvc4WsI6BZLiZFq6EH9eG+l6g="></latexit><latexit sha1_base64="Lhcvc4WsI6BZLiZFq6EH9eG+l6g="></latexit><latexit sha1_base64="Lhcvc4WsI6BZLiZFq6EH9eG+l6g="></latexit>

is the Radon distance

<latexit sha1_base64="DbIBBsBigi0muOU+OoSlwJcKu8o="></latexit><latexit sha1_base64="DbIBBsBigi0muOU+OoSlwJcKu8o="></latexit><latexit sha1_base64="DbIBBsBigi0muOU+OoSlwJcKu8o="></latexit><latexit sha1_base64="DbIBBsBigi0muOU+OoSlwJcKu8o="></latexit>

9
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Optimal transport of signed measures

for every c 2 R, (t , t 0) 2 T2

?

<latexit sha1_base64="WGDa/Y8EGVb7A+yKTiyZMEd0GGw="></latexit><latexit sha1_base64="WGDa/Y8EGVb7A+yKTiyZMEd0GGw="></latexit><latexit sha1_base64="WGDa/Y8EGVb7A+yKTiyZMEd0GGw="></latexit><latexit sha1_base64="WGDa/Y8EGVb7A+yKTiyZMEd0GGw="></latexit>

Largest convex function with Tf (c�t , c�t0 )  |c|f (t , t 0),
<latexit sha1_base64="pP4oBDQuX3bvD03KEfOK91syv7k="></latexit><latexit sha1_base64="pP4oBDQuX3bvD03KEfOK91syv7k="></latexit><latexit sha1_base64="pP4oBDQuX3bvD03KEfOK91syv7k="></latexit><latexit sha1_base64="pP4oBDQuX3bvD03KEfOK91syv7k="></latexit>
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Optimal transport of signed measures

for every c 2 R, (t , t 0) 2 T2

?

<latexit sha1_base64="WGDa/Y8EGVb7A+yKTiyZMEd0GGw="></latexit><latexit sha1_base64="WGDa/Y8EGVb7A+yKTiyZMEd0GGw="></latexit><latexit sha1_base64="WGDa/Y8EGVb7A+yKTiyZMEd0GGw="></latexit><latexit sha1_base64="WGDa/Y8EGVb7A+yKTiyZMEd0GGw="></latexit>

Largest convex function with Tf (c�t , c�t0 )  |c|f (t , t 0),
<latexit sha1_base64="pP4oBDQuX3bvD03KEfOK91syv7k="></latexit><latexit sha1_base64="pP4oBDQuX3bvD03KEfOK91syv7k="></latexit><latexit sha1_base64="pP4oBDQuX3bvD03KEfOK91syv7k="></latexit><latexit sha1_base64="pP4oBDQuX3bvD03KEfOK91syv7k="></latexit>

8(µ,µ0) 2 M2 with µ(T) = µ0(T),
<latexit sha1_base64="9LNH8ide6EzZIkgUdKeoLYEobo0="></latexit><latexit sha1_base64="9LNH8ide6EzZIkgUdKeoLYEobo0="></latexit><latexit sha1_base64="9LNH8ide6EzZIkgUdKeoLYEobo0="></latexit><latexit sha1_base64="9LNH8ide6EzZIkgUdKeoLYEobo0="></latexit>

s.t. the marginals of ⌫ are µ and µ0
<latexit sha1_base64="wni8rQXX0VsyZaYGlwtBfhn9nvo="></latexit><latexit sha1_base64="wni8rQXX0VsyZaYGlwtBfhn9nvo="></latexit><latexit sha1_base64="wni8rQXX0VsyZaYGlwtBfhn9nvo="></latexit><latexit sha1_base64="wni8rQXX0VsyZaYGlwtBfhn9nvo="></latexit>

10

Tf (µ,µ0
) = inf

signed measures

⌫ on T2

Z

T2

f (t , t 0)d|⌫|(t , t 0)

<latexit sha1_base64="/1v4YZLJzmjlqCr//XSMk96b5oo="></latexit>
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Optimal transport of signed measures

If f = � � d with � increasing, concave, and �(0) = 0,

<latexit sha1_base64="ePTLSxzv/wwy+RQPckvQCta/LCQ="></latexit><latexit sha1_base64="ePTLSxzv/wwy+RQPckvQCta/LCQ="></latexit><latexit sha1_base64="ePTLSxzv/wwy+RQPckvQCta/LCQ="></latexit><latexit sha1_base64="ePTLSxzv/wwy+RQPckvQCta/LCQ="></latexit>

0 1 0 1

⌘<latexit sha1_base64="NNIfy5k9RD26csoGxAPhb2oboIw="></latexit><latexit sha1_base64="gnWMLWxWrDlQD4vLh/dIIB2pDrA="></latexit><latexit sha1_base64="gnWMLWxWrDlQD4vLh/dIIB2pDrA="></latexit><latexit sha1_base64="GW8HQAPlECFSDvCAvsbMBezuToU="></latexit>

