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Context

M = {signed Radon V= {(Vm)%=—M e oM
measures on T = R\Z} Vem = V)
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About existence, uniqueness, cardinality of i given Fpu, see

[L. Condat, “Atomic norm minimization for decomposition into complex
exponentials,” preprint, 2018]
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Global optimization

minimize f(t)
teT
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Global optimization

minimize f(t)
teT
0 1 =
minimize
proba. measure
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Global optimization with pairwise costs

f(t, t') > 0
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Global optimization with pairwise costs

f(t, t') > 0

J
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Global optimization with pairwise costs

f(t, ') > 0: cost of transporting d; to oy

1 f(t,t')
—

0 t t’ 1
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Optimal transport

Generalization to a pair of positive measures p and '
with same mass:

Tr(pe, 1)
T~
1 A
0 1
Te(w, 1) = —inf / f(t,)dv(t,t)
positive measure /2
v on T?

s.t. the marginals of v are . and u/
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Optimal transport

Generalization to a pair of positive measures p and '
with same mass:

1
0 1
Te(w, 1) = inf / f(t, t)dv(t, t')
positive measure /2
v on T?

s.t. the marginals of v are . and u/

This is the largest convex function with T:(cd;, cdy) = cf(t, t'),
for every ¢ > 0, (f,t') € T?
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Typical transport costs

f(t,')=4{0ift =1, 1 else}

I3 Ti(p, 1) = 5l — 1/|l7v  is the Radon distance

(L. 1) = d(t, ')
I T:(u, 1) is the 1-Wasserstein distance

f(t,t') = d(t, t')?
1" /T:(u, 1) is the 2-Wasserstein distance
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Optimal transport of signed measures

Largest convex function with 7¢(cd;, cér) < |c|f(t, t'),
forevery c € R, (t,t') € T? ?
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Optimal transport of signed measures

Largest convex function with 7¢(cd;, cér) < |c|f(t, t'),
forevery c € R, (t,t') € T? ?

V(u, p') € M= with 14(T) = p/(T),

Tr(p, ') = int f(t, t')dlv[(t, 1)
signed measures J T2
v on T?

s.t. the marginals of v are . and u/
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Optimal transport of signed measures

If f = ¢ o d with ¢ increasing, concave, and ¢(0) = 0,

aalhd

0 1

T, 1) = Te(p* + 1/, 1"+ p7)
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Optimal transport of signed measures

It f = ¢ o d with ¢ Increasing and strictly convex, 7; = 0 !
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Atomic norm

For every v € V, its atomic norm defined as:
Vlla =inf{|lulltv: peM, Fu=v}
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Atomic norm

For every v € V, its atomic norm defined as:
Vlla =inf{|lulltv: peM, Fu=v}

Finite dimensional SDP formulation:

[V]la =min #-tr(X) — vo st Xis Toeplitz

and X =0 and X-V =0
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Atomic transport cost

V(v, V') € V2 with vy = v}, atomic transport cost:

Tar(v, V') =min {Te(u, 1) © (u, 1) € M?,
Fu=v, Fu' =v'}
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Atomic transport cost

V(v, V') € V2 with vy = v}, atomic transport cost:

Tar(v, V') =min {Te(u, 1) © (u, 1) € M?,
Fu=v, Fu' =v'}

Limited to the concave case
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Atomic Radon distance

f(t,t')={0ift=1t',1else} =¥ atomic Radon distance
V(v, V') € V2 with vg = V{,

dao(V, V') = min {3||u — i |lrv : (u, 1) € M5,
Fu=v, Fu' =v'}

3V — Vs
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Atomic Radon distance

daO(Vs V/)
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_ —j27tmM / —i2rt'm\M _
v = (e ™M= v, vV =(e MY v, M=10

Exact if d(t, t') > 5
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Atomic Wasserstein-1 distance
f(t,t') =d(t, V) I atomic Wasserstein-1 distance

Cat (v, V') = min { Te(u, ') = (s, 1) € M2,
Fu=v, Fu' =Vv'},
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Atomic Wasserstein-1 distance

f(t,t') =d(t, V) I atomic Wasserstein-1 distance

Cat (v, V') = min { Te(u, ') = (s, 1) € M2,

= min /|F (t) — «|dt

where F and F’ are the cumulative functions of 1 and 1’
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Atomic Wasserstein-1 distance

0 1 0 1
0 1
1 0
a=—1
0 1
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Atomic Wasserstein-1 distance
f(t,t') =d(t, V) I atomic Wasserstein-1 distance

Cat (v, V') = min { Te(u, ') = (s, 1) € M2,
Fu=v, Fu' =Vv'},

=min{|nlltv : n €M, Fn=w, with
j2rmWy, = Vi — v, m=—-M,...,M}
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Atomic Wasserstein-1 distance
f(t,t') =d(t, V) I atomic Wasserstein-1 distance

Cat (v, V') = min { Te(u, ') = (s, 1) € M2,
Fu=v, Fu' =Vv'},

=min{|nlltv : n €M, Fn=w, with
j2rmWy, = Vi — v, m=—-M,...,M}

= r)rgin (s2<tr(X) +a) st Xis Toeplitz

and X >0 and X—-W+ald>=0

M
m=

where w = ((vin — v})/(j2rm)) ., with wp =0, and W = T(w)
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Atomic Wasserstein-1 distance
f(t,t') =d(t, V) I atomic Wasserstein-1 distance

Cat (v, V') = min { Te(u, ') = (s, 1) € M2,
Fu=v, Fu' =Vv'},

=min{|nlltv : n €M, Fn=w, with
j2rmWy, = Vi — v, m=—-M,...,M}

=min (2tr(X) +i* (W - X)) st

X 1s Toeplitz and X = 0,

where I* denotes the largest eigenvalue
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Atomic Wasserstein-1 distance

da1 (v, V')
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Atomic squared Wasserstein-2 distance

/e fi g —j2nt' myM
v’ is fixed as an atom: vy, = (c.e” =™ )2,
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Atomic squared Wasserstein-2 distance

/ e £ vyl —j2wt’'mM
v’ is fixed as an atom: v, = (c.e” =™ ™M)~ _ ..
We design an approximation d=, of the function

which maps v € V, with vy = cand T(v) = 0, to

Taqe(V, V') = min / d(t,t')°du(t) st Fu=v
T

POS. measure
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Atomic squared Wasserstein-2 distance
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Atomic squared Wasserstein-2 distance

a2, (v, v') = min {n(T) : n € M is positive, Fn = w,

- 2
with —472me W, = Vi — 2v), + Vv, m=—M, ..., M}
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Atomic squared Wasserstein-2 distance

a2, (v, v') = min {n(T) : n € M is positive, Fn = w,

- 2
with —472mewy, = v — 2v), + Vv, m=—M, ..., M}

Explicit form :
set w = (Vi — 2V} + VA V5) /(—4n%mP)) .
with wp = 0 and W = T(w).

Then d,(a, v) = i*(— W)
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Atomic squared Wasserstein-2 distance

cN)'§2(v, V')
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Wasserstein-2 barycenters
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Application: Potts model

Piecewise-constant approximation with interface length
regularization

M =8
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