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Abstract— This paper provides an extension of the 1D Hilbert
Huang transform for the analysis of images using recent optimiza-
tion techniques. The proposed method consists of: 1) adaptively
decomposing an image into oscillating parts called intrinsic mode
functions (IMFs) using a mode decomposition procedure and
2) providing a local spectral analysis of the obtained IMFs in
order to get the local amplitudes, frequencies, and orientations.
For the decomposition step, we propose two robust 2D mode
decompositions based on nonsmooth convex optimization:
1) a genuine 2D approach, which constrains the local extrema
of the IMFs and 2) a pseudo-2D approach, which sepa-
rately constrains the extrema of lines, columns, and diagonals.
The spectral analysis step is an optimization strategy based
on Prony annihilation property and applied on small square
patches of the IMFs. The resulting 2D Prony–Huang transform
is validated on simulated and real data.

Index Terms— Empirical mode decomposition, spectral
analysis, convex optimization, nonstationary image analysis.

I. INTRODUCTION

AN IMPORTANT challenge in image processing is the
retrieval of the local frequencies, amplitudes, and ori-

entations of a nonstationary image. This subject presents
several interesting applications for, e.g., texture classifi-
cation [1], [2], fingerprint analysis [3], [4], ocean wave
characterization [5], [6]. To be specific, most of these images
can be expressed as a sum of a trend and one (or several)
amplitude modulation - frequency modulation (AM-FM) com-
ponent(s). It results that usual spectral analysis techniques
(designed for analyzing one AM-FM component [7]) lead to
poor performance when such a class of nonstationary images
have to be analyzed. In the context of 1D analysis, an efficient
strategy known as 1D–Hilbert Huang Transform (HHT) has
been proposed in [7]. The goal of this paper is to propose the
counterpart of the 1D–HHT for image analysis.
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The 1D–HHT is an empirical method for analysis
AM-FM signals and it favors adaptivity. The objective of
1D–HHT is to extract the instantaneous amplitudes and
frequencies from a signal built as a sum of a trend and
intrinsic mode functions (IMFs). We recall that an IMF is
loosely defined as a function oscillating around zero and
having symmetric oscillations. To achieve this goal, the
1D–HHT consists in a two-step procedure:

• a decomposition step, whose objective is to extract the
IMFs from the data,

• spectral analysis of each extracted IMF in order to
estimate the instantaneous amplitudes and frequencies of
each component.

Regarding the first step, an efficient decomposition procedure
known as empirical mode decomposition (EMD) has been
proposed in [7]. It aims at sequentially extracting the IMF
through a sifting process that is based on maxima (resp.
minima) cubic spline interpolation. The second step aims
at computing the analytic signal of each extracted IMF
in order to access the instantaneous amplitude and phase
(that leads to frequency) of each IMF. Consequently, the
2D counterpart of the 1D–HHT principle requires
(i) a bi-dimensional mode decomposition step providing
the 2D–IMFs and (ii) a 2D spectral analysis step allowing to
extract the instantaneous amplitude, frequency, and orientation
of each bi-dimensional IMF.

A generalization of the 1D–HHT for arbitrary space dimen-
sions has already been proposed in [8]. This method combines
a multidimensional extension of an EMD based on the compu-
tation of local means [9] and a multidimensional generalization
of analytic signal defined with the Riesz transform that is
called monogenic signal [10], [11]. However, this method,
as well as the other EMD based on a sifting procedure and
interpolation steps, lacks of robustness as will be discussed
further. Another 2D spectral analysis method whose goal is
close to a 2D–HHT is the Riesz-Laplace transform proposed
by Unser et al. [12]. It combines a 2D wavelet transform with
a monogenic analysis [10], [11]. The counterpart of using a
wavelet framework is the lack of adaptivity and consequently
this method is less suited than EMD for analyzing nonstation-
ary signals such as AM–FM signals. Moreover, both methods
use a monogenic analysis in 2D [12] or n-D [8] for the spectral
estimation step, which proved to be efficient for amplitude,
phase, and orientation estimation but not so efficient for
frequency estimation as it will be seen in Section IV.

The aim of this paper is to revisit each of both steps
using recent optimization techniques in order to highligh
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the importance of the combinaison of efficient methods for
decomposition and for spectral analysis.

The first contribution of this paper concerns a new
robust 2D mode decomposition procedure based on convex
optimization. Indeed, the existing 2D–EMD methods are based
on the sifting procedure whose main drawback is the lack
of a rigorous mathematical definition, and consequently of
convergence properties [13]–[19], while efficient 1D mode
decomposition procedures based on convex optimization have
been recently proposed in order to get stronger mathematical
guarantees [20]–[22]. For instance, [22] proposed a mathemat-
ical formalism for 1D–EMD based on a multicomponent prox-
imal algorithm that combines the principle of texture-geometry
decomposition [23]–[25] with some specific features of the
usual EMD: constraints on extrema in order to extract IMFs
oscillating around zero, sequential formulation of the usual
EMD, or IMFs quasi-orthogonality. This method appears to
have better performance (in terms of extraction or convergence
guarantees) than the other convex optimization procedures as
discussed in [22]. For this reason, we propose to extend this
method to a 2D mode decomposition formalism.