Tf (µ,µ0) = Tf (µ+ + µ0�,µ0+ + µ�)
<latexit sha1_base64="491IfEsTv01mlmMssCXw5zG0NFc="></latexit><latexit sha1_base64="LVwUZoolGEK4zaNWpudVXlLQWto="></latexit><latexit sha1_base64="LVwUZoolGEK4zaNWpudVXlLQWto="></latexit><latexit sha1_base64="SHvmQK/rHkSTUMtoiYIWGy6CxmM="></latexit>
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0 1

1

Optimal transport of signed measures

0 1

1

⌘<latexit sha1_base64="NNIfy5k9RD26csoGxAPhb2oboIw="></latexit><latexit sha1_base64="gnWMLWxWrDlQD4vLh/dIIB2pDrA="></latexit><latexit sha1_base64="gnWMLWxWrDlQD4vLh/dIIB2pDrA="></latexit><latexit sha1_base64="GW8HQAPlECFSDvCAvsbMBezuToU="></latexit>

If f = � � d with � increasing and strictly convex, Tf = 0 !

<latexit sha1_base64="Z//JEjBlqEPAOEJi3SfZQlqHxfQ="></latexit><latexit sha1_base64="Z//JEjBlqEPAOEJi3SfZQlqHxfQ="></latexit><latexit sha1_base64="Z//JEjBlqEPAOEJi3SfZQlqHxfQ="></latexit><latexit sha1_base64="Z//JEjBlqEPAOEJi3SfZQlqHxfQ="></latexit>
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Atomic norm

kvka = inf
�
kµkTV : µ 2 M, Fµ = v

 
<latexit sha1_base64="5chlxgtdFNhU+7KhyZT5DO0VDbA="></latexit><latexit sha1_base64="OHOvmmzAHdDiJo90Ta72IQRbfOE="></latexit><latexit sha1_base64="OHOvmmzAHdDiJo90Ta72IQRbfOE="></latexit><latexit sha1_base64="HrB1c/iwy6MEMDWrg798B7wu1zc="></latexit>

For every v 2 V, its atomic norm defined as:

<latexit sha1_base64="qo/Xc0Ji3qv5NiqYeWv2bSKqRrw="></latexit><latexit sha1_base64="qo/Xc0Ji3qv5NiqYeWv2bSKqRrw="></latexit><latexit sha1_base64="qo/Xc0Ji3qv5NiqYeWv2bSKqRrw="></latexit><latexit sha1_base64="qo/Xc0Ji3qv5NiqYeWv2bSKqRrw="></latexit>
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Atomic norm

Finite dimensional SDP formulation:

<latexit sha1_base64="L2Lh1Voux3ySnpmVCOSqDJvLYPY="></latexit><latexit sha1_base64="L2Lh1Voux3ySnpmVCOSqDJvLYPY="></latexit><latexit sha1_base64="L2Lh1Voux3ySnpmVCOSqDJvLYPY="></latexit><latexit sha1_base64="L2Lh1Voux3ySnpmVCOSqDJvLYPY="></latexit>

kvka = inf
�
kµkTV : µ 2 M, Fµ = v

 
<latexit sha1_base64="5chlxgtdFNhU+7KhyZT5DO0VDbA="></latexit><latexit sha1_base64="OHOvmmzAHdDiJo90Ta72IQRbfOE="></latexit><latexit sha1_base64="OHOvmmzAHdDiJo90Ta72IQRbfOE="></latexit><latexit sha1_base64="HrB1c/iwy6MEMDWrg798B7wu1zc="></latexit>

For every v 2 V, its atomic norm defined as:

<latexit sha1_base64="qo/Xc0Ji3qv5NiqYeWv2bSKqRrw="></latexit><latexit sha1_base64="qo/Xc0Ji3qv5NiqYeWv2bSKqRrw="></latexit><latexit sha1_base64="qo/Xc0Ji3qv5NiqYeWv2bSKqRrw="></latexit><latexit sha1_base64="qo/Xc0Ji3qv5NiqYeWv2bSKqRrw="></latexit>

kvk
a

= min

X
2

M+1

tr(X ) � v
0

s.t. X is Toeplitz

and X < 0 and X � V < 0

<latexit sha1_base64="cpU3pJTi71/PqtTipA4IEw+hy0w="></latexit><latexit sha1_base64="cpU3pJTi71/PqtTipA4IEw+hy0w="></latexit><latexit sha1_base64="cpU3pJTi71/PqtTipA4IEw+hy0w="></latexit><latexit sha1_base64="cpU3pJTi71/PqtTipA4IEw+hy0w="></latexit>
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Atomic transport cost

Ta,f (v , v 0) = min
�
Tf (µ,µ0) : (µ,µ0) 2 M2,
Fµ = v , Fµ0 = v 0 

<latexit sha1_base64="lnO+sq0TcBwA+5+lIhFF/pyx46M="></latexit><latexit sha1_base64="lnO+sq0TcBwA+5+lIhFF/pyx46M="></latexit><latexit sha1_base64="lnO+sq0TcBwA+5+lIhFF/pyx46M="></latexit><latexit sha1_base64="lnO+sq0TcBwA+5+lIhFF/pyx46M="></latexit>

8(v , v 0
) 2 V2

with v
0

= v 0
0

, atomic transport cost:

