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Optimization

<latexit sha1_base64="bD63J4YEazFfjOF2VxBL9lo4ylA="></latexit>

Find x? 2 arg min
x2X

 (x)

<latexit sha1_base64="yo4LySkxR/rraEqQaFqB1fjrfGo="></latexit>

X is a real Hilbert space (e.g., Rd )
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Optimization

<latexit sha1_base64="VWqX94Ren6XbnrHVQVo3Nx/m5xs="></latexit>

Example:  (x) = kAx � yk2 + R(x)

<latexit sha1_base64="bD63J4YEazFfjOF2VxBL9lo4ylA="></latexit>

Find x? 2 arg min
x2X

 (x)
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<latexit sha1_base64="4Kd1V2cLBAJAxQQR/fGGwByPYm8="></latexit>

Find x? 2 arg min
x2X

 (x) =
MX

m=1

gm(Lmx)

<latexit sha1_base64="q+Oa3/7AoYKd3xNX4szEOdqppo4="></latexit>

with

• linear operators Lm : X ! Um

• real Hilbert spaces X , Um

• convex functions gm : Um ! R [ {+1}

Optimization



KAUST

/ 56

ax + (1 � a)y

x y

f is convex if 8x , y 2 X and a 2 [0, 1],
f (ax + (1 � a)y )  af (x) + (1 � a)f (y )

<latexit sha1_base64="AUg94Hup3SuBO0yxys0pDcFzaNM="></latexit>

Convex functions

4
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For a closed convex set ⌦ ⇢ X , its indicator function is

ı⌦(x) =
⇢

0 if x 2 ⌦,
+1 else.

0
+1

+1
+1

+1

+1ı⌦ is convex.

Convex functions

5
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For a closed convex set ⌦ ⇢ X , its indicator function is

ı⌦(x) =
⇢

0 if x 2 ⌦,
+1 else.

0
+1

+1
+1

+1

+1ı⌦ is convex.

Convex functions

5

<latexit sha1_base64="V58tRAcincGH5W3/UntnmcJP34w="></latexit>

minimize
x→!

f (x) → minimize
x→X

f (x) + ı!(x)
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<latexit sha1_base64="jC6XVqgxUw02OQLW+n8zytRNoYI="></latexit>

x?

Gradient descent

6

<latexit sha1_base64="I/WyT2/apfERcXqrXMiwC5f9gk4="></latexit>

xt+1 = xt → ω↑!(xt )
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<latexit sha1_base64="jC6XVqgxUw02OQLW+n8zytRNoYI="></latexit>

x?

Gradient descent

6

<latexit sha1_base64="I/WyT2/apfERcXqrXMiwC5f9gk4="></latexit>

xt+1 = xt → ω↑!(xt )



KAUST

/ 56

<latexit sha1_base64="jC6XVqgxUw02OQLW+n8zytRNoYI="></latexit>

x?

Gradient descent

6

<latexit sha1_base64="I/WyT2/apfERcXqrXMiwC5f9gk4="></latexit>

xt+1 = xt → ω↑!(xt )
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@f : X ! 2X

x 7!
�

u 2 X : 8y 2 X , f (x) + hy � x , ui  f (y )
 

@f (x) is the set of gradients of the
affine minorants of f at x

<latexit sha1_base64="0Ph4lJGMzRyX9bVTGxo06Z4al3Q="></latexit>

The subdifferential

7
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Pierre de Fermat, 
1601-1665 

<latexit sha1_base64="NngkeUxJM/GIpFZN6LZ6gqOUkkE="></latexit>

0 2 @f (x?)

<latexit sha1_base64="NnPJRuR/DcSCg6yoNFO37zaRhZs="></latexit>

x? 2 arg min f
<latexit sha1_base64="I1H2tOZezOK130QzYElSFygEOAE="></latexit>,

Fermat’s rule

8
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<latexit sha1_base64="4Kd1V2cLBAJAxQQR/fGGwByPYm8="></latexit>

Find x? 2 arg min
x2X

 (x) =
MX

m=1

gm(Lmx)

<latexit sha1_base64="LZ9op2VFqQLkLK6rfzOzdx4T6yY="></latexit>

find x? 2 X such that
<latexit sha1_base64="yMuomFdQ/t9lcZ7U7j8Z9SSQFFM="></latexit>

0 2
MX

m=1

L⇤
m@gm(Lmx?)

First-order conditions

<latexit sha1_base64="0TcNFXtp4jvXWhDXWy+4gNREZvE="></latexit> )

9
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<latexit sha1_base64="JAMsd/ji5YBgjyB/dIBigGGVwrY="></latexit>

|x |

<latexit sha1_base64="U1WO5Qx9HPHUO7qZVRs2b5pk0Yc="></latexit>

�0.3
<latexit sha1_base64="Vede4G1BYZ4/poazjQ9P7DzBlvI="></latexit>

0.7
<latexit sha1_base64="CnpkItL9nQOWtpjpvBPfuPiX7fU="></latexit>

1.7
<latexit sha1_base64="pGKk3zsjfivkVGqkchUYb8zV4M0="></latexit>

�1.3
<latexit sha1_base64="ewaVEO1wEqPfw8BBMBBGdsiZPvs="></latexit>

�2.3

Subgradient descent

10
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<latexit sha1_base64="JAMsd/ji5YBgjyB/dIBigGGVwrY="></latexit>

|x |

<latexit sha1_base64="U1WO5Qx9HPHUO7qZVRs2b5pk0Yc="></latexit>

�0.3
<latexit sha1_base64="Vede4G1BYZ4/poazjQ9P7DzBlvI="></latexit>

0.7
<latexit sha1_base64="CnpkItL9nQOWtpjpvBPfuPiX7fU="></latexit>
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�1.3
<latexit sha1_base64="ewaVEO1wEqPfw8BBMBBGdsiZPvs="></latexit>
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10
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<latexit sha1_base64="Vede4G1BYZ4/poazjQ9P7DzBlvI="></latexit>

