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Optimization

Find x* € argmin W(x)
XeX

X is a real Hilbert space (e.g., R9)
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Optimization

Find x* € argmin W(x)

xXex

Example: W(x

Coincidence
Processing Unit
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x) = ||Ax — y||* + R(x)
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Optimization

XeXx

M
Find x* € argmin W(x) = )  gm(LmX)
m=1

with
linear operators L, : X — Un
real Hilbert spaces X, U,
convex functions g, : Uy — R U {+00}
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Convex functions

fisconvex if vVx,y € X and a € [0, 1],
flax + (1 — a)y) < af(x) + (1 — a)f(y)
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Convex functions

For a closed convex set 2 C X, its indicator function is

0 if x € Q, OO
+o0 else.

Io(X) = +00

+0O

o 1S convex. +00
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Convex functions

For a closed convex set 2 C X, its indicator function is

o (X) = 0 ifxeq, 00 i
DT 400 else.

+ 00
o 1S convex. +00

minimize f(x) minimize f(x) + Iq(X)
X e XEX
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Gradient descent

x* = xt — 4V (x1)
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Gradient descent

x* = xt — 4V (x1)
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Gradient descent

x* = xt — 4V (x1)
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The subdifferential

of: X — 2%
x—{ueX 1 VyeX, f(x)+(y—x,u) <fy)}

I3° 0f(x) is the set of gradients of the
affine minorants of f at x
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Fermat’s rule

x* €argminf
&

0 € Of(x™)

Pierre de Fermat,
1601-1665
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First-order conditions

M
Find x* € argmin W(x) = )  gm(LmX)
m=1

XeXx

1

find x* € X such that

M
0€ ) Lpogm(Lmx*)

m=1
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Subgradient descent

>

—23 -1.3-03 0.7 1.7
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Subgradient descent

>

—23 -1.3-03 0.7 1.7
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The proximity operator

prox; : X — X : x — argmin (f(x’) + 5 ]|x — x’Hz)
X'ex

X prox,(x)
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The proximity operator

prox; : X — X : x — argmin (f(x’) + %Hx — x’Hz)
x'eXx

prox, = (Of + Id)~

y =prox«x) = y=x—~VIy)
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The proximity operator

prox; : X — X : x — argmin (f(x’) + 5 ]|x — x’Hz)
X'ex

IS5y

/

/

prox(x) = sgn(x) max(|x| — 1, 0)
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The proximity operator

Exact, finite time, algorithms are available to compute the

proximity operator of:

o ||X]||. — SVD, O(N?°)
e 1-D TV — taut-string alg., O(N)
e 2-D anisotropic TV — graph cuts

e proj. onto the simplex — O(N)

LC, "A direct algorithm for
1-D total variation...", 2013

LC, "Fast projection onto
the simplex...", 2016

Pustelnik, LC, "Proximity
operator of a sum...", 2017
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Proximal splitting algorithms

Find x* € argmin ng LX)

xXex

A No easy form of prox,, ., or prox,.,
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Proximal splitting algorithms

Find x* € argmin ng LX)

xXex

=3~ We want full splitting, with individual activation of
Lm, LY, the gradient or proximity operator of gp,.
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}L 1) Splitting
" —

-




Minimization of 3 functions

M
Find x* € argmin (f(x) + 3 gm(LmX) + h(x))
m=1

SR

prox.;  Prox,, Vh Ly, L
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Product space trick

Find x* € argmin (f(x) + g(Lx) + h(x))

XeXx

M
- [ g(Lx) = gn(lmx)
m=1
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Minimization of 2 functions

Find x* € argmin (f(x) ' g(x))

Xex

W

Find x* e X : 0 € 0f(x™) + 9g9(x™)
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Minimization of 2 functions

Find x* € argmin (f(x) ' g(x))

Xex

W

Find (x*,u*) € X% : —u € of(x*),u € 0g(x*)
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Minimization of 2 functions

Find x* € argmin (f(x) ' g(x))

xeX

Ny —

0 € Df(x*) + Og(x*)

[0 € Of(x*) + u*
< * *
- u* e dg(x

[ 0€df(x)+ur
0 € —x*+0g"(u)




Minimization of 3 terms

Find x* € argmin (f(x) + g(Lx) + h(x))