<latexit sha1_base64="b0x22Kdkfu/i27tr3DQK9i1c7Es="></latexit><latexit sha1_base64="b0x22Kdkfu/i27tr3DQK9i1c7Es="></latexit><latexit sha1_base64="b0x22Kdkfu/i27tr3DQK9i1c7Es="></latexit><latexit sha1_base64="b0x22Kdkfu/i27tr3DQK9i1c7Es="></latexit>
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Atomic transport cost

Ta,f (v , v 0) = min
�
Tf (µ,µ0) : (µ,µ0) 2 M2,
Fµ = v , Fµ0 = v 0 

<latexit sha1_base64="lnO+sq0TcBwA+5+lIhFF/pyx46M="></latexit><latexit sha1_base64="lnO+sq0TcBwA+5+lIhFF/pyx46M="></latexit><latexit sha1_base64="lnO+sq0TcBwA+5+lIhFF/pyx46M="></latexit><latexit sha1_base64="lnO+sq0TcBwA+5+lIhFF/pyx46M="></latexit>

8(v , v 0
) 2 V2

with v
0

= v 0
0

, atomic transport cost:

<latexit sha1_base64="b0x22Kdkfu/i27tr3DQK9i1c7Es="></latexit><latexit sha1_base64="b0x22Kdkfu/i27tr3DQK9i1c7Es="></latexit><latexit sha1_base64="b0x22Kdkfu/i27tr3DQK9i1c7Es="></latexit><latexit sha1_base64="b0x22Kdkfu/i27tr3DQK9i1c7Es="></latexit>

Limited to the concave case

<latexit sha1_base64="ZG1pngCNCqybOAnyYmibeF4rVxg="></latexit><latexit sha1_base64="ZG1pngCNCqybOAnyYmibeF4rVxg="></latexit><latexit sha1_base64="ZG1pngCNCqybOAnyYmibeF4rVxg="></latexit><latexit sha1_base64="ZG1pngCNCqybOAnyYmibeF4rVxg="></latexit>

14
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Atomic Radon distance

da0(v , v 0) = min
� 1

2kµ� µ0kTV : (µ,µ0) 2 M2,
Fµ = v , Fµ0 = v 0 

= 1
2kv � v 0ka

<latexit sha1_base64="c93sF823Gb8HHL/dwZ5wGEOmeZA="></latexit><latexit sha1_base64="c93sF823Gb8HHL/dwZ5wGEOmeZA="></latexit><latexit sha1_base64="c93sF823Gb8HHL/dwZ5wGEOmeZA="></latexit><latexit sha1_base64="c93sF823Gb8HHL/dwZ5wGEOmeZA="></latexit>

f (t , t 0) = {0 if t = t 0, 1 else}
<latexit sha1_base64="ltqWgq/8ETrHIxfjfcOANrMjpjU="></latexit><latexit sha1_base64="ltqWgq/8ETrHIxfjfcOANrMjpjU="></latexit><latexit sha1_base64="ltqWgq/8ETrHIxfjfcOANrMjpjU="></latexit><latexit sha1_base64="ltqWgq/8ETrHIxfjfcOANrMjpjU="></latexit>

8(v , v 0) 2 V2 with v0 = v 0
0,

<latexit sha1_base64="8trWVQyrmQnEQvj003c6XUAYt50="></latexit><latexit sha1_base64="8trWVQyrmQnEQvj003c6XUAYt50="></latexit><latexit sha1_base64="8trWVQyrmQnEQvj003c6XUAYt50="></latexit><latexit sha1_base64="8trWVQyrmQnEQvj003c6XUAYt50="></latexit>

atomic Radon distance

<latexit sha1_base64="vTd38+ZpTp0BuXA59YYjbaPLtKE="></latexit><latexit sha1_base64="vTd38+ZpTp0BuXA59YYjbaPLtKE="></latexit><latexit sha1_base64="vTd38+ZpTp0BuXA59YYjbaPLtKE="></latexit><latexit sha1_base64="vTd38+ZpTp0BuXA59YYjbaPLtKE="></latexit>

15
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Atomic Radon distance
da0(v , v 0)

<latexit sha1_base64="3P9MRYaTktMqyFaJFjwbfTDiozU="></latexit><latexit sha1_base64="3P9MRYaTktMqyFaJFjwbfTDiozU="></latexit><latexit sha1_base64="3P9MRYaTktMqyFaJFjwbfTDiozU="></latexit><latexit sha1_base64="3P9MRYaTktMqyFaJFjwbfTDiozU="></latexit>

v = (e�j2⇡tm)M
m=�M , v 0 = (e�j2⇡t0m)M

m=�M , M = 10
<latexit sha1_base64="GhGQFeICjD1tNionAZV4fRzOxoE="></latexit><latexit sha1_base64="GhGQFeICjD1tNionAZV4fRzOxoE="></latexit><latexit sha1_base64="GhGQFeICjD1tNionAZV4fRzOxoE="></latexit><latexit sha1_base64="GhGQFeICjD1tNionAZV4fRzOxoE="></latexit>

d(t , t 0)
<latexit sha1_base64="jE1SJHoIkKpMkR9AaIejWbsRRX8="></latexit><latexit sha1_base64="QO3c82I2+fO2rIPVTus3x+t8xMs="></latexit><latexit sha1_base64="QO3c82I2+fO2rIPVTus3x+t8xMs="></latexit><latexit sha1_base64="2hvN9ktSNYxb6wQwUrwWzOeV9tw="></latexit>