0.7
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<latexit sha1_base64="JAMsd/ji5YBgjyB/dIBigGGVwrY="></latexit>

|x |

<latexit sha1_base64="U1WO5Qx9HPHUO7qZVRs2b5pk0Yc="></latexit>

�0.3
<latexit sha1_base64="Vede4G1BYZ4/poazjQ9P7DzBlvI="></latexit>

0.7
<latexit sha1_base64="CnpkItL9nQOWtpjpvBPfuPiX7fU="></latexit>
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<latexit sha1_base64="pGKk3zsjfivkVGqkchUYb8zV4M0="></latexit>
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<latexit sha1_base64="JAMsd/ji5YBgjyB/dIBigGGVwrY="></latexit>

|x |

<latexit sha1_base64="U1WO5Qx9HPHUO7qZVRs2b5pk0Yc="></latexit>

�0.3
<latexit sha1_base64="Vede4G1BYZ4/poazjQ9P7DzBlvI="></latexit>

0.7
<latexit sha1_base64="CnpkItL9nQOWtpjpvBPfuPiX7fU="></latexit>

1.7
<latexit sha1_base64="pGKk3zsjfivkVGqkchUYb8zV4M0="></latexit>

�1.3
<latexit sha1_base64="ewaVEO1wEqPfw8BBMBBGdsiZPvs="></latexit>

�2.3

Subgradient descent

10
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x 0
x proxf (x)

f (x 0) + 1
2kx � x 0k2

f (x 0)

<latexit sha1_base64="UAjMxzOcXNGQN4vfqL4lEPZXYcs="></latexit>

proxf : X ! X : x 7! arg min
x02X

⇣
f (x 0) + 1

2kx � x 0k2
⌘

The proximity operator

11
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proxf = (@f + Id)�1
<latexit sha1_base64="gM+dh63Gv1f1vyuJGqCqS1A6vjs="></latexit>

<latexit sha1_base64="UAjMxzOcXNGQN4vfqL4lEPZXYcs="></latexit>

proxf : X ! X : x 7! arg min
x02X

⇣
f (x 0) + 1

2kx � x 0k2
⌘

The proximity operator

12

<latexit sha1_base64="v31Id1bTM68afCiPQ4ePestmYbM="></latexit>

y = proxωf (x) → y = x ↑ ω↓̃f (y )
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f (x) = |x |
proxf (x) = sgn(x) max(|x |� 1, 0)

<latexit sha1_base64="UAjMxzOcXNGQN4vfqL4lEPZXYcs="></latexit>

proxf : X ! X : x 7! arg min
x02X

⇣
f (x 0) + 1

2kx � x 0k2
⌘

The proximity operator

13
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Exact, finite time, algorithms are available to compute the 
proximity operator of:

• kXk⇤ ! SVD, O(N3)

• 1-D TV ! taut-string alg., O(N)

• 2-D anisotropic TV ! graph cuts

• proj. onto the simplex ! O(N)

...

Pustelnik, LC, "Proximity 
operator of a sum...", 2017

LC, "Fast projection onto 
the simplex...", 2016

LC, "A direct algorithm for 
1-D total variation...", 2013

The proximity operator

14
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<latexit sha1_base64="pYST67hVyr+L2uN+a4Ncg25r7U0="></latexit>

Find x? 2 arg min
x2X

MX

m=1

gm(Lmx)

<latexit sha1_base64="VpNDD9MzdUpuZYU4Imz9nBeEpLc="></latexit>

No easy form of proxg1+g2
or proxg�L

Proximal splitting algorithms

15
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We want full splitting, with individual activation of
Lm, L⇤

m, the gradient or proximity operator of gm.
<latexit sha1_base64="hc9bBNoS0x/r/8a4SuC7LkPPMLI="></latexit><latexit sha1_base64="hc9bBNoS0x/r/8a4SuC7LkPPMLI="></latexit><latexit sha1_base64="hc9bBNoS0x/r/8a4SuC7LkPPMLI="></latexit><latexit sha1_base64="hc9bBNoS0x/r/8a4SuC7LkPPMLI="></latexit>

<latexit sha1_base64="pYST67hVyr+L2uN+a4Ncg25r7U0="></latexit>

Find x? 2 arg min
x2X

MX

m=1

gm(Lmx)

Proximal splitting algorithms

16



1) Splitting
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Minimization of 3 functions

<latexit sha1_base64="K+MrTaC/W1D4ym38+939H0DEKvs="></latexit>prox�f
<latexit sha1_base64="IpRPUIcGIkAibjlr1aiL7pLkMuc="></latexit>

rh

17

<latexit sha1_base64="8Pe7q2sKThQ/q5itxvxvYCVJBls="></latexit>

Find x? 2 arg min
x2X

 
f (x) +

MX

m=1

gm(Lmx) + h(x)

!

<latexit sha1_base64="rHCie6ySR9pF3Q/WnJZeR5wdyp0="></latexit>proxωgm

<latexit sha1_base64="kq4KqTkiVd4a7NbXN41xC0REt9g="></latexit>

Lm, L→
m
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Product space trick

g(u) =
MX

m=1

gm(um)

<latexit sha1_base64="26OGntzIAOiPsDyErVjxPEXt1CA="></latexit>

Lx = (L1x , ... , Lmx)

<latexit sha1_base64="fNuiFeooiLSftK6Th1fR5WLA/yI="></latexit>

g(Lx) =
MX

m=1

gm(Lmx)

<latexit sha1_base64="NAEC3aSTN4Iki03q3fIVNo+3lYw="></latexit>

<latexit sha1_base64="hH00ALQbdnTeP7Lk27/l8pIGMZI="></latexit>

Find x? 2 arg min
x2X

⇣
f (x) + g(Lx) + h(x)

⌘

18
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<latexit sha1_base64="ZJ4nO1lE+Ew024mHK8DFy9MJNYg="></latexit>

Find x? 2 arg min
x2X

⇣
f (x) + g(x)

⌘

<latexit sha1_base64="A3BdRYLlbF/vaUeTUJqLHluWIMU="></latexit>

Find x? 2 X : 0 2 @f (x?) + @g(x?)

Minimization of 2 functions

19
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<latexit sha1_base64="ZJ4nO1lE+Ew024mHK8DFy9MJNYg="></latexit>

Find x? 2 arg min
x2X

⇣
f (x) + g(x)

⌘

Minimization of 2 functions

<latexit sha1_base64="0m/8TC9O78pzP/PBjrVy7ydhaKk="></latexit>

Find (xω, uω) → X 2 : ↑u → ωf (xω), u → ωg(xω)

20
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⌘<latexit sha1_base64="+W3P8JDR0fwyy/3TyIwTz109e+k="></latexit>

⌘<latexit sha1_base64="+W3P8JDR0fwyy/3TyIwTz109e+k="></latexit>

Minimization of 2 functions
<latexit sha1_base64="ZJ4nO1lE+Ew024mHK8DFy9MJNYg="></latexit>

Find x? 2 arg min
x2X

⇣
f (x) + g(x)

⌘

<latexit sha1_base64="O3V7jnefyFsgTf5GUX/qi/+pK5c="></latexit>→↑
<latexit sha1_base64="gQEeeAkMwvGJtVRzn9H0qoKkbVg="></latexit>