Xex

Ny —

0 € Of(x*) + L*Og(Lx*) + V h(x*)

0 € df(x*)+ Vh(x™) + L*u*
u* € 0g(Lx™)

0 € Of(x*) + Vh(x*) + L*u*
0 € —Lx* +dg* (u*)
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1979 |

2011
2011

Proximal splitting algorithms

f+h
f+qg

f+gol
golL+h

IS5y
ISy

ISy

minimize f+go L+ h

forward-backward
Douglas-Rachford / ADMM

Chambolle-Pock = PDHG
PAPC
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1979 |

2011
2011
2013

Proximal splitting algorithms

f+h
f+qg

f+gol
golL+h
f+gol+h

minimize f+go L+ h

IS5y
ISy

ISy
IS5y

forward-backward
Douglas-Rachford / ADMM

Chambolle-Pock = PDHG

PAPC
Condat, Vu

LC, “A primal-dual splitting
method for convex
optimization...” 2013

Vu, “A splitting algorithm for
dual monotone inclusions.../
2013
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1979 |

2011
2011
2013

2017
2018

Proximal splitting algorithms

f+h
f+qg

f+gol
golL+h
f+gol+h

f+g+h
f+golL+h

minimize f+go L+ h

IS5y
ISy

forward-backward
Douglas-Rachford / ADMM

Chambolle-Pock = PDHG
PAPC

Condat, Vu
Davis-Yin
PD30O
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1979 |

2011
2011
2013

2017
2018

2022

Proximal splitting algorithms

f+h
f+qg

f+gol

golL+h
f+gol+h

f+g+h
f+golL+h

f+golL+h

minimize f+go L+ h

IS5y
ISy

forward-backward
Douglas-Rachford / ADMM

Chambolle-Pock = PDHG

PAPC

Condat, Vu

Davis-Yin

PD30 Salim, LC et al., “Dualize,
PDDY split, randomize: Toward fast

nonsmooth optimization
algorithms,” JOTA, 2022
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4 primal-dual algorithms

Condat—Vu algorithm form | minimize
x*' = prox_;(x!' —yVh(x") — yL*u') f+gol+h
u™! = prox . (u' + 7L(2x"" — x"))

Condat—Vu algorithm form Il

u™! = prox_,. (u' + 7Lx")
- x" = prox_;(x' =y Vh(x!) —yL*(2u™" — u'))
PD30O algorithm

x* = prox_;(x' — yVh(x") — yL*u')
Ut = prox, . (Ut + TLE2x" =X =V h(x™)+4V h(x")))

PDDY algorithm
u™! = prox_,. (u' + 7Lx")
_Xt+1 _ prOXfo (Xt . ’)/Vh(Xt—’yL*(UtH —_Ut)) . 7L*(2ut+1 _ut))
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Summary

Large-scale problems with nonsmooth functions
and linear operators

[[=3- proximal splitting algorithms designed

using monotone and fixed-point operator theory

LC et al. “Proximal Splitting Algorithms for Convex Optimization:
A Tour of Recent Advances, with New Twists,” SIAM Review, 2023
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Convergence rates

Theorem — PD30O, with g continuous around Lx*:
W(x') = W(x*) = o(1/V)
Theorem — accelerated PD30 and PDDY
when h or f strongly convex, with varying stepsizes:
Ixt — x*[|° = O(1/t%)
Theorem — linear convergence of PD30 and PDDY
when h or f strongly convex and g smooth:

X' = x*||2 < ptw?

LC, Malinovsky, Richtarik, “Distributed Proximal Splitting
Algorithms with Rates and Acceleration,” 2022
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The power of randomness

x€ERY n <

n
minimize 1 Z fi(x) using the Vf;
=1

with every f; 5-smooth and u-strongly convex

=3~ lower bounds in Woodworth & Srebro [2016]
on number of gradient calls:
deterministic algorithms: Q(n+/3/uloge™")

randomized algorithms:  Q((n++/n3/pu)loge™")
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2) Distributed
optimization

k)




AR

Distributed optimization

Client 1 Client 2 Client n
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Federated learning
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Distributed optimization

n
minimize ~ > fi(x)
=1

x€RY n <
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Distributed optimization

A&

mlnlmlze _ Zf

xef

A Heterogeneous setting: f; arbitrarily different
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Distributed GD

2N

/ / o X \\ciommunlcatlon
@ Q X 2
_X—7Vf1 \ j/ t+1—x—7Vf

—\

Z Xt+1
Communlcatlon

X1t+1
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)

N C Y
Y i. N
decrease
frequency

Local training

minimize f(x) :=
x€eR?