Exact if d(t , t 0) � 1

2M
<latexit sha1_base64="mnqUfnWZ8MiBAk5HmOqmW6bCuR4="></latexit><latexit sha1_base64="mnqUfnWZ8MiBAk5HmOqmW6bCuR4="></latexit><latexit sha1_base64="mnqUfnWZ8MiBAk5HmOqmW6bCuR4="></latexit><latexit sha1_base64="mnqUfnWZ8MiBAk5HmOqmW6bCuR4="></latexit>

16



/ 27Laurent Condat   -   optimal transport of measures in frequency domain 

Atomic Wasserstein-1 distance

f (t , t 0) = d(t , t 0)
<latexit sha1_base64="qbJxWCvcJm2sl26ljJhwgYdI58M="></latexit><latexit sha1_base64="qbJxWCvcJm2sl26ljJhwgYdI58M="></latexit><latexit sha1_base64="qbJxWCvcJm2sl26ljJhwgYdI58M="></latexit><latexit sha1_base64="qbJxWCvcJm2sl26ljJhwgYdI58M="></latexit>

atomic Wasserstein-1 distance

<latexit sha1_base64="zxFspMCeZ9l4WqqPiua+9+xWZ/w="></latexit><latexit sha1_base64="zxFspMCeZ9l4WqqPiua+9+xWZ/w="></latexit><latexit sha1_base64="zxFspMCeZ9l4WqqPiua+9+xWZ/w="></latexit><latexit sha1_base64="zxFspMCeZ9l4WqqPiua+9+xWZ/w="></latexit>

da1(v , v 0) = min
�
Tf (µ,µ0) : (µ,µ0) 2 M2,
Fµ = v , Fµ0 = v 0 ,

<latexit sha1_base64="l7xl/y8DlPvlhnfcpwDVVosEld0="></latexit><latexit sha1_base64="l7xl/y8DlPvlhnfcpwDVVosEld0="></latexit><latexit sha1_base64="l7xl/y8DlPvlhnfcpwDVVosEld0="></latexit><latexit sha1_base64="l7xl/y8DlPvlhnfcpwDVVosEld0="></latexit>
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Atomic Wasserstein-1 distance

f (t , t 0) = d(t , t 0)
<latexit sha1_base64="qbJxWCvcJm2sl26ljJhwgYdI58M="></latexit><latexit sha1_base64="qbJxWCvcJm2sl26ljJhwgYdI58M="></latexit><latexit sha1_base64="qbJxWCvcJm2sl26ljJhwgYdI58M="></latexit><latexit sha1_base64="qbJxWCvcJm2sl26ljJhwgYdI58M="></latexit>

atomic Wasserstein-1 distance

<latexit sha1_base64="zxFspMCeZ9l4WqqPiua+9+xWZ/w="></latexit><latexit sha1_base64="zxFspMCeZ9l4WqqPiua+9+xWZ/w="></latexit><latexit sha1_base64="zxFspMCeZ9l4WqqPiua+9+xWZ/w="></latexit><latexit sha1_base64="zxFspMCeZ9l4WqqPiua+9+xWZ/w="></latexit>

da1(v , v 0) = min
�
Tf (µ,µ0) : (µ,µ0) 2 M2,
Fµ = v , Fµ0 = v 0 ,

<latexit sha1_base64="l7xl/y8DlPvlhnfcpwDVVosEld0="></latexit><latexit sha1_base64="l7xl/y8DlPvlhnfcpwDVVosEld0="></latexit><latexit sha1_base64="l7xl/y8DlPvlhnfcpwDVVosEld0="></latexit><latexit sha1_base64="l7xl/y8DlPvlhnfcpwDVVosEld0="></latexit>

where F and F 0
are the cumulative functions of µ and µ0

<latexit sha1_base64="jixWJtXz9lJ9x9Krs4VN6u68E5I="></latexit><latexit sha1_base64="jixWJtXz9lJ9x9Krs4VN6u68E5I="></latexit><latexit sha1_base64="jixWJtXz9lJ9x9Krs4VN6u68E5I="></latexit><latexit sha1_base64="jixWJtXz9lJ9x9Krs4VN6u68E5I="></latexit>

Tf (µ,µ0) = min
↵2R

Z

T

��F (t) � F 0(t) � ↵
��dt

<latexit sha1_base64="4ryaRWdOfyMtqOZs+Bl2ikpI5F0="></latexit><latexit sha1_base64="rO9yd4YqNUF59RYp4f7dc9Vobd8="></latexit><latexit sha1_base64="rO9yd4YqNUF59RYp4f7dc9Vobd8="></latexit><latexit sha1_base64="3bWTC4VEVPjyuxGcyFWlLqJcxqI="></latexit>
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0 1