0 → ωf (xω) + ωg(xω)

<latexit sha1_base64="r9JaI1Ki8id6644Zg6WkRb7e4dU="></latexit>{
0 → ωf (xω) + uω

uω → ωg(xω)

<latexit sha1_base64="eNj0CrkkK9JHYpaQFkoT0VjSw8A="></latexit>

(@g⇤ = (@g)�1)

<latexit sha1_base64="p7/Y+XR2nIC0F+0fgeVM+hkSsUk="></latexit>{
0 → ωf (xω) + uω

0 → ↑xω + ωg→(uω)

21
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⌘<latexit sha1_base64="+W3P8JDR0fwyy/3TyIwTz109e+k="></latexit>

Minimization of 3 terms

<latexit sha1_base64="O3V7jnefyFsgTf5GUX/qi/+pK5c="></latexit>→↑

⌘<latexit sha1_base64="+W3P8JDR0fwyy/3TyIwTz109e+k="></latexit>

22

<latexit sha1_base64="qWox/wMynBqhM5RP+oJ4M9T+te0="></latexit>

Find xω → arg min
x→X

(
f (x) + g(Lx) + h(x)

)

<latexit sha1_base64="jjynHP70eQfIYtT4f5N/XIwTpi4="></latexit>

0 → ωf (xω) + L→ωg(Lxω) + ↑h(xω)

<latexit sha1_base64="reaAM91G/v7GynJPJ0B6l539MEA="></latexit>{
0 → ωf (xω) + ↑h(xω) + L→uω

uω → ωg(Lxω)

<latexit sha1_base64="FfIYZubVHGPkp+1W7N6c1Yxd6KI="></latexit>{
0 → ωf (xω) + ↑h(xω) + L→uω

0 → ↓Lxω + ωg→(uω)
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<latexit sha1_base64="SNrt4hSVXTrnf7IMo1IGnmXrB+o="></latexit>

minimize f + g � L + h
<latexit sha1_base64="+Spa8dfBEkjs3PJIL0HF1d9vrHY="></latexit>

f + h
<latexit sha1_base64="nBAlZwe0zd2g8HWH6ngZIopBHj4="></latexit>

f + g
<latexit sha1_base64="DnkgGKzog1kcsitRFUS/9AzvvIM="></latexit>

f + g � L

1979

2011
<latexit sha1_base64="5m4JsNXwamGb0LivMp08HcP7OK8="></latexit>

g � L + h2011

Douglas-Rachford / ADMM
forward-backward

PAPC

Proximal splitting algorithms

Chambolle-Pock = PDHG

23
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<latexit sha1_base64="SNrt4hSVXTrnf7IMo1IGnmXrB+o="></latexit>

minimize f + g � L + h
<latexit sha1_base64="+Spa8dfBEkjs3PJIL0HF1d9vrHY="></latexit>

f + h
<latexit sha1_base64="nBAlZwe0zd2g8HWH6ngZIopBHj4="></latexit>

f + g
<latexit sha1_base64="DnkgGKzog1kcsitRFUS/9AzvvIM="></latexit>

f + g � L

1979

2011

<latexit sha1_base64="k1WyLOZ9fO8Y492gCHPwYz75Zis="></latexit>

f + g � L + h

<latexit sha1_base64="5m4JsNXwamGb0LivMp08HcP7OK8="></latexit>

g � L + h2011
2013

Douglas-Rachford / ADMM
forward-backward

PAPC
Condat, Vu

Proximal splitting algorithms

Chambolle-Pock = PDHG

LC, “A primal-dual splitting 
method for convex 
optimization…” 2013

Vu, “A splitting algorithm for 
dual monotone inclusions…” 
2013

23
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minimize f + g � L + h
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f + h
<latexit sha1_base64="nBAlZwe0zd2g8HWH6ngZIopBHj4="></latexit>

f + g
<latexit sha1_base64="DnkgGKzog1kcsitRFUS/9AzvvIM="></latexit>

f + g � L

1979

2011
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f + g � L + h

<latexit sha1_base64="5m4JsNXwamGb0LivMp08HcP7OK8="></latexit>

g � L + h2011

PD3O2018

2013

Davis-Yin2017
<latexit sha1_base64="UiyStbWEFEqPx9u/I3mx43mLnjQ="></latexit>

f + g + h
<latexit sha1_base64="k1WyLOZ9fO8Y492gCHPwYz75Zis="></latexit>

f + g � L + h

Douglas-Rachford / ADMM
forward-backward

PAPC
Condat, Vu

Proximal splitting algorithms

Chambolle-Pock = PDHG
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<latexit sha1_base64="SNrt4hSVXTrnf7IMo1IGnmXrB+o="></latexit>

minimize f + g � L + h
<latexit sha1_base64="+Spa8dfBEkjs3PJIL0HF1d9vrHY="></latexit>

f + h
<latexit sha1_base64="nBAlZwe0zd2g8HWH6ngZIopBHj4="></latexit>

f + g
<latexit sha1_base64="DnkgGKzog1kcsitRFUS/9AzvvIM="></latexit>

f + g � L

1979

2011

<latexit sha1_base64="k1WyLOZ9fO8Y492gCHPwYz75Zis="></latexit>

f + g � L + h

<latexit sha1_base64="5m4JsNXwamGb0LivMp08HcP7OK8="></latexit>

g � L + h2011

PD3O
PDDY

2018

2022

2013

Davis-Yin2017
<latexit sha1_base64="UiyStbWEFEqPx9u/I3mx43mLnjQ="></latexit>

f + g + h
<latexit sha1_base64="k1WyLOZ9fO8Y492gCHPwYz75Zis="></latexit>

f + g � L + h
<latexit sha1_base64="k1WyLOZ9fO8Y492gCHPwYz75Zis="></latexit>

f + g � L + h

Douglas-Rachford / ADMM
forward-backward

PAPC
Condat, Vu

Proximal splitting algorithms

Chambolle-Pock = PDHG

Salim, LC et al., “Dualize, 
split, randomize: Toward fast 
nonsmooth optimization 
algorithms,” JOTA, 2022

23
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PD3O algorithm
<latexit sha1_base64="Z8AsNSDiDGCQQMGFVVR4BYEKucw="></latexit>

PDDY algorithm
<latexit sha1_base64="NUFjuk/JxBVGzOWvNVlfgUwVm/A="></latexit>

Condat–Vu algorithm form II
<latexit sha1_base64="o7Ws3tLAamyYsgipG+/9FOX9nkM="></latexit>

Condat–Vu algorithm form I
<latexit sha1_base64="VyVZD+L/w+6DIBOuv36KjRz5v28="></latexit>