1
n
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Compression

L, L 1

R O - minimize f(x) = — 121: fi(x)
V 4 - N\

compress

vectors

D
XXXXXXXXXXLQ
[
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2.1) Local
training
-




KAUST

&”  Distributed Local GD = FedAvg

I~
(0 . .. (0

X1t+1 _ X L ’}/Vf1( Xt+1 _ Xt . ,yvf ( t)
X1t+2 _ X1t+1 o ﬁyvf ( t+1) XI€+2 t+1 o ’}/Vf ( t+1)
t+H _ X1t+H 1 ’)/Vf1 t+H 1 t+H _ Xt+H 1 ’}/Vf t+H 1)

Z Xt+H
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Local GD: analysis

1 local step

2 local steps
4 |local steps
8 local steps
16 local steps
32 local steps

Fttttt

——y

= =
@ o=

y
B
®

= ¥
° ® ~—
¢ I ——¢ Py

S ———

- —— 0

0 25 50 75 100 125 150 175 200
Communication rounds, 103

(logistic regression)

Malinovsky, Kovalev, Gasanov, LC, Richtarik, “From local SGD to
local fixed point methods for federated learning,” ICML 2020
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=') Scaffnew: Variance-reduced local GD

[ Server

—/ ~ \
-

— AV (x}) + Ul X5 = X — YV a(Xp) + U,

)"(1t —

. ot Z/ ; X' with probability p
Probabilistic Com:  X; ._{ %! with probability 1 — p

Mishchenko, Malinovsky, Stich, Richtarik, “ProxSkip: Yes! Local Gradient
Steps Provably Lead to Communication Acceleration!,” ICML 2022

p:ﬁ 3~ TotalCom O (dy/kloge™')
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» Scaffnew: Variance-reduced local GD

[ Server

—/ ~ \
-

M=xi —aVAK) Ul R =X =y Vi(xa) + 4,

Probabilistic Com: x!*' := { )Af} fZV\//T’:hX/prc\)Ag?biFI)i:;k?aE”gy p
/

Mishchenko, Malinovsky, Stich, Richtarik, “ProxSkip: Yes! Local Gradient
Steps Provably Lead to Communication Acceleration!,” ICML 2022

LC and Richtarik, “RandProx: Primal-Dual Optimization Algorithms with
Randomized Proximal Updates,” ICLR 2023
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PDDY

PDDY

fort=0,1,...do
Xt = prox_ ¢ (x' = yVh(x') — yL*u")
u™' = prox, .. (u' + TLX")
xi+1 — gt "yL*(Ut+1 _ Ut)

end for
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PDDY

PDDY

fort=0,1,...do
Xt = prox_ ¢ (x' = yVh(x') — yL*u")
u™' = prox, .. (u' + TLX")
xi+1 — gt "yL*(Ut+1 _ Ut)

end for

A prox ... can be costly
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RandProx

RandProx

fort=0,1,...do
Xt = prox (x’ — yVh(x!) — yL*ut)
ut! = u'+ TR (prox, . (Ut + TLXT) — ut)
xt1 — St ”7(1 n w)L*(Ut+1 _ Ut)

end for

2[R(rY)] = r and E[|R(r") — r'[|*| < w||r|"

LC, Richtarik, “RandProx: Primal-Dual Optimization
Algorithms with Randomized Proximal Updates,” ICLR, 2023
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RandProx

. n
RandProx-minibatch min A+ 1+ Zi=1 gi

fort=0,1,...do

X = prox, ¢ (x' = yVh(x') —yv) R
pick Q! c {1, ..., n} of size s unif. at random sampling
foric Q'do

uit! = prox 1 g. (Uj + o0
end for ’
foric {1,..,n}\Q" do

utt! = Ut
end for

+1 ._ n t11
vii= ) i U
xH1 = &t ’Y?n(vt+1 B Vt)
end for
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G