1

0 1

1

0 1

1
0 1

0

↵ = �1
<latexit sha1_base64="XU6z+ozLs7/0ufrHbwkKk2gcXjI="></latexit><latexit sha1_base64="ZYoWy7Epw9w9P1O2xrIwkCbBiVw="></latexit><latexit sha1_base64="ZYoWy7Epw9w9P1O2xrIwkCbBiVw="></latexit><latexit sha1_base64="6ZVAFAEnlkkOeQeUJdJXGA0N980="></latexit>

↵ = 0
<latexit sha1_base64="Of5+QLrwyzxTaxg8jx/e8Cqengw="></latexit><latexit sha1_base64="gBG3GatET6ODSTYG5v07v9ZOGRo="></latexit><latexit sha1_base64="gBG3GatET6ODSTYG5v07v9ZOGRo="></latexit><latexit sha1_base64="vd6iUPlnZAzp/a92k03wlyzhjrU="></latexit>

Atomic Wasserstein-1 distance
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Atomic Wasserstein-1 distance

f (t , t 0) = d(t , t 0)
<latexit sha1_base64="qbJxWCvcJm2sl26ljJhwgYdI58M="></latexit><latexit sha1_base64="qbJxWCvcJm2sl26ljJhwgYdI58M="></latexit><latexit sha1_base64="qbJxWCvcJm2sl26ljJhwgYdI58M="></latexit><latexit sha1_base64="qbJxWCvcJm2sl26ljJhwgYdI58M="></latexit>

atomic Wasserstein-1 distance

<latexit sha1_base64="zxFspMCeZ9l4WqqPiua+9+xWZ/w="></latexit><latexit sha1_base64="zxFspMCeZ9l4WqqPiua+9+xWZ/w="></latexit><latexit sha1_base64="zxFspMCeZ9l4WqqPiua+9+xWZ/w="></latexit><latexit sha1_base64="zxFspMCeZ9l4WqqPiua+9+xWZ/w="></latexit>

da1(v , v 0) = min
�
Tf (µ,µ0) : (µ,µ0) 2 M2,
Fµ = v , Fµ0 = v 0 ,

<latexit sha1_base64="l7xl/y8DlPvlhnfcpwDVVosEld0="></latexit><latexit sha1_base64="l7xl/y8DlPvlhnfcpwDVVosEld0="></latexit><latexit sha1_base64="l7xl/y8DlPvlhnfcpwDVVosEld0="></latexit><latexit sha1_base64="l7xl/y8DlPvlhnfcpwDVVosEld0="></latexit>

= min
�
k⌘kTV : ⌘ 2 M, F⌘ = w , with

j2⇡mwm = vm � v 0
m, m = �M, ... , M

 
<latexit sha1_base64="s1Je18lCsZP3nIY5vlyyRyJaFUE="></latexit><latexit sha1_base64="s1Je18lCsZP3nIY5vlyyRyJaFUE="></latexit><latexit sha1_base64="s1Je18lCsZP3nIY5vlyyRyJaFUE="></latexit><latexit sha1_base64="s1Je18lCsZP3nIY5vlyyRyJaFUE="></latexit>
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Atomic Wasserstein-1 distance

f (t , t 0) = d(t , t 0)
<latexit sha1_base64="qbJxWCvcJm2sl26ljJhwgYdI58M="></latexit><latexit sha1_base64="qbJxWCvcJm2sl26ljJhwgYdI58M="></latexit><latexit sha1_base64="qbJxWCvcJm2sl26ljJhwgYdI58M="></latexit><latexit sha1_base64="qbJxWCvcJm2sl26ljJhwgYdI58M="></latexit>

atomic Wasserstein-1 distance

<latexit sha1_base64="zxFspMCeZ9l4WqqPiua+9+xWZ/w="></latexit><latexit sha1_base64="zxFspMCeZ9l4WqqPiua+9+xWZ/w="></latexit><latexit sha1_base64="zxFspMCeZ9l4WqqPiua+9+xWZ/w="></latexit><latexit sha1_base64="zxFspMCeZ9l4WqqPiua+9+xWZ/w="></latexit>

da1(v , v 0) = min
�
Tf (µ,µ0) : (µ,µ0) 2 M2,
Fµ = v , Fµ0 = v 0 ,

<latexit sha1_base64="l7xl/y8DlPvlhnfcpwDVVosEld0="></latexit><latexit sha1_base64="l7xl/y8DlPvlhnfcpwDVVosEld0="></latexit><latexit sha1_base64="l7xl/y8DlPvlhnfcpwDVVosEld0="></latexit><latexit sha1_base64="l7xl/y8DlPvlhnfcpwDVVosEld0="></latexit>

= min
�
k⌘kTV : ⌘ 2 M, F⌘ = w , with

j2⇡mwm = vm � v 0
m, m = �M, ... , M

 
<latexit sha1_base64="s1Je18lCsZP3nIY5vlyyRyJaFUE="></latexit><latexit sha1_base64="s1Je18lCsZP3nIY5vlyyRyJaFUE="></latexit><latexit sha1_base64="s1Je18lCsZP3nIY5vlyyRyJaFUE="></latexit><latexit sha1_base64="s1Je18lCsZP3nIY5vlyyRyJaFUE="></latexit>