<latexit sha1_base64="Pwlc34RNKVGct+taemW1V5WhEsg="></latexit>

minimize
f + g � L + h

4 primal-dual algorithms

<latexit sha1_base64="yYaQASTcHlQw4bqxFzhEIbejj+4="></latexit>⌊
xt+1 = proxωf

(
xt → ω↑h(xt ) → ωL→ut)

ut+1 = proxεg→
(
ut + εL(2xt+1 → xt )

)

<latexit sha1_base64="P8nIygm18VPt6YmPMSnLUR/dxMU="></latexit>⌊
ut+1 = proxωg→

(
ut + ωLxt)

xt+1 = proxεf
(
xt → ε↑h(xt ) → εL→(2ut+1 → ut )

)

<latexit sha1_base64="ZZl/23IyVlYPk2mwYTAFmt7Jxcs="></latexit>⌊
xt+1 = proxωf

(
xt → ω↑h(xt ) → ωL→ut)

ut+1 = proxεg→
(
ut + εL(2xt+1→xt→ω↑h(xt+1)+ω↑h(xt ))

)

<latexit sha1_base64="7dHy+ZAhncTyrEP9NUkf+TA1tZk="></latexit>⌊
ut+1 = proxωg→

(
ut + ωLxt)

xt+1 = proxεf
(
xt → ε↑h(xt→εL→(ut+1→ut )) → εL→(2ut+1→ut )

)

24



KAUST

/ 56

Summary

Large-scale problems with nonsmooth functions 
and linear operators

proximal splitting algorithms designed
using monotone and fixed-point operator theory

LC et al. “Proximal Splitting Algorithms for Convex Optimization:  
A Tour of Recent Advances, with New Twists,” SIAM Review, 2023

28
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<latexit sha1_base64="eG4BdepJj3f5FXoxAbWhf72C87A="></latexit>

Theorem – PD3O, with g continuous around Lx?:

LC, Malinovsky, Richtárik, “Distributed Proximal Splitting 
Algorithms with Rates and Acceleration,” 2022

<latexit sha1_base64="FtMPeQS6welZBxHY7rvRppv0FIY="></latexit>

Theorem – accelerated PD3O and PDDY

when h or f strongly convex, with varying stepsizes:

<latexit sha1_base64="DKncyJ8yTh9OffwD6frLwL+X1Ew="></latexit>

Theorem – linear convergence of PD3O and PDDY

when h or f strongly convex and g smooth:

<latexit sha1_base64="xggdugOB6mYO0JTMUbWW92xhl8Y="></latexit>

!(xt ) →!(xω) = o(1/
↑

t)

<latexit sha1_base64="nffw9b5zWivSmpOcMYaJei9zXOA="></latexit>

→x
t ↑ x

ω→2 = O
(
1/t

2)

<latexit sha1_base64="Jq/8/BmOWT9Mn9oVhnwZU1HRJBY="></latexit>

→xt ↑ xω→2 ↓ ωt!0

Convergence rates

29
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lower bounds in Woodworth & Srebro [2016] 
on number of gradient calls:

<latexit sha1_base64="6vK+eIQIsDQS+OLBCzJwDASyHTo="></latexit>• deterministic algorithms:
<latexit sha1_base64="6vK+eIQIsDQS+OLBCzJwDASyHTo="></latexit>• randomized algorithms:

<latexit sha1_base64="CyTEFipV5aFoOk+9JzE485NSAcc="></latexit>

minimize
x2Rd

1
n

nX

i=1

fi (x)
<latexit sha1_base64="Z9foSwWST5Yg7czFjkQl8Rh9mJs="></latexit>

using the →fi

30

The power of randomness

<latexit sha1_base64="mrMWTftXklnBjBskXU48B1tNmdE="></latexit>

with every fi ω-smooth and µ-strongly convex

<latexit sha1_base64="+GZq+SCm3GyUvZisfFRxO9Pi4Bo="></latexit>

!
(
n
√

ω/µ log ε→1)

<latexit sha1_base64="ODYeR7HT3asIVzZfz8ooeKJDfxE="></latexit>

!
(
(n +

√
nω/µ) log ε→1)



2) Distributed  
optimization
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Server

Client 1 Client 2 Client n...

Distributed optimization

31
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Federated learning
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<latexit sha1_base64="CyTEFipV5aFoOk+9JzE485NSAcc="></latexit>

minimize
x2Rd

1
n

nX

i=1

fi (x)

Distributed optimization

33
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<latexit sha1_base64="CyTEFipV5aFoOk+9JzE485NSAcc="></latexit>

minimize
x2Rd

1
n

nX

i=1

fi (x)

Distributed optimization

33

<latexit sha1_base64="zZ8Pq1EbckCVeuoXhWyDS6c8hs4="></latexit>

Heterogeneous setting: fi arbitrarily different
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<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...
<latexit sha1_base64="DRkcFRBYFkGo/sJ4KZRGFSzrFek="></latexit>

xt+1
n = xt � �rfn(xt )

<latexit sha1_base64="JdnvZxJhBMx/yIFq2A60Tkd8OcA="></latexit>

xt

Server

Distributed GD

Server
<latexit sha1_base64="AKct3qS/tCXM2q0EhF3m9OhgFIY="></latexit>

xt+1 :=
1
n

nX

i=1

xt+1
i

<latexit sha1_base64="tTTJAd834Ak1uZY0kLzhhEFw9SY="></latexit>

xt+1
1 = xt � �rf1(xt )

34
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<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...
<latexit sha1_base64="DRkcFRBYFkGo/sJ4KZRGFSzrFek="></latexit>

xt+1
n = xt � �rfn(xt )

Distributed GD

Server
<latexit sha1_base64="AKct3qS/tCXM2q0EhF3m9OhgFIY="></latexit>

xt+1 :=
1
n

nX

i=1

xt+1
i

<latexit sha1_base64="tTTJAd834Ak1uZY0kLzhhEFw9SY="></latexit>

xt+1
1 = xt � �rf1(xt )