RandProx

. n
RandProx-minibatch min A+ 1+ Zi=1 gi

fort=0,1,...do

t.
Xt = prox,;(x' — yVh(x") — yv?!) R .
ot . - sampling
pick Q' C {1, ..., n} of size s unif. at random
for i € Q' do
uf = proxa g (uf + 22 X7)
end for I3 Vn
1 t
for ff _{1 S ny\$2 do acceleration
end for

+1 . n 141
vi©T= i U
Xl‘+1 ‘— Xt . ’Y?n(vt+1 . Vt)
end for
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RandProx

RandProx-skip

fort=0,1,...do
Flip a coin #' = (1 with probability p, 0 else) |

/

if ' = 1 then
Xt = prox s (x! —yVh(x") — yL*u')
u™! = prox, .. (u' + TLX?)
i+ gt 1L*(Ut+1 _ Ut)
' P

else
x*1 = prox_;(x' = yVh(x") — yL*u')
ut+1 '— Ut
end if
end for

\

1
p
0,

RU:rt—
r', proba. p

proba. 1—p
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G

RandProx

RandProx-skip

[ . ,t
fort=0,1,..do 731-CH
Flip a coin 6! = (1 with probability p, 0 else) J »"> Proba.p
if 9" = 1 then |0, proba.1—p

Xt = prOny(Xt —yVh(x") — ~L* ut)
u™! = prox, .. (u' + TLX?)

[+1 " "t_ Y[ ox [+ L t
XXt ) [ Vx

EIS?H : t t . acceleration
x*1 = prox_;(x! — yVh(x") — yL*u')
ut+1 '— Ut
end if
end for
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RandProx

RandProx-skip —
it

fort=0,1,...do CL
Flip a coin 6" = (1 with probability p, 0 else) J »" proba. p
if 9" = 1 then | 0, proba.1-p
Xt = prox,(x' — yVh(x') — yL*u)
u™! = prox, .. (u' + TLX?)

[+1 " "t_ Y[ ox [+ L t
XXt ) [ Vx

else .
t+1 . f t w ot acceleration
x*1 = prox ¢ (x' — yVh(x!) — vL*u')
ut+1 '— Ut

end it \ Scaffnew

end for
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f 2.2) Compression

i s—




KAUST

. . 1 «
Ve P 7gt with gt - ul s - 21 dit
|=

Mishchenko, Gorbunov, Takac, Richtarik, “Distributed Learning with
Compressed Gradient Differences,” 2019, published in 2024
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Unbiased random compression

e rand-K: k elements out of d chosen unif. at
random and scaled by ¢, other ones set to 0.

X XXX X
N O

X
0
0
X
0
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S Unbiased random compression

e rand-K: k elements out of d chosen unif. at
random and scaled by ¢, other ones set to 0.

e quantization

" 1 with probability %

C11:2) =\ 2 with probability
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Unbiased random compression

e rand-K: Kk elem

ents out of d chosen unif. at

random and scaled by ¢, other ones set to 0.

e quantization

C(1.2) =«

" 1 with probability %

| 2 with probability z

Albasyoni, Safaryan, LC, Richtarik, “Optimal Gradient
Compression for Distributed and Federated Learning,” 2020
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MURANA

MURANA

fort=0,1,...do
fori=1,....,ndo
di*! = CH(Vfi(x") — ul)
rit = REVA(xY) — ub)
1. 1
utt = Ul Art
end for
+1 . n +
dt1F=%§:E1qf1
X1 = prox_g(x' — (u' + d**1))
Xt+1 — x4 g\ct(xtﬂ —1Xt)
ut+ ‘— Ut Z/ 1 rt+

minimize
xXexX

1 n
Bizz;f,-(x)u?x

LC and Richtarik,
“MURANA: A Generic
Framework for
Stochastic Variance-

Reduced Optimization,
MSML 2022

b
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MURANA

MURANA

fort=0,1,...do
fori=1,....,ndo
di*! = CH(Vfi(x") — ul)

r,"“1 = Rf(Vf,-(xf) — uf)
t+1 o gt t
u " = U + Ar”

end for
t+1 ._ 1 n f+1
d™ =12 i1 G

X1 = prox_g(x' — (u' + d**1))
Xt = xt 4 pCL(RTT — x1)
ut+1 - Ut + % Z?ﬂ rit+1

end for

minimize
xXexX
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Double acceleration
Uplink communication complexity (UpCom):
GD: O(drloge™)
Scaffnew /AGD: O(dv/kloge )
DIANA: O((%= +k+d)loge™")