Our second contribution concerns an alternative
approach to monogenic analysis, based on annihilation
property [26]–[29]. This property, which was highlighted in
Prony work in the eighteenth century [27], is particularly
interesting for estimating sinusoids. This annihilation
technique has been adapted to the finite rate of innovation
problems in [30]. When noise is involved in the data, the
procedure is modified in order to incorporate a low rank
constraint. This method is known as the Cadzow algorithm
[30], [31]. An improved version of Cadzow algorithm has been
proposed in [32] and then extended for 2D spectral analysis
in [33], in order to estimate the modulation parameters in
structured illumination microscopy images. In this paper, the
objective is to adapt this 2D spectrum analysis technique
in order to estimate the local amplitude, frequency, and
orientation of an AM–FM image.

Finally, by combining the proposed variational
bi-dimensional EMD with the spectral estimation based
on the annihilation property, we propose an efficient adaptive
2D spectral analysis that we call 2D Prony–Huang Transform
(PHT), whose performances are evaluated on simulated and
real data.

Section II is focused on the proposed 2D–EMD, while
Section III describes the optimization procedure improv-
ing the spectral analysis step. The experimental results and
comparisons with the state-of-the art methods are presented
in Section IV.

Notations: We denote by y = (y[n,m])1≤n≤N1,1≤m≤N2 ∈
R

N1×N2 the matrix expression of an image whose size is N1 ×
N2, the n-th row of the image y is denoted y[n, ·] ∈ R

N2 , and
y = (y[n])1≤n≤N ∈ R

N is the vector expression of y, such that
N = N1 × N2. Let H denote a real Hilbert space. �0(H) mod-
els the set of convex, lower semi-continuous, proper functions
from H to ] − ∞,+∞]. A proper function is a function that
is not equal to +∞ everywhere on its domain. The proximity
operator associated to a function ϕ ∈ �0(H) is defined, for
every u ∈ H, as proxϕu = arg minv∈H ϕ(v)+ 1

2‖u − v‖2.

Algorithm 1 2D–EMD [14]

II. VARIATIONAL 2D–EMD
A. Classical 2D–EMD

We consider an image x ∈ R
N1×N2 built as a sum of

bidimensional IMFs (d(k))1≤k≤K , and a trend a(K ) ∈ R
N1×N2 ,

i.e.,

x = a(K ) +
K∑

k=1

d(k). (1)

The 2D–EMD methods [13]–[19] aim at sequentially
extracting the IMFs (d(k))1≤k≤K from the data x. The usual
decomposition process is summarized in Algorithm 1.

One can easily remark that this mode decomposition pro-
cedure splits up the trend a(k−1) into a component having
IMF properties, denoted d(k), and a residual component,
denoted a(k). This decomposition is based on the sifting
process (Steps 1)-6) of the algorithm) that consists in iterating
the mean envelope removal to t[i]. The idea behind the sifting
process is to remove the slower parts of the signal, which are
contained in the mean envelopes, in order to extract an oscil-
lating component of zero mean envelope, the IMF d(k). Note
that in step 3), the computation of the mean envelope m[i] can
be obtained through several procedures. For instance, it may
denote the mean of the upper and lower envelopes obtained by
interpolating the maxima, resp. minima, of t[i] as proposed in
Linderhed image empirical mode decompostion (IEMD) [14]
or the work by Nunes et al. called bidimensional empirical
mode decompostion (BEMD) [15]. A faster method to compute
the envelopes, based on a Delaunay triangulation of the
extrema, is proposed in [16]. Another fast solution based
on triangulation is presented in [17], its main difference is
that it does not compute envelopes but it directly computes
the mean surface from the characteristic points of the image
(maxima, minima, and saddle points). In [18] the authors
propose to estimate the upper and lower envelopes through a
convex optimization procedure in order to avoid over/under
shooting problems. Finally, in [34], a tensor-product based
method is provided to build the envelopes: interpolation is
done separately on rows and columns of the image. Some of
these methods are consequently faster and may lead to better
performance but they are all based on the sifting principle,
which does not have convergence guarantees.

B. Proposed 2D–EMD

As mentioned above, the main limitation of the existing
2D–EMD approaches is the sifting process. In order to avoid
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this limitation while keeping the spirit of EMD, we propose
to preserve the idea of extracting the trend and the IMF of
order k from the trend of order k −1 but we replace the sifting
procedure (Steps 1)-6)) by the resolution of a variational
approach. The proposed criterion is the following, for every
k ∈ {1, . . . , K },
(a(k), d(k)) ∈ Argmin

a∈RN ,d∈RN
φk(a)+ ψk(d)+ ϕk(a, d; a(k−1))

(2)

where φk ∈ �0(R
N ) and ψk ∈ �0(R

N ) impose respectively
the trend and IMF behaviors to the components a(k) and d(k),
while ϕk(·, ·; a(k−1)) ∈ �0(R

N × R
N ) aims at modeling

that a(k−1) is close to a(k) + d(k).
As proposed in [22] for 1D–EMD, the coupling term is

chosen quadratic:

(∀(a, d) ∈ R
N × R

N ) ϕk(a, d; a(k−1)) = ‖a + d − a(k−1)‖2.

(3)

Such a coupling term makes the method robust to sampling
artifacts [22].

The smoothness of the trend a(k) is obtained by imposing a
constraint on its isotropic total variation. Formally, such a
constraint leads to the following choice of φk , for every
a ∈ R

N1×N2 ,

ρ(k)
N1∑

n=1

N2∑

m=1

√
|a[n − 1,m]−a[n,m]|2+|a[n,m − 1]−a[n,m]|2

(4)

with a regularization parameter ρ(k) > 0.
At this stage, one can notice the similarities with the texture-

geometry decomposition strategies [23]–[25] when K = 1.
For this class of methods the function ψk is chosen to
model oscillating signals, for example it can be a �1-norm
(TV-�1) [23], or the G-norm that is associated to the Banach
space of signals with large oscillations (TV-G) [24], [25], [35].
The texture-geometry decomposition has been designed for
extracting a texture from a piece-wise constant image.
However, the texture extracted with such a procedure may
correspond to any oscillatory behavior and thus can be com-
posed of a sum of two (or more) oscillatory components.
For this reason we propose to integrate the IMF proper-
ties in the function ψk in order to impose a extraction
procedure closer to the EMD, which means being able to
extract each oscillatory component separately. To achieve this
goal, we extend the 1D solution proposed in [22] to the bi-
dimensional problem. We describe two solutions that are the
genuine 2D (G2D) approach, based on 2D local extrema, and
the pseudo 2D (P2D) approach, where lines, columns, and
diagonals extrema are separately constrained (see [13] for a
comparison between G2D and P2D approaches in the usual
sifting-based EMD procedure).

1) G2D Approach: For every k ∈ {1, . . . , K }, we identify
the Pk extrema of a(k−1) whose locations are denoted by
i (k)[�] ∈ {1, . . . , N1}×{1, . . . , N2}. For every � ∈ {1, . . . , Pk}
such that i (k)[�] denotes a maxima (resp. a minima), we
denote (i (k)1 [�], i (k)2 [�], i (k)3 [�]) the locations of the three closest

minima (resp. maxima) in the sense of Euclidean distance.
We want to impose that d(i (k)[�]) is approximatively symmet-
ric with respect to its mirror-point that would be on the minima
(resp. maxima) envelope. This condition can be obtained by
imposing a constraint on the extrema of d:
∣∣∣∣ d

[
i (k)[�]]

+α
(k)
1 [�]d[

i (k)1 [�]] + α
(k)
2 [�]d[

i (k)2 [�]] + α
(k)
3 [�]d[

i (k)3 [�]]

α
(k)
1 [�] + α

(k)
2 [�] + α

(k)
3 [�]

∣∣∣∣, (5)

where
(
α
(k)
j [�])1≤ j≤3 are computed so that i (k)[�] is the

barycenter of the locations
(
i (k)j [�])1≤ j≤3 weighted by the

(
α
(k)
j [�])1≤ j≤3. This penalization can be globally rewritten as:

(∀d ∈ R
N ) ψk(d) = ν(k)‖M(k)

G2Dd‖1, (6)

where M(k)
G2D ∈ R

Pk×N is a sparse matrix modelling the con-
straint imposed on d , i.e., Eq. (5) can be written |M(k)

G2D[�, ·]d|,
where M(k)

G2D[�, ·] denotes the �-th row of M(k)
G2D . More

precisely, each row � of M(k)
G2D is sparse and contains 4 non-

zero values: 1,

α
(k)
1 [�]

α
(k)
1 [�] + α

(k)
2 [�] + α

(k)
3 [�]

,
α
(k)
2 [�]

α
(k)
1 [�] + α

(k)
2 [�] + α

(k)
3 [�]

and

α
(k)
3 [�]

α
(k)
1 [�] + α

(k)
2 [�] + α

(k)
3 [�]

,

at locations i (k)[�], i (k)1 [�], i (k)2 [�] and i (k)3 [�] respectively.
The main difficulty to implement this strategy lies in the

detection of extrema locations. Several strategies have been
proposed in the literature, for instance in [14] a pixel is con-
sidered as a local extremum if its value is maximum/minimum
in a 3 × 3 neighborhood. On the other hand, there are
directional strategies that designate a pixel as a maximum
(resp. minimum) when its value is greater (resp. lower) than
the two closest pixels in any of the 4 principal directions of
the image (horizontal, vertical, diagonal, and anti-diagonal).
This method makes easier the extraction of oriented textures,
that is the reason why we have retained this approach in the
present paper. The problem of this second approach lies in the
handling of saddle points, which are minima in one direction
and maxima in another direction. In this work, we choose not
to take these points into account.

2) P2D Approach: This solution constrains extrema of
each line, column, diagonal and anti-diagonal rather than
dealing with local 2D extrema. The proposed strategy is
described for the constraint applied on the n-th row. We denote(
n, i (k)[�])1≤�≤Pk,n

the locations of local maxima/minima in

the n-th row of a(k−1). The condition that imposes a zero
mean envelope is
∣∣∣∣ d[n, i (k)[�]]

+α
(k)
1 [�]d[n, i (k)[�− 1]] + α

(k)
2 [�]d[n, i (k)[�+ 1]]

α
(k)
1 [�] + α

(k)
2 [�]

∣∣∣∣, (7)
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where (α(k)1 [�], α(k)2 [�]) are computed so that i (k)[�] is the
barycenter of the locations (i (k)[�− 1], i (k)[� + 1]) weighted
by the (α(k)1 [�], α(k)2 [�]). The extrema-based constraint can be
written for each row n ∈ {1, . . . , N1}, |R(k)n d[n, ·]�|, where
R(k)n ∈ R

Pk,n×N2 denotes the linear combination of some
elements of the n-th row d[n, ·] creating a constraint of a zero
mean envelope for the component d(k).

Considering the whole image, the constraint can be written
‖R(k)d‖1 where R(k) = diag(R(k)1 , . . . ,R(k)

N1
) is a block diago-

nal matrix, which is highly sparse. We apply the same type of
constraint to the columns (C(k)), the diagonals (D(k)), and the
anti-diagonals (A(k)) of the image, leading to the penalization:

(∀d ∈ R
N ) ψk(d) =

4∑

l=1

ν
(k)
l ‖M(k)

l d‖1 (8)

where M(k)
1 = R(k), M(k)

2 = C(k), M(k)
3 = D(k), M(k)

4 = A(k)

denote matrices in R
N×N . In this paper, we used the same

regularization parameters for the four directions, i.e., for every
l ∈ {1, . . . , 4}, ν(k)l ≡ ν(k). The main reason of this restriction
is to provide a fair comparaison with the G2D approach, which
uses a single parameter. Moreover, in variational approaches,
the question of tuning the parameters is still an open question.
Even if interesting solution have been recently provided in the
context of image restoration [36]–[39], it is often preferable
to have few parameters to tune.

C. Algorithm

For both proposed solutions (G2D–EMD or P2D–EMD),
the resulting criteria are convex, non-smooth, and involve
sparse (but non-circulant) matrices. Therefore, according to
the recent literature in convex optimization, we propose to
adapt the primal-dual splitting algorithm proposed in [40]
for solving (2). Other efficient primal-dual proximal algo-
rithms such as the one proposed in [41]–[43] could have
been employed. In this paper, we will not discuss and
compare the performance of these algorithms in order to
focus on the performance of the decomposition procedure.
However, in our simulation, the algorithm proposed in [36]
appears slightly faster in term of convergence of the iterates.
The iterations are specified in Algorithm 2 for G2D–EMD,
and in Algorithm 3 for P2D–EMD. The difficulties result-
ing from this minimization problem is first to deal with
the Hilbert space R

N × R
N [42], to specify the closed

form expression of the proximity operators associated to the
�1-norm and to the �2,1-norm, and to compute the norm of the
involved matrices in order to design an efficient algorithm from
the computational point of view and to insure convergence.
However, for further details on these computations, one could
refer to [44]. In order to lighten the notations, we rewrite
the total variation penalization as φk = ρ(k)‖L · ‖2,1, with
L = [L�

H L�
V ]� where LH ∈ R

N×N and LV ∈ R
N×N

denote the matrices associated to the horizontal and vertical
finite differences. For the P2D–EMD algorithm, we denote
M(k)

P2D = diag(M(k)
1 ,M(k)

2 ,M(k)
3 ,M(k)

4 ). Parameters σ and τ
are chosen so as to ensure the convergence of the algorithm,
see [40] for further details. As the optimization problem is

Algorithm 2 G2D–EMD Algorithm

Algorithm 3 P2D–EMD Algorithm

convex, the initialization of variables a[0], d [0], y[0]
0 and y[0]

1
does not impact the solution. For the sake of simplicity we
initialize them to zero.

III. SPECTRAL ANALYSIS

The previous section was dedicated to methods to
extract 2D IMFs. In this section, we now focus on
the estimation of the instantaneous frequency, amplitude,
and orientation of each IMF. After a short review
of monogenic analysis, usually employed for analysing
2D IMFs [8], we propose a new 2D spectral analysis method
based on Prony annihilation property.

A. 2D Spectral Estimation Based on Monogenic Signal

We first recall that for a given real-valued 1D signal d ∈ R
N ,

the associated analytic signal da ∈ C
N , which by definition

involves the signal itself and its Hilbert transform, can also
be written under a polar form involving instantaneous phase
χ ∈ R

N and amplitude α ∈ R
N such as:

da = d + jH(d) = αe jχ , (9)

1It has been proved in [40] that the condition on τ and σ to ensure the
weak convergence of the algorithm is τ < 1/(σβ + 2).
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where H(d) is the Hilbert transform of d , which consists
in a convolution by an all pass filter h characterized by its
transfer function Hω = − jω/|ω|. These two formulations
make easy the computation of the instantaneous amplitude and
the instantaneous phase as the absolute value of the analytic
signal and its argument.

The monogenic analysis is a 2D extension of spectral
analysis based on the analytic signal. It is based on the Riesz
transform, a natural 2D extension of the Hilbert transform [11].
The Riesz transform of a 2D signal d can be expressed
as dr = (d1,d2) = (h1 ∗ y,h2 ∗ y), where the filters
(hl)1≤l≤2 are characterized by their 2D transfer functions
(Hl)ω = − jωl/‖ω‖ with ω = (ω1, ω2). Based on the Riesz
transform, the monogenic signal is the counterpart in 2D
of the analytic signal defined as a three-component signal
dm = (d,d1,d2) [11]. Similarly to the analytic signal, the
monogenic signal enables to compute easily the local ampli-
tude, phase, and orientation at each pixel through the relations,
for every (n,m) ∈ {1, . . . , N1} × {1, . . . , N2},

α[n,m] =
√(

d[n,m])2 + (
d1[n,m])2 + (

d2[n,m])2

χ [n,m] = arctan

(
√(

d1[n,m])2 + (
d2[n,m])2

d[n,m]
)

θ [n,m] = arctan(d2[n,m]/d1[n,m]). (10)

The local frequency η[n,m] is then obtained by differentiating
the local phase χ [n,m] along the direction given by the
orientation θ [n,m], see [12] for further details.

The estimation of the orientation proposed in (10) lacks of
robustness because it does not take into account the orientation
of neighboring pixels. Unser et al. [12] derived an improved
estimation based on a minimization procedure including a
smoothness neighborhood constraint. It consists in estimat-
ing the local orientation which maximizes the directional
Hilbert transform over a local neighborhood. To sum up,
this optimization problem can be written as the maximization
of a quadratic form, which leads to an eigenvalue problem
on a matrix of size 2 × 2. The eigenvector corresponding
to the largest eigenvalue gives the local orientation θ[n,m]
inside the neighborhood, while the difference between the
two eigenvalues, normalized to lie in the range [0, 1], gives
a coherency index λ[n,m]. The coherency index models the
degree of directionality of the local neighborhood and gives
a general reliability index of the estimation: a high coherency
index (close to 1) means that pixels into the neighborhood have
a similar orientation, while a low coherency index means that
there is no privileged orientation into the neighborhood, which
means the robust orientation estimation is not reliable.

B. 2D Spectral Analysis Based on the
Annihilation Property

The monogenic analysis is efficient for the analysis of
instantaneous amplitudes and orientations but unfortunately
fails for the frequency estimation, as we will see in Section IV.
In this section, we propose an alternative method, based on
the annihilation property of a discrete cosine function. While
several papers deal with this problem in 1D [30], [32], [45], the

bi-dimensional cosine estimation is still challenging. Recently,
in the context of structured illumination microscopy, an effi-
cient 2D spectral estimation strategy has been proposed in
order to estimate the global modulation parameters [33]. While
in structured illumination microscopy the modulation is uni-
form through the image, in the present context the modulation
may vary from a location to another. For this reason, we
propose to adapt the spectral strategy proposed in [33] in order
to locally estimate the amplitudes, phases, and orientations of
the IMFs. There exists several other spectral analysis meth-
ods such as MUSIC [46], ESPRIT [47], MODE [48], [49],
WSF [50], which are based on the splitting of the autocor-
relation matrix of data into a signal and a noise subspaces.
MODE and WSF are widely used in sensor array estimation,
they are fast, optimal for large sample data and efficient to
separate highly correlated sources. However, these methods
are statistically optimal for large sample data. Indeed, these
methods are based on an estimate of the data autocorrelation
matrix, which needs a large set of samples to be consistent.
In this work, we perform local spectral estimation on small
patches and therefore we need a method that is particularly
efficient for dealing with the limited information.

1) An IMF is Locally a Cosine Function: For every
k ∈ {1, . . . , K }, we divide the k-th estimated IMF d(k)

into square patches of size N̄ (k) , i.e.,
(

∀(n̄, m̄) ∈ {
1, . . . ,

⌊ N1

N̄ (k)

⌋} × {
1, . . . ,

⌊ N2

N̄ (k)

⌋})
,

p(k)n̄,m̄ = (d(k)[n,m])
(n,m)∈N (k)

n̄,m̄
(11)

where

N (k)
n̄,m̄ = {(n,m) ∈ {(n̄ − 1)N̄ (k) + 1, . . . , n̄ N̄ (k)}

× {(m̄ − 1)N̄ (k) + 1, . . . , m̄ N̄ (k)}} (12)

and we locally model it by a discrete cosine function that is,
for every (n′,m′) ∈ {1, . . . , N̄ (k)} × {1, . . . , N̄ (k)},
p(k)n̄,m̄ [n′,m′] ≈ α

(k)
n̄,m̄ cos

(
2πξ

(k)
n̄,m̄n′ + 2πζ

(k)
n̄,m̄m′ + υ

(k)
n̄,m̄

)
(13)

where α
(k)
n̄,m̄ models the local amplitude for the patch (n̄, m̄)

of the k-th IMF, while ξ
(k)
n̄,m̄ and ζ

(k)
n̄,m̄ are respectively the

local frequencies toward lines and columns. Then, the local
frequency and orientation are respectively given by:

η
(k)
n̄,m̄ =

√
(ξ
(k)
n̄,m̄)

2 + (ζ
(k)
n̄,m̄)

2, (14)

and

θ
(k)
n̄,m̄ = arctan(ξ (k)n̄,m̄/ζ

(k)
n̄,m̄). (15)

The problem is then to estimate the parameters α(k), ξ (k),
ζ (k), υ(k) which best fit the data p(k).