<latexit sha1_base64="JdnvZxJhBMx/yIFq2A60Tkd8OcA="></latexit>

xt

Server

34

communication 

communication 
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<latexit sha1_base64="MUz68yOubbfYumZYK5EtCjUjmnQ="></latexit>

minimize
x2Rd

f (x) :=
1
n

nX

i=1

fi (x)

decrease
frequency

Local training

35
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<latexit sha1_base64="MUz68yOubbfYumZYK5EtCjUjmnQ="></latexit>

minimize
x2Rd

f (x) :=
1
n

nX

i=1

fi (x)

compress
vectors

<latexit sha1_base64="gnyiQKfrKvF0kthXKm2svpLsLo4="></latexit>⇥
<latexit sha1_base64="gnyiQKfrKvF0kthXKm2svpLsLo4="></latexit>⇥
<latexit sha1_base64="gnyiQKfrKvF0kthXKm2svpLsLo4="></latexit>⇥
<latexit sha1_base64="gnyiQKfrKvF0kthXKm2svpLsLo4="></latexit>⇥
<latexit sha1_base64="gnyiQKfrKvF0kthXKm2svpLsLo4="></latexit>⇥
<latexit sha1_base64="gnyiQKfrKvF0kthXKm2svpLsLo4="></latexit>⇥
<latexit sha1_base64="gnyiQKfrKvF0kthXKm2svpLsLo4="></latexit>⇥
<latexit sha1_base64="gnyiQKfrKvF0kthXKm2svpLsLo4="></latexit>⇥
<latexit sha1_base64="gnyiQKfrKvF0kthXKm2svpLsLo4="></latexit>⇥
<latexit sha1_base64="gnyiQKfrKvF0kthXKm2svpLsLo4="></latexit>⇥

e.g.

Compression

36



2.1) Local  
training
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<latexit sha1_base64="JdnvZxJhBMx/yIFq2A60Tkd8OcA="></latexit>

xt

Server

<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...
<latexit sha1_base64="tTTJAd834Ak1uZY0kLzhhEFw9SY="></latexit>

xt+1
1 = xt � �rf1(xt )

<latexit sha1_base64="DRkcFRBYFkGo/sJ4KZRGFSzrFek="></latexit>

xt+1
n = xt � �rfn(xt )

<latexit sha1_base64="J8XKBr4opuIVI6ryfDzZoycPSY0="></latexit>

xt+2
1 = xt+1

1 � �rf1(xt+1
1 )

<latexit sha1_base64="6LW7mIL3ABDqWMbMMiGAF5QtHUo="></latexit>

xt+2
n = xt+1

n � �rfn(xt+1
n )

<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>... <latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...
<latexit sha1_base64="ygeD/hO3xeDKU5GBAOUlA2CtB8g="></latexit>

x
t+H

n = x
t+H�1
n � �rfn(xt+H�1

n )
<latexit sha1_base64="XuR+DrZZ8TKXJO524uFd8Xe51EM="></latexit>

x
t+H

1 = x
t+H�1
1 � �rf1(xt+H�1

1 )

Server
<latexit sha1_base64="bLERFHFSFxwQ+52GLhbqQ0hob/E="></latexit>

x
t+H :=

1
n

nX

i=1

x
t+H

i

Distributed Local GD = FedAvg

<latexit sha1_base64="eYTuYDcnQcuTYspwSz8rhuTOLjA="></latexit>

H � 1

37
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<latexit sha1_base64="9lHlTKzFlX9AyLIJ4OOSw06zahA="></latexit>

(logistic regression)

Malinovsky, Kovalev, Gasanov, LC, Richtárik, “From local SGD to 
local fixed point methods for federated learning,” ICML 2020 

38

Local GD: analysis
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<latexit sha1_base64="JdnvZxJhBMx/yIFq2A60Tkd8OcA="></latexit>

xt

Server

<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...

Mishchenko, Malinovsky, Stich, Richtárik, “ProxSkip: Yes! Local Gradient 
Steps Provably Lead to Communication Acceleration!,” ICML 2022

Probabilistic Com:
<latexit sha1_base64="4GgM6/D2d+BZzjK4xTsNJkalWck="></latexit>

xt+1
i :=

⇢ 1
n
Pn

j=1 x̂ t
j with probability p

x̂ t
i with probability 1 � p

<latexit sha1_base64="nEBCmhr8u++epUGJI2Fbh4dhkFw="></latexit>

O
�
d
p
 log ✏�1�<latexit sha1_base64="Ga/noj+ifj+uCtjVfA924XvNuTk="></latexit>

p = 1p
 TotalCom

Scaffnew: Variance-reduced local GD

39

<latexit sha1_base64="g/n0Zy+VcgWQ1DYJ2gwTqDPmkdU="></latexit>

x̂ t
1 = xt

1 → ω↑f1(xt
1) + ωut

1

<latexit sha1_base64="d0QP/lV+m/NfztTIzLMOFE7ms3s="></latexit>

x̂ t
n = xt

n → ω↑fn(xt
n) + ωut

n



KAUST

/ 56

<latexit sha1_base64="JdnvZxJhBMx/yIFq2A60Tkd8OcA="></latexit>

xt

Server

<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...

Mishchenko, Malinovsky, Stich, Richtárik, “ProxSkip: Yes! Local Gradient 
Steps Provably Lead to Communication Acceleration!,” ICML 2022

Probabilistic Com:
<latexit sha1_base64="4GgM6/D2d+BZzjK4xTsNJkalWck="></latexit>

xt+1
i :=

⇢ 1
n
Pn

j=1 x̂ t
j with probability p

x̂ t
i with probability 1 � p

LC and Richtárik, “RandProx: Primal-Dual Optimization Algorithms with 
Randomized Proximal Updates,” ICLR 2023

Scaffnew: Variance-reduced local GD

40

<latexit sha1_base64="g/n0Zy+VcgWQ1DYJ2gwTqDPmkdU="></latexit>

x̂ t
1 = xt

1 → ω↑f1(xt
1) + ωut

1

<latexit sha1_base64="d0QP/lV+m/NfztTIzLMOFE7ms3s="></latexit>

x̂ t
n = xt

n → ω↑fn(xt
n) + ωut

n
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<latexit sha1_base64="YA/5oxJm8JIVMbAUmcI28GpxXfY="></latexit>

Algorithm 1 PDDY algorithm
for t = 0, 1, ... do

x̂ t := proxωf
(
xt → ω↑h(xt ) → ωL→ut)

ut+1 := proxεg→
(
ut + εLx̂ t)

xt+1 := x̂ t → ωL→(ut+1 → ut )
end for

PDDY

41

<latexit sha1_base64="6Q+FI5MPNS/1AbXdjYj7hSDLwzc="></latexit>

PDDY
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PDDY

41

<latexit sha1_base64="cLTgxYGfmEdQNdaS4cmWZk4MDQQ="></latexit>

prox⌧g⇤ can be costly

<latexit sha1_base64="YA/5oxJm8JIVMbAUmcI28GpxXfY="></latexit>

Algorithm 1 PDDY algorithm
for t = 0, 1, ... do

x̂ t := proxωf
(
xt → ω↑h(xt ) → ωL→ut)

ut+1 := proxεg→
(
ut + εLx̂ t)

xt+1 := x̂ t → ωL→(ut+1 → ut )
end for

<latexit sha1_base64="6Q+FI5MPNS/1AbXdjYj7hSDLwzc="></latexit>

PDDY
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<latexit sha1_base64="mQ7SCe117O2GFyu13cXnZDPPUPs="></latexit>