CompressedScaffnew / TAMUNA / LoCoDL.:

O((d}f +Vdk + d) log 6_1)

LC, Maranjyan, and Richtarik, “LoCoDL: Communication-Efficient Distributed
Learning with Local Training and Compression,” ICLR 2025
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~<)- LoCoDL: Rand-1

~€- LoCoDL: Natural

-@- LoCoDL: Rand-1 + Natural
—>¢= LoCoDL: /;-select

—<)- ADIANA: Rand-30

~¢- ADIANA: Natural

~<>- ADIANA: Rand-30 + Natural
—<— ADIANA: [;-select

<)~ DIANA: Rand-1

~¢>- DIANA: Natural

DIANA: Rand-1 + Natural
—<— DIANA: [;-select .
<)~ 5GCS-CC: Rand-1

-¢- 5GCs-CC: Natural
-@- 5GCS-CC: Rand-1 + Natural
—¢ 5GCS-CC: [;-select
—3 —&— CompressedScaffnew: s=2
10 —#e— GradSkip
-~ Scaffold N
10~
107>
0.00 025 050 0.75 1.00 1.25 1.50 1.75 2.00
Number of Communicated Bits 1le6

Logistic regression with the ‘a5a’ dataset of LIbSVM. d = 122, n = 288

51
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Summary

Splitting: decomposition as a sequence of S|mple operations.
For this, lifting using dual variables.
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Summary

Splitting: decomposition as a sequence of simple operations.
For this, lifting using dual variables.

Randomized operations (local training, compression, partial
participation, sampling...) + variance reduction (via control
variates = dual variables) [ acceleration 5?

52 / 56
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}L 3) Acceleration
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Revisiting Nesterov acceleration

Nesterov, “A method of solving a convex programming problem with
convergence rate O(1/k"2),” 1983

miQiErT)}ize V(x) = f(x) + g(x)

APGD (2006)

to_ 1\ vt 1 ot
y T (1 dt1 ) X+ A1 <
z" = prox,, ., (2" — a1y VEHy"))

+1 ._ 1 t 1 t+1
X T (1 dty1 ) A+ a4 <

With the right choice of (a;)i>0 B> from O(1/t) to O(1/t?)
and from O(e~/*) to O(e~"/v*) (optimal)
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Revisiting Nesterov acceleration

Nesterov, “A method of solving a convex programming problem with
convergence rate O(1/k"2),” 1983

miQiErT)lize V(x) = f(x) + g(x)

APGD (2006)
Y= (1 alq) X'+ 52
z" = prox,, ., (2! - at+wVf(y’))

f+1 «_ 1 t f+1
X " (1 a1 ) X at+1 <

Lemma 2.2 of LC et al., “A Nesterov-accelerated primal-dual splitting
algorithm for convex nonsmooth optimization,” 2026:

— At <@g( “1) + Vi(y — X >
< —af, (W(x™) — ‘V*) (am — ap1) (V(X) — V*) + %HZ“1 — ZY|?
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APAPC

minimize f(x) + 2| x||* + h(Lx)
XEX

G

APAPC

fort=0,1,...do
yt:=(-|_ 1)Xt+ 1t

At1 a1
2= (1 + apig) ™ (21— anin V(Y — apiy LoV
vi*! = prox - . (vt + L Lét)

ati1 At+1

zZH = (1 + at+1’7,ug)_1 (Zt _ at+17v’c(yt) _ at+1’7L* Vt+1)
Ve - (1 ] )Xt+ 1 S+

at1 at1
t+1 «_ T t, 1 i+
u T (1 at+1> u -+ At+1 v
end for

with optimal convergence rates in several cases
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Perspectives: efficient algorithms
(compute, communication, energy, memory...)

Main direction: design of accelerated stochastic
primal-dual algorithms

nonconvex / weakly convex settings
decentralized optimization

non-Euclidean geometry

asynchronous algorithms

applications to network communications, signal
processing, medical imaging, operations
research...
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