2) Principle of Annihilation Property in 1D: For every
n′ ∈ {1, . . . , N̄ } with N̄ � 3, a 1D discrete cosine function
p[n′] = α cos(2πξn′ + υ) can be written as a sum of two
complex exponentials. Thus, according to the annihilation
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property [30], the sequence (p[n′])1≤n′≤N̄ admits an
annihilating filter f = ( f [k])0≤k≤2 which satisfies:

(∀n′ = {3, · · · , N̄ })
2∑

k=0

f [k]p[n′ − k] = 0, (16)

and has the following Z -transform:

F(z) = f [0] + f [1]z−1 + f [2]z−2 (17)

= f [0](1 − e− j2πξ z−1)(1 − e+ j2πξ z−1) (18)

that means f [0] = f [2] (i.e, f is symmetric) and f [1] =
− f [2](e j2πξ + e− j2πξ ). It is then straightforward to compute
α, ξ , and υ from the annihilating filter. Indeed, according to
Eq. (18), the roots of the polynomial F(z) are on the unit
complex circle and are e− j2πξ and e+ j2πξ , which leads to the
value of ξ . Then, by linear regression, we retrieve the complex
amplitude αe jυ . Consequently, the main difficulty consists in
estimating the annihilating filter f .

First, it can be shown easily that, if f = ( f [0], f [1], f [2])
is an annihilating filter of the cosine function p, any non trivial
filter f ′ = ( f ′[k])0≤k≤L , where 2 � L � N̄ − 3, is also an
annihilating filter of p if the roots of f are roots of f ′. The
inverse is true: if f ′ is a non trivial annihilating filter of p,
then the roots of f are roots of f ′. The annihilating equation
can then be rewritten as:

(∀n′ = {L + 1, · · · , N̄ })
L∑

k=0

f ′[k]p[n′ − k] = 0, (19)

or equivalently in the matrix form, TL(p) f ′ = 0, with

TL(p)

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

p[N̄ − L] · · · p[N̄ − 1] p[N̄]
p[N̄ − L − 1] · · · p[N̄ − 2] p[N̄ − 1]

...
...

...
p[1] · · · p[L] p[L + 1]

p[L + 1] · · · p[2] p[1]
...

...
...

p[N̄ ] · · · p[N̄ − L + 1] p[N̄ − L]

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(20)

where TL(p) ∈ R
2(N̄−L)×(L+1). The symmetrization of TL(p)

ensures the symmetry of the filter.
Second, according to [30], p is a sinusoid if and only if,

for any L, TL(p) has a rank of two. The simplest annihilating
filter h is obtained from T2(p) by considering its right singular
vector corresponding to the 3rd singular value which is zero
(due to L = 2 and that the rank of T2(p) is 2, the two others
singular values are non-zero).

This strategy cannot be applied directly on degraded data.
In [30] and [32], the authors propose an iterative strat-
egy to estimate the matrix T̂ = TL( p̂) of rank 2, where
p̂ denotes the denoised sinusoidal signal that is the closest
from p. Consequently, the denoising strategy consists in solv-
ing the following structured low-rank approximation (SLRA)
problem:

T̂ ∈ Argmin
T∈T

T∈R2

‖√P ◦ (T − TL(p)‖2
F , (21)

Algorithm 4 Spectral Estimation Algorithm

where P ∈ R
2(N̄−L)×(L+1) denotes a weighting matrix whose

entries are inversely equal to the number of times where the
entry models the same element, ◦ is the entrywise product,
‖ · ‖F is the Frobenius norm. T is the set of matrices
T = {(TL(c)) : c ∈ R

N }, and R2 is the set of matrices with a
maximal rank of 2. The problem can be solved with an iterative
primal-dual algorithm as proposed in [32]. L is chosen so that
TL(p) is as close to a square matrix as possible, in order to
improve the convergence speed of the algorithm.

3) Spectral Analysis of IMFs: The procedure described
previously has been extended for 2D spectral analysis in [33]
when the modulation is uniform through the whole image.
In our work, in the scope of providing an adaptive 2D spectral
analysis method designed for nonstationary images, we will
estimate amplitudes, frequencies and orientations locally. The
idea is then to apply the method proposed in [33] on the local
patches p(k)n̄,m̄ ∈ R

N̄ (k)×N̄ (k)
.

In the situation where the (k, n̄, m̄)-th patch p(k)n̄,m̄ is a strict

sinusoid, there exists two annihilating filters f (k)n̄,m̄ and g(k)n̄,m̄ ,
both symmetric and of size 3, which annihilate respectively
the rows and the columns of the patch. The roots of the

Z -transform of f (k)n̄,m̄ are e− j2πξ
(k)
n̄,m̄ and e+ j2πξ

(k)
n̄,m̄ , which leads

to ξ
(k)
n̄,m̄ as it is chosen positive. The same calculation with g(k)n̄,m̄

gives ±ζ
(k)
n̄,m̄[n̄, m̄], the sign of ζ

(k)
n̄,m̄ has to be disambiguated

in order to compute the orientation. Finally, a linear regression

gives us the complex amplitude α
(k)
n̄,m̄e jυ(k)n̄,m̄ and disambiguates

the sign of ζ
(k)
n̄,m̄ , see [32] for more details.