Algorithm 1 RandProx
for t = 0, 1, ... do

x̂ t := proxωf
(
xt → ω↑h(xt ) → ωL→ut)

ut+1 := ut + 1
1+εR

t(proxϑg→ (ut + εLx̂ t ) → ut)

xt+1 := x̂ t → ω(1 + ϑ)L→(ut+1 → ut )
end for

<latexit sha1_base64="oDdG4e1I0yYN2hldJ40ggQxQHh4="></latexit>

RandProx

LC, Richtárik, “RandProx: Primal-Dual Optimization 
Algorithms with Randomized Proximal Updates,” ICLR, 2023

RandProx

42

<latexit sha1_base64="Yyl02odXdC2bGorVywWcYwtNtak="></latexit>

and
<latexit sha1_base64="q8XU/IVdfeub8C40ikaCO6i/kkw="></latexit>

E
[
R(r t )

]
= r t

<latexit sha1_base64="tM+Yf397ucM2KvsR7ubEbpix3uQ="></latexit>

E
[∥∥R(r t ) → r t∥∥2

]
↑ ω

∥∥r t∥∥2
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<latexit sha1_base64="g6bZr2e6CB5bv7snGEMd+kYGKzM="></latexit>

Algorithm 1
for t = 0, 1, ... do

x̂ t := proxωf
(
xt → ω↑h(xt ) → ωvt)

pick !t ↓ {1, ... , n} of size s unif. at random
for i ↔ !t do

ut+1
i := prox 1

ωn g→
i
(ut

i + 1
ωn x̂ t )

end for
for i ↔ {1, ... , n}\!t do

ut+1
i := ut

i
end for
vt+1 :=

∑n
i=1 ut+1

i
x t+1 := x̂ t → ωn

s (vt+1 → vt )
end for

<latexit sha1_base64="13BzqKOci9F7oV6cLWyd06jqE2Y="></latexit>

RandProx-minibatch

RandProx

43

<latexit sha1_base64="s7af9jESGiXOZD5pHiQUgb8AuNQ="></latexit>

Rt :
sampling

<latexit sha1_base64="YC8vxW/yfnsmv0t6eCaBsw132lQ="></latexit>

min h + f +
∑n

i=1 gi
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<latexit sha1_base64="g6bZr2e6CB5bv7snGEMd+kYGKzM="></latexit>

Algorithm 1
for t = 0, 1, ... do

x̂ t := proxωf
(
xt → ω↑h(xt ) → ωvt)

pick !t ↓ {1, ... , n} of size s unif. at random
for i ↔ !t do

ut+1
i := prox 1

ωn g→
i
(ut

i + 1
ωn x̂ t )

end for
for i ↔ {1, ... , n}\!t do

ut+1
i := ut

i
end for
vt+1 :=

∑n
i=1 ut+1

i
x t+1 := x̂ t → ωn

s (vt+1 → vt )
end for

<latexit sha1_base64="13BzqKOci9F7oV6cLWyd06jqE2Y="></latexit>

RandProx-minibatch

RandProx

43

<latexit sha1_base64="s7af9jESGiXOZD5pHiQUgb8AuNQ="></latexit>

Rt :
sampling

<latexit sha1_base64="YC8vxW/yfnsmv0t6eCaBsw132lQ="></latexit>

min h + f +
∑n

i=1 gi

<latexit sha1_base64="vxdozCfmymLnh2GSiQlxQQNSIC4="></latexit>

acceleration

<latexit sha1_base64="Z83STMn24ExjGcgdBx9Bz8SuqAA="></latexit>→
n
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<latexit sha1_base64="QDxqJzLfsIQ9870Q4ZsJz/foLCQ="></latexit>

Algorithm 1
for t = 0, 1, ... do

Flip a coin ωt = (1 with probability p, 0 else)
if ωt = 1 then

x̂ t := proxωf
(
xt → ε↑h(xt ) → εL→ut)

ut+1 := proxεg→ (ut + ϑLx̂ t )
xt+1 := x̂ t → ω

p L→(ut+1 → ut )
else

xt+1 := proxωf
(
xt → ε↑h(xt ) → εL→ut)

ut+1 := ut

end if
end for

<latexit sha1_base64="p28z+1M3fDf0roTFxLUFrAt7UXk="></latexit>

RandProx-skip

44

RandProx
<latexit sha1_base64="RohRpeJ9FRVYqlP6EZ/UVLHpbUw="></latexit>

Rt : r t →↑{
1
p r t , proba. p
0, proba. 1↓p
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<latexit sha1_base64="QDxqJzLfsIQ9870Q4ZsJz/foLCQ="></latexit>

Algorithm 1
for t = 0, 1, ... do

Flip a coin ωt = (1 with probability p, 0 else)
if ωt = 1 then

x̂ t := proxωf
(
xt → ε↑h(xt ) → εL→ut)

ut+1 := proxεg→ (ut + ϑLx̂ t )
xt+1 := x̂ t → ω

p L→(ut+1 → ut )
else

xt+1 := proxωf
(
xt → ε↑h(xt ) → εL→ut)

ut+1 := ut

end if
end for

<latexit sha1_base64="p28z+1M3fDf0roTFxLUFrAt7UXk="></latexit>

RandProx-skip

44

RandProx
<latexit sha1_base64="RohRpeJ9FRVYqlP6EZ/UVLHpbUw="></latexit>

Rt : r t →↑{
1
p r t , proba. p
0, proba. 1↓p

<latexit sha1_base64="vxdozCfmymLnh2GSiQlxQQNSIC4="></latexit>

acceleration

<latexit sha1_base64="VFHx7p2pXPlTj490OrdUX2druDY="></latexit>→
ω
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<latexit sha1_base64="QDxqJzLfsIQ9870Q4ZsJz/foLCQ="></latexit>

Algorithm 1
for t = 0, 1, ... do

Flip a coin ωt = (1 with probability p, 0 else)
if ωt = 1 then

x̂ t := proxωf
(
xt → ε↑h(xt ) → εL→ut)

ut+1 := proxεg→ (ut + ϑLx̂ t )
xt+1 := x̂ t → ω

p L→(ut+1 → ut )
else

xt+1 := proxωf
(
xt → ε↑h(xt ) → εL→ut)

ut+1 := ut

end if
end for

<latexit sha1_base64="p28z+1M3fDf0roTFxLUFrAt7UXk="></latexit>

RandProx-skip

44

RandProx
<latexit sha1_base64="RohRpeJ9FRVYqlP6EZ/UVLHpbUw="></latexit>

Rt : r t →↑{
1
p r t , proba. p
0, proba. 1↓p

<latexit sha1_base64="vxdozCfmymLnh2GSiQlxQQNSIC4="></latexit>

acceleration

<latexit sha1_base64="VFHx7p2pXPlTj490OrdUX2druDY="></latexit>→
ω

Scaffnew



2.2) Compression
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<latexit sha1_base64="zAETvX21/VIHThU3JoT6N87sHsg="></latexit>...