= min

X ,↵

�
2

M+1

tr(X ) + ↵
�

s.t. X is Toeplitz

and X < 0 and X � W + ↵Id < 0

<latexit sha1_base64="dsBJxQx7PFis6WmZcQ4KS2SbxlM="></latexit><latexit sha1_base64="dsBJxQx7PFis6WmZcQ4KS2SbxlM="></latexit><latexit sha1_base64="dsBJxQx7PFis6WmZcQ4KS2SbxlM="></latexit><latexit sha1_base64="dsBJxQx7PFis6WmZcQ4KS2SbxlM="></latexit>

where w =
�
(vm � v 0

m)/(j2⇡m)
�M

m=�M , with w0 = 0, and W = T(w)
<latexit sha1_base64="ALuCNu3tMWenrn0rqPoLtaUP2D0="></latexit><latexit sha1_base64="ALuCNu3tMWenrn0rqPoLtaUP2D0="></latexit><latexit sha1_base64="ALuCNu3tMWenrn0rqPoLtaUP2D0="></latexit><latexit sha1_base64="ALuCNu3tMWenrn0rqPoLtaUP2D0="></latexit>
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Atomic Wasserstein-1 distance

f (t , t 0) = d(t , t 0)
<latexit sha1_base64="qbJxWCvcJm2sl26ljJhwgYdI58M="></latexit><latexit sha1_base64="qbJxWCvcJm2sl26ljJhwgYdI58M="></latexit><latexit sha1_base64="qbJxWCvcJm2sl26ljJhwgYdI58M="></latexit><latexit sha1_base64="qbJxWCvcJm2sl26ljJhwgYdI58M="></latexit>

atomic Wasserstein-1 distance

<latexit sha1_base64="zxFspMCeZ9l4WqqPiua+9+xWZ/w="></latexit><latexit sha1_base64="zxFspMCeZ9l4WqqPiua+9+xWZ/w="></latexit><latexit sha1_base64="zxFspMCeZ9l4WqqPiua+9+xWZ/w="></latexit><latexit sha1_base64="zxFspMCeZ9l4WqqPiua+9+xWZ/w="></latexit>

da1(v , v 0) = min
�
Tf (µ,µ0) : (µ,µ0) 2 M2,
Fµ = v , Fµ0 = v 0 ,

<latexit sha1_base64="l7xl/y8DlPvlhnfcpwDVVosEld0="></latexit><latexit sha1_base64="l7xl/y8DlPvlhnfcpwDVVosEld0="></latexit><latexit sha1_base64="l7xl/y8DlPvlhnfcpwDVVosEld0="></latexit><latexit sha1_base64="l7xl/y8DlPvlhnfcpwDVVosEld0="></latexit>

= min
�
k⌘kTV : ⌘ 2 M, F⌘ = w , with

j2⇡mwm = vm � v 0
m, m = �M, ... , M

 
<latexit sha1_base64="s1Je18lCsZP3nIY5vlyyRyJaFUE="></latexit><latexit sha1_base64="s1Je18lCsZP3nIY5vlyyRyJaFUE="></latexit><latexit sha1_base64="s1Je18lCsZP3nIY5vlyyRyJaFUE="></latexit><latexit sha1_base64="s1Je18lCsZP3nIY5vlyyRyJaFUE="></latexit>

= min

X

�
2

M+1

tr(X ) + i

+

(W � X )

�
s.t.

X is Toeplitz and X < 0,

<latexit sha1_base64="uEafN28+fUdvENqrOhrk0iZmDO8="></latexit><latexit sha1_base64="uEafN28+fUdvENqrOhrk0iZmDO8="></latexit><latexit sha1_base64="uEafN28+fUdvENqrOhrk0iZmDO8="></latexit><latexit sha1_base64="uEafN28+fUdvENqrOhrk0iZmDO8="></latexit>

where i

+

denotes the largest eigenvalue

<latexit sha1_base64="cO4qH01CZYDgFIGPqtbSyhJXQLc="></latexit><latexit sha1_base64="cO4qH01CZYDgFIGPqtbSyhJXQLc="></latexit><latexit sha1_base64="cO4qH01CZYDgFIGPqtbSyhJXQLc="></latexit><latexit sha1_base64="cO4qH01CZYDgFIGPqtbSyhJXQLc="></latexit>
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0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
d(f,f')

0
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0.25

0.3

0.35

0.4

0.45

0.5

Atomic Wasserstein-1 distance

d(t , t 0)
<latexit sha1_base64="jE1SJHoIkKpMkR9AaIejWbsRRX8="></latexit><latexit sha1_base64="QO3c82I2+fO2rIPVTus3x+t8xMs="></latexit><latexit sha1_base64="QO3c82I2+fO2rIPVTus3x+t8xMs="></latexit><latexit sha1_base64="2hvN9ktSNYxb6wQwUrwWzOeV9tw="></latexit>

da1(v , v 0)
<latexit sha1_base64="K5Bo/U3pNTcGFW/sl5LtZTTzqR4="></latexit><latexit sha1_base64="K5Bo/U3pNTcGFW/sl5LtZTTzqR4="></latexit><latexit sha1_base64="K5Bo/U3pNTcGFW/sl5LtZTTzqR4="></latexit><latexit sha1_base64="K5Bo/U3pNTcGFW/sl5LtZTTzqR4="></latexit>

v = (e�j2⇡tm)M
m=�M , v 0 = (e�j2⇡t0m)M

m=�M , M = 10
<latexit sha1_base64="GhGQFeICjD1tNionAZV4fRzOxoE="></latexit><latexit sha1_base64="GhGQFeICjD1tNionAZV4fRzOxoE="></latexit><latexit sha1_base64="GhGQFeICjD1tNionAZV4fRzOxoE="></latexit><latexit sha1_base64="GhGQFeICjD1tNionAZV4fRzOxoE="></latexit>
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v 0
is fixed as an atom: v 0

m = (c.e�j2⇡t0m
)

M
m=�M .