The IMFs extracted with the EMD procedures described
in Section II do not behave exactly like a local cosine.
Consequently, a SLRA based procedure is used in order to
achieve an efficient 2D-block spectral estimation. The problem
to solve is:

(Û
(k)
n̄,m̄, V̂

(k)
n̄,m̄) ∈ Argmin

(U,V)∈T (k)

U∈R2
V∈R2

‖√P ◦ (U − UL(k) (p
(k)
n̄,m̄)),√

P ◦ (V − VL(k) (p
(k)
n̄,m̄))‖2

F

(22)
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Fig. 1. Decomposition of the simulated data obtained with different methods. 1st row: Simulated data. 2nd row: Image Empirical Mode Decomposition [14],
3rd row: Total Variation based decomposition [23], 4th row: Gilles-Osher based decomposition [24], 5th row: G2D–EMD, 6th row: P2D–EMD. On 1st row,
from the left to the right the columns present x, x(1), x(2), x(3). From the left to the right the columns present d(1), d(2) and a(2).

where T (k) is the set T (k) = {(UL(k) (c),VL(k) (c)) : c ∈
R

N̄ (k)×N̄ (k) }, and UL(k) and VL(k) map respectively the lines and
columns of a patch of size N̄ (k)× N̄ (k) into a centro-symmetric

Toeplitz matrix of size 2N̄ (k)(N̄ (k) − L(k)) × (L(k) + 1).
See [33] for more details on the construction of UL(k) (p

(k)
n̄,m̄)

and VL(k) (p
(k)
n̄,m̄). The weighting matrix P of size
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Fig. 2. Spectral analysis on the 1st mode using different methods. 1st row: Riesz-Laplace [12]. 2nd row: G2D–HHT (G2D–EMD + monogenic analysis).
3rd row: G2D–PHT (G2D–EMD + annihilation based spectral analysis). 4th row: P2D–HHT (P2D–EMD + monogenic analysis) [51]. 5th row: P2D–PHT
(P2D–EMD + annihilation based spectral analysis). From left to right: mode d(1), amplitude α(1), frequency η(1) and orientation θ (1).

2N̄ (k)(N̄ (k) − L(k)) × (L(k) + 1) is defined similarly as
for the original 1D SLRA.

4) Algorithm for Analysing IMFs: Similarly as in [33], the
SLRA problem is solved with a primal-dual algorithm, which
alternates between a gradient descent with respect to the
cost function (the squared Frobenius norm) with projections
PT (k) and PR2 to enforce the constraints. PT (k) is the
orthogonal projection of a pair of matrices (U,V) on T (k) that
consists in averaging the coefficients of U and V corresponding
to the same pixel of the image. PR2 is the orthogonal
projection on the set of matrices of rank at most 2, it is done
by SVD truncation, that consists to set to zero all singular

values except the two largest ones. The algorithm is described
in Algorithm 4.

5) Coherency Index: Inspired by [12], we introduce a new
coherency index, defined as λ̂ = {̂λ(k)n̄,m̄}k,n̄,m̄ ∈ [0; 1] in order
to provide a degree of quality of the spectral estimation. For
every (k, n̄, m̄), λ̂

(k)
n̄,m̄ is given by the sum of the two higher

singular values of p̂(k)n̄,m̄ , normalized to have an index between
0 and 1. λ̂, which is highly linked to the amplitude α̂, informs
us about the local oscillatory character of data: it is higher
on oscillating parts of the signal, and lower on non-oscillating
parts and parts containing only noise.
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Fig. 3. Spectral analysis on 2nd mode using different methods. 1st row: Riesz-Laplace [12]. 2nd row: G2D–HHT (G2D–EMD + monogenic analysis). 3rd row:
G2D–PHT (G2D–EMD + annihilation based spectral analysis). 4th row: P2D–HHT (P2D–EMD + monogenic analysis) [51]. 5th row: P2D–PHT (P2D–EMD +
annihilation based spectral analysis). From left to right: mode d(2), amplitude α(2), frequency η(2) and orientation θ(2).

6) Size of the Patches: The patch size N̄ (k) should be chosen
so that the IMF can be modeled as a sinusoidal function inside
a patch. This means that it should be small enough so that the
frequency and orientation can be considered constant inside a
patch, and large enough so that each patch contains at least
one period of oscillation.

IV. EXPERIMENTS
A. Simulations

The first experiment is on simulated data of size
N = 512 × 512, consisting in a sum of two local-
ized texture components x(1) and x(2) and a piecewise

constant background x(3). The background is formed with
two piecewise constant patches: one rectangular patch and
one ellipsoidal patch. The component x(1) (resp. x(2)) models
a modulated signal of central frequency η1 = 120/512
(resp. η2 = 60/512).