Server

Server

DIANA

Mishchenko, Gorbunov, Takáč, Richtárik, “Distributed Learning with 
Compressed Gradient Differences,” 2019, published in 2024

<latexit sha1_base64="JdnvZxJhBMx/yIFq2A60Tkd8OcA="></latexit>

xt

45

<latexit sha1_base64="nvlnHbJW45/SsB967FcmKtMZPNA="></latexit>

dt
1 =

C t
1
(
→f1(xt ) ↑ ut

1
)

<latexit sha1_base64="8/DwEpJswCC2Cbf71T734WJ84WY="></latexit>

dt
n =

C t
n
(
→fn(xt ) ↑ ut

n
)

<latexit sha1_base64="qaJ7viL80sJ4Zu0wyCuUSSbA4ao="></latexit>

xt+1 := xt → ωgt with gt = ut +
1
n

n∑

i=1

dt
i
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<latexit sha1_base64="mqOjEuMon/nHE7EoCJP8YgR3eCM="></latexit>

• rand-k : k elements out of d chosen unif. at
<latexit sha1_base64="gEjE7s2QQEzyaOFDZIzORWRWJ2I="></latexit>

random and scaled by d
k , other ones set to 0.

<latexit sha1_base64="gnyiQKfrKvF0kthXKm2svpLsLo4="></latexit>

⇥
<latexit sha1_base64="gnyiQKfrKvF0kthXKm2svpLsLo4="></latexit>

⇥
<latexit sha1_base64="gnyiQKfrKvF0kthXKm2svpLsLo4="></latexit>

⇥<latexit sha1_base64="gnyiQKfrKvF0kthXKm2svpLsLo4="></latexit>

⇥<latexit sha1_base64="gnyiQKfrKvF0kthXKm2svpLsLo4="></latexit>

⇥

<latexit sha1_base64="BpG48JQB8ENB0FIWSGd1p2IZxQM="></latexit>

0

<latexit sha1_base64="BpG48JQB8ENB0FIWSGd1p2IZxQM="></latexit>

0

<latexit sha1_base64="BpG48JQB8ENB0FIWSGd1p2IZxQM="></latexit>

0

<latexit sha1_base64="gnyiQKfrKvF0kthXKm2svpLsLo4="></latexit>⇥

<latexit sha1_base64="gnyiQKfrKvF0kthXKm2svpLsLo4="></latexit>⇥
<latexit sha1_base64="eWTspla9W8yezmWJAe6Qg/1pqg4="></latexit>

5
2

Unbiased random compression

46
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<latexit sha1_base64="mqOjEuMon/nHE7EoCJP8YgR3eCM="></latexit>

• rand-k : k elements out of d chosen unif. at
<latexit sha1_base64="gEjE7s2QQEzyaOFDZIzORWRWJ2I="></latexit>

random and scaled by d
k , other ones set to 0.

<latexit sha1_base64="jHI9S5JRerPv3hYhz4YeUsgEglY="></latexit>

• quantization
<latexit sha1_base64="yOhWAnNbrbmB8+wr6eDY/ZvlgXE="></latexit>{

1 with probability 4
5

2 with probability 1
5

<latexit sha1_base64="cMfWfz8SD35Bwq3457XbEWQFkuM="></latexit>

C(1.2) =

Unbiased random compression

47
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<latexit sha1_base64="mqOjEuMon/nHE7EoCJP8YgR3eCM="></latexit>

• rand-k : k elements out of d chosen unif. at
<latexit sha1_base64="gEjE7s2QQEzyaOFDZIzORWRWJ2I="></latexit>

random and scaled by d
k , other ones set to 0.

<latexit sha1_base64="jHI9S5JRerPv3hYhz4YeUsgEglY="></latexit>

• quantization
<latexit sha1_base64="yOhWAnNbrbmB8+wr6eDY/ZvlgXE="></latexit>{

1 with probability 4
5

2 with probability 1
5

<latexit sha1_base64="cMfWfz8SD35Bwq3457XbEWQFkuM="></latexit>

C(1.2) =

Albasyoni, Safaryan, LC, Richtárik, “Optimal Gradient 
Compression for Distributed and Federated Learning,” 2020 

Unbiased random compression

47
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<latexit sha1_base64="nntPBPFDxMbcllhI7fCcOk7Psis="></latexit>

Algorithm 1
for t = 0, 1, ... do

for i = 1, ... , n do
dt+1

i := C t
i
(
→fi (xt ) ↑ ut

i
)

r t+1
i := Rt

i
(
→fi (xt ) ↑ ut

i
)

ut+1
i := ut

i + ωr t+1
i

end for
dt+1 := 1

n
∑n

i=1 dt+1
i

x̃ t+1 := proxωR
(
xt ↑ ε(ut + dt+1)

)

xt+1 := xt + ϑC t
s(x̃ t+1 ↑ xt )

ut+1 := ut + ε
n
∑n

i=1 r t+1
i

end for

MURANA
<latexit sha1_base64="vD0eUg/NJfeo9nNwdxSjvrXYTgc="></latexit>

MURANA
<latexit sha1_base64="5UphA++5UTK4/+RSnKhO1Tr4/oc="></latexit>

1
n

n∑

i=1

fi (x) + R(x)

<latexit sha1_base64="tCBHHB726XyJd01DBI7T5jf2/2M="></latexit>

minimize
x→X

LC and Richtárik, 
“MURANA: A Generic 
Framework for 
Stochastic Variance-
Reduced Optimization,” 
MSML 2022
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MURANA

49

DIANA

SAGA

L-SVRG

<latexit sha1_base64="5UphA++5UTK4/+RSnKhO1Tr4/oc="></latexit>

1
n

n∑

i=1

fi (x) + R(x)