<latexit sha1_base64="TfQDJk+bYubnZrfNwWWaM/Gjh8w="></latexit><latexit sha1_base64="TfQDJk+bYubnZrfNwWWaM/Gjh8w="></latexit><latexit sha1_base64="TfQDJk+bYubnZrfNwWWaM/Gjh8w="></latexit><latexit sha1_base64="TfQDJk+bYubnZrfNwWWaM/Gjh8w="></latexit>

Atomic squared Wasserstein-2 distance
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We design an approximation

ed2

a2

of the function

<latexit sha1_base64="bFyWdj0SAFnpyNhmIkDBikTkUFE="></latexit><latexit sha1_base64="bFyWdj0SAFnpyNhmIkDBikTkUFE="></latexit><latexit sha1_base64="bFyWdj0SAFnpyNhmIkDBikTkUFE="></latexit><latexit sha1_base64="bFyWdj0SAFnpyNhmIkDBikTkUFE="></latexit>

which maps v 2 V, with v
0

= c and T(v ) < 0, to

<latexit sha1_base64="w5MBXKO4dGRrrjn6ANOd/hCVEtk="></latexit><latexit sha1_base64="w5MBXKO4dGRrrjn6ANOd/hCVEtk="></latexit><latexit sha1_base64="w5MBXKO4dGRrrjn6ANOd/hCVEtk="></latexit><latexit sha1_base64="w5MBXKO4dGRrrjn6ANOd/hCVEtk="></latexit>

v 0
is fixed as an atom: v 0

m = (c.e�j2⇡t0m
)

M
m=�M .

<latexit sha1_base64="TfQDJk+bYubnZrfNwWWaM/Gjh8w="></latexit><latexit sha1_base64="TfQDJk+bYubnZrfNwWWaM/Gjh8w="></latexit><latexit sha1_base64="TfQDJk+bYubnZrfNwWWaM/Gjh8w="></latexit><latexit sha1_base64="TfQDJk+bYubnZrfNwWWaM/Gjh8w="></latexit>

T
a,d2

(v , v 0
) = min

pos. measure µ

Z

T
d(t , t 0)2

dµ(t)
<latexit sha1_base64="K/dmgNy8XdeZyTE3MaIyPJtTdeA="></latexit><latexit sha1_base64="dXBfYEdXYP2t4gMrtD5/V9cnSWU="></latexit><latexit sha1_base64="dXBfYEdXYP2t4gMrtD5/V9cnSWU="></latexit><latexit sha1_base64="CSPVuTd+B1SrSZg/Ybresf1WkgA="></latexit>

s.t. Fµ = v
<latexit sha1_base64="nKvYtB+QHJFjFmAjSoHk5103ejU="></latexit><latexit sha1_base64="nKvYtB+QHJFjFmAjSoHk5103ejU="></latexit><latexit sha1_base64="nKvYtB+QHJFjFmAjSoHk5103ejU="></latexit><latexit sha1_base64="nKvYtB+QHJFjFmAjSoHk5103ejU="></latexit>

Atomic squared Wasserstein-2 distance
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0 1

1

0 1

1

0 1

1

Atomic squared Wasserstein-2 distance
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Atomic squared Wasserstein-2 distance

ed2

a2

(v , v 0
) = min

�
⌘(T) : ⌘ 2 M is positive, F⌘ = w ,

with �4⇡2m2wm = vm � 2v 0
m + v 02

mv⇤
m, m = �M, ... , M

 
<latexit sha1_base64="hXvusSQnUc1roYm9tjQKrkxhpeI="></latexit><latexit sha1_base64="hXvusSQnUc1roYm9tjQKrkxhpeI="></latexit><latexit sha1_base64="hXvusSQnUc1roYm9tjQKrkxhpeI="></latexit><latexit sha1_base64="hXvusSQnUc1roYm9tjQKrkxhpeI="></latexit>
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Atomic squared Wasserstein-2 distance

ed2

a2

(v , v 0
) = min

�
⌘(T) : ⌘ 2 M is positive, F⌘ = w ,

with �4⇡2m2wm = vm � 2v 0
m + v 02

mv⇤
m, m = �M, ... , M

 
<latexit sha1_base64="hXvusSQnUc1roYm9tjQKrkxhpeI="></latexit><latexit sha1_base64="hXvusSQnUc1roYm9tjQKrkxhpeI="></latexit><latexit sha1_base64="hXvusSQnUc1roYm9tjQKrkxhpeI="></latexit><latexit sha1_base64="hXvusSQnUc1roYm9tjQKrkxhpeI="></latexit>

Explicit form :

set w =

�
(vm � 2v 0

m + v 02
mv⇤

m)/(�4⇡2m2

)

�M
m=�M ,

with w
0

= 0 and W = T(w).