1) EMD: We compare our two variational EMD approaches
(G2D–EMD and P2D–EMD) with several state-of-the-art
decomposition methods that are (a) a classical 2D–EMD
method, image empirical mode decomposition (IEMD) [14],
which is a natural 2D extension of EMD based on 2D
interpolation of extrema using thin-plate spline,
(b) a texture-cartoon decomposition methods based on total
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Fig. 4. P2D–EMD decomposition of wake image. 1st IMF: ρ(1) = 50, ν(1) = 50. 2nd IMF: ρ(2) = 20, ν(2) = 5. 3rd IMF: ρ(3) = 20, ν(3) = 1.

Fig. 5. Spectral analysis on 1st mode of wake image. 1st row: 1st scale of Riesz-Laplace wavelet transform. From left to right: mode d(1), amplitude
α(1), frequency η(1) and orientation θ (1). 2nd row: 1st IMF P2D–HHT. From left to right: mode d(1), amplitude α(1), frequency η(1) and orientation θ (1).
3rd row: 1st IMF P2D–PHT (N̄ (1) = 14). From left to right: denoised mode, amplitude α(1), frequency η(1) and orientation θ (1).

variation decomposition [23] and (c) the Gilles-Osher texture-
geometry decomposition [24], which is an iterative procedure
designed to solve the Meyer G-norm texture-cartoon decom-
position problem (similarly to the proposed solution, for both
texture-geometry decomposition, we denote ρ(k) the cartoon
regularization parameter and ν(k) the texture regularization
parameter).

In our experiments, the regularization parameters are
chosen as follows for G2D–EMD: ρ(1) = 0.02, ν(1) = 1000,
ρ(2) = 0.05, ν(2) = 1 while for P2D–EMD, we use ρ(1) = 0.3,
ν(1) = 0.3, ρ(2) = 1, ν(2) = 0.1. For Total Variation
decomposition method, we set ρ(1) = 70 and ρ(2) = 100.
For Gilles-Osher method, we set ρ(1) = 104, ν(1) = 103,
ρ(2) = 10, and ν(2) = 10. The results are displayed on
Fig. 1.

First of all, our method provides a good separation of
the different components. It has the expected behaviour of a

2D–EMD, especially the P2D–EMD method: the locally
fastest oscillating components are extracted at each step of
the decomposition, even if their frequencies are nonstationary.
The G2D–EMD approach also gives good results, but
the oscillating components are not so perfectly separated.
On contrary, the state-of-the-art IEMD does not manage to
separate at all the components x1 and x2. In comparison
with other approaches like texture-cartoon decomposition,
the proposed 2D–EMD approach provides more adaptivity
and a better management of nonstationary signals. The TV
based approach does not give a good separation of the three
oscillating components. Gilles-Osher solution is not suited
for nonstationary signals: some of the slower part of the
frequency modulated component x2 is on the 2nd mode,
while its faster part is localized on the first mode.

To estimate the computational time of each method,
we define a stopping criterion based on the norm of the dif-
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Fig. 6. Spectral analysis on 2nd mode of wake image. 1st row: 2nd scale of Riesz-Laplace wavelet transform. From left to right: mode d(2), amplitude
α(2), frequency η(2) and orientation θ (2). 2nd row: 3rd scale of Riesz-Laplace wavelet transform. From left to right: mode d(3), amplitude α(3), frequency
η(3) and orientation θ (3). 3rd row: 2nd IMF P2D–HHT. From left to right: mode d(2), amplitude α(2), frequency η(2) and orientation θ (2). 4th row: 2nd IMF
P2D–PHT (N̄ (2) = 21). From left to right: denoised mode, amplitude α(2), frequency η(2) and orientation θ (2).

ference between two successive iterates set to 10−6. The com-
plete decomposition into two modes needs around 3 minutes
with TV decomposition, around 6 minutes with Gilles-Osher
decomposition, and less than 15 minutes with P2D–EMD. The
decomposition using G2D–EMD is substantially longer and
takes too much time to reach the stopping criterion, so we
have stopped the algorithm after 104 iterations. Then, the full
decomposition with G2D–EMD takes a little less than 1 hour.
P2D–EMD takes a few more time than other state-of-the-
art methods, but it is compensated with the better separation
performance.

2) Spectral Analysis: We perform two types of spec-
tral analysis on the IMFs obtained by G2D–EMD and
P2D–EMD. The first approach, that we proposed in [51],
is based on a monogenic analysis. We refer to this approach as
G2D–HHT and P2D–HHT. On the other hand, the proposed
method based on Prony’s annihilation property is referred as
G2D–PHT and P2D–PHT. Results on simulations are shown
on Figs. 2 and 3. For the annihilation based method, we have
chosen N̄ (k) = 7 for both IMFs. A comparison with the

Riesz-Laplace transform analysis proposed in [12] is also
performed. For the three methods, frequency and orientation
maps are composed by the coherency index, in order to have
better visual results.

The EMD based procedure appears to be more adaptive
and better suited for nonstationary data than Riesz-Laplace
transform. Moreover, one should notice that the PHT based
spectral estimation gives smoother results and performs better
for higher order IMFs, especially for the frequency estimation.
Indeed, the denoising step of the Prony based estimation
achieves a better robustness with respect to errors linked to
the EMD decomposition step. The drawbacks of the proposed
annihilation based method are the loss of resolution and the
computational time.

B. Real Data

The second experiment is performed on a boat