<latexit sha1_base64="tCBHHB726XyJd01DBI7T5jf2/2M="></latexit>

minimize
x→X

<latexit sha1_base64="nntPBPFDxMbcllhI7fCcOk7Psis="></latexit>

Algorithm 1
for t = 0, 1, ... do

for i = 1, ... , n do
dt+1

i := C t
i
(
→fi (xt ) ↑ ut

i
)

r t+1
i := Rt

i
(
→fi (xt ) ↑ ut

i
)

ut+1
i := ut

i + ωr t+1
i

end for
dt+1 := 1

n
∑n

i=1 dt+1
i

x̃ t+1 := proxωR
(
xt ↑ ε(ut + dt+1)

)

xt+1 := xt + ϑC t
s(x̃ t+1 ↑ xt )

ut+1 := ut + ε
n
∑n

i=1 r t+1
i

end for

<latexit sha1_base64="vD0eUg/NJfeo9nNwdxSjvrXYTgc="></latexit>

MURANA
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<latexit sha1_base64="mpZHEV6/d2IOQk7pJcQPxSXZB54="></latexit>• GD:
<latexit sha1_base64="mpZHEV6/d2IOQk7pJcQPxSXZB54="></latexit>• Scaffnew / AGD:
<latexit sha1_base64="mpZHEV6/d2IOQk7pJcQPxSXZB54="></latexit>• DIANA:

CompressedScaffnew / TAMUNA / LoCoDL:<latexit sha1_base64="mpZHEV6/d2IOQk7pJcQPxSXZB54="></latexit>•

Uplink communication complexity (UpCom):
<latexit sha1_base64="R0tFZsQoZWcQW2FHl1Pvy2VPV1o="></latexit>

O
(
dω log ε→1)

<latexit sha1_base64="AVJFJKdhf9+QG7Bk66Us0RUSrr8="></latexit>

O
(
d
→
ω log ε→1)

<latexit sha1_base64="o91IEYDJy0eAkXOaUYz7mdJ1cMw="></latexit>

O
(( dω

n + ω + d
)

log ε→1)

<latexit sha1_base64="AN7F18UDoa8RXRiZNYBSVhC2Fus="></latexit>

O

((
d
→
ω→
n +

→
dω + d

)
log ε↑1

)

Double acceleration

LC, Maranjyan, and Richtárik, “LoCoDL: Communication-Efficient Distributed 
Learning with Local Training and Compression,” ICLR 2025

50



<latexit sha1_base64="FejFVDCLkG0o1yuV+2g4g5kuQxw="></latexit>

Logistic regression with the ‘a5a’ dataset of LibSVM. d = 122, n = 288
51
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Summary

Splitting: decomposition as a sequence of simple operations. 
For this, lifting using dual variables.
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Summary

Randomized operations (local training, compression, partial 
participation, sampling…) + variance reduction (via control  
variates = dual variables)     acceleration

Splitting: decomposition as a sequence of simple operations. 
For this, lifting using dual variables.



3) Acceleration
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Revisiting Nesterov acceleration
Nesterov, “A method of solving a convex programming problem with 
convergence rate O(1/k^2),” 1983

APGD (2006)
<latexit sha1_base64="d/5Z02BrO1KBQJzzQbCpGxTJ53Q="></latexit>

yt :=
(

1 → 1
at+1

)
xt + 1

at+1
zt

zt+1 := proxat+1ωg
(
zt → at+1ω↑f (yt )

)

xt+1 :=
(

1 → 1
at+1

)
xt + 1

at+1
zt+1

<latexit sha1_base64="Zy5/jNpMnzXioAe1mP0Nq2ZXlHA="></latexit>

minimize
x→X

!(x) = f (x) + g(x)

<latexit sha1_base64="SZAhuSRFhUZjl3Ry4ANbnFeUtek="></latexit>

With the right choice of (at )t→0
<latexit sha1_base64="CfQ8d5PbLmv4AwQAmhSk9wkn3Zs="></latexit>

from O(1/t) to O(1/t2)
<latexit sha1_base64="Ez/UxzDzmvbYk+/vG2VMEop/ICM="></latexit>

and from O
(
e→t/ω) to O

(
e→t/

↑
ω
)

(optimal)
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Revisiting Nesterov acceleration
Nesterov, “A method of solving a convex programming problem with 
convergence rate O(1/k^2),” 1983

APGD (2006)
<latexit sha1_base64="d/5Z02BrO1KBQJzzQbCpGxTJ53Q="></latexit>

yt :=
(

1 → 1
at+1

)
xt + 1

at+1
zt

zt+1 := proxat+1ωg
(
zt → at+1ω↑f (yt )

)

xt+1 :=
(

1 → 1
at+1

)
xt + 1

at+1
zt+1

<latexit sha1_base64="Zy5/jNpMnzXioAe1mP0Nq2ZXlHA="></latexit>

minimize
x→X

!(x) = f (x) + g(x)

<latexit sha1_base64="MRgUfAYn2/0tP1Ohy65XXKtchaw="></latexit>

→ at+1
〈
↑̃g(zt+1) + ↑f (yt ), zt+1 → xω

〉

↓ →a2
t+1

(
!(xt+1) →!ω

)
+ (a2

t+1 → at+1)
(
!(xt ) →!ω

)
+ εf

2 ↔zt+1 → zt↔2

Lemma 2.2 of LC et al., “A Nesterov-accelerated primal-dual splitting 
algorithm for convex nonsmooth optimization,” 2026:
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APAPC

<latexit sha1_base64="2N64Fg1L65MZc0VN8U5hT3IgvBU="></latexit>

Algorithm 1
for t = 0, 1, ... do

yt :=
(

1 → 1
at+1

)
xt + 1

at+1
zt

ẑt := (1 + at+1ωµg)→1 (zt → at+1ω↑f (yt ) → at+1ωL↑vt)

vt+1 := prox ω
at+1

h→

(
vt + ω

at+1
Lẑt

)

zt+1 := (1 + at+1ωµg)→1 (zt → at+1ω↑f (yt ) → at+1ωL↑vt+1)

xt+1 :=
(

1 → 1
at+1

)
xt + 1

at+1
zt+1

ut+1 :=
(

1 → 1
at+1

)
ut + 1

at+1
vt+1 (optional, used only in the analysis)

end for

APAPC

<latexit sha1_base64="4eptXu4xYcJw7rijwXXRlPzncSI="></latexit>

minimize
x→X

f (x) + µg
2 →x→2 + h(Lx)

with optimal convergence rates in several cases
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‣ Main direction: design of accelerated stochastic 
primal-dual algorithms 

‣ nonconvex / weakly convex settings

‣ decentralized optimization

‣ non-Euclidean geometry

‣ asynchronous algorithms

‣ applications to network communications, signal 
processing, medical imaging, operations 
research…

Perspectives: efficient algorithms 
(compute, communication, energy, memory…) 