<latexit sha1_base64="bL3BrxbZURVwk9WthyLVT/GMP+Q="></latexit><latexit sha1_base64="bL3BrxbZURVwk9WthyLVT/GMP+Q="></latexit><latexit sha1_base64="bL3BrxbZURVwk9WthyLVT/GMP+Q="></latexit><latexit sha1_base64="bL3BrxbZURVwk9WthyLVT/GMP+Q="></latexit>

Then ed2
a2(a, v ) = i+(�W )

<latexit sha1_base64="B1/BFcg10OhjtRA+yPGZsf/Fn9M="></latexit><latexit sha1_base64="B1/BFcg10OhjtRA+yPGZsf/Fn9M="></latexit><latexit sha1_base64="B1/BFcg10OhjtRA+yPGZsf/Fn9M="></latexit><latexit sha1_base64="B1/BFcg10OhjtRA+yPGZsf/Fn9M="></latexit>
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0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
d(f,f')

0

0.05

0.1

0.15

0.2

0.25

d(t , t 0)
<latexit sha1_base64="jE1SJHoIkKpMkR9AaIejWbsRRX8="></latexit><latexit sha1_base64="QO3c82I2+fO2rIPVTus3x+t8xMs="></latexit><latexit sha1_base64="QO3c82I2+fO2rIPVTus3x+t8xMs="></latexit><latexit sha1_base64="2hvN9ktSNYxb6wQwUrwWzOeV9tw="></latexit>

v = (e�j2⇡tm)M
m=�M , v 0 = (e�j2⇡t0m)M

m=�M , M = 10
<latexit sha1_base64="GhGQFeICjD1tNionAZV4fRzOxoE="></latexit><latexit sha1_base64="GhGQFeICjD1tNionAZV4fRzOxoE="></latexit><latexit sha1_base64="GhGQFeICjD1tNionAZV4fRzOxoE="></latexit><latexit sha1_base64="GhGQFeICjD1tNionAZV4fRzOxoE="></latexit>

ed2
a2(v , v 0)

<latexit sha1_base64="+k1zszmklGrnshynB5FP7FBdCC8="></latexit><latexit sha1_base64="+k1zszmklGrnshynB5FP7FBdCC8="></latexit><latexit sha1_base64="+k1zszmklGrnshynB5FP7FBdCC8="></latexit><latexit sha1_base64="+k1zszmklGrnshynB5FP7FBdCC8="></latexit>

Atomic squared Wasserstein-2 distance
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Wasserstein-2 barycenters
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1

vb = arg min
v : T(v )<0

ed2
a2(v , v1) + ed2

a2(v , v2)
<latexit sha1_base64="wUBS2bM88h/l7seNOY/L+L6GBt4="></latexit><latexit sha1_base64="oRwPy1LMN3AZ+YS4eYxmQsZE1Bo="></latexit><latexit sha1_base64="oRwPy1LMN3AZ+YS4eYxmQsZE1Bo="></latexit><latexit sha1_base64="5t62vIL3bxwpFbvR65002L/gvZk="></latexit>

v1
<latexit sha1_base64="FWvZYD05t0zX91dUrZwKseJlcr4="></latexit><latexit sha1_base64="O6UiXvvrHhmvYhqEeCIcjn8R4Vs="></latexit><latexit sha1_base64="O6UiXvvrHhmvYhqEeCIcjn8R4Vs="></latexit><latexit sha1_base64="vlsZ9gl9o3quHtbg/Zi7hw2WW60="></latexit>

v2
<latexit sha1_base64="H95EMpiafpY7E+Ci9GswKo5sLDY="></latexit><latexit sha1_base64="3J+DjcRn90jRSl7RsoE0wxDYhKE="></latexit><latexit sha1_base64="3J+DjcRn90jRSl7RsoE0wxDYhKE="></latexit><latexit sha1_base64="ZTBBGznWV5YkSJtheXXNReh4/O4="></latexit>

vb
<latexit sha1_base64="6hCspDATBucpO1HTGh3f/wCTuOg="></latexit><latexit sha1_base64="WfAOeV0TTByN6j4MDtYWn/xcIns="></latexit><latexit sha1_base64="WfAOeV0TTByN6j4MDtYWn/xcIns="></latexit><latexit sha1_base64="ZOvLHra6wwI+M4Xd1OiWdsR+1pg="></latexit>
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Application: Potts model
Piecewise-constant approximation with interface length 
regularization

M = 8
<latexit sha1_base64="oejU8G2O5WZn9uqARGYul3AAO/Y="></latexit><latexit sha1_base64="tAPHNSMa3dvsxw4tnnW8htXATvE="></latexit><latexit sha1_base64="tAPHNSMa3dvsxw4tnnW8htXATvE="></latexit><latexit sha1_base64="sseXqdiwbE5Fa4fXFSNxJDqBXt4="></latexit>
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Thank you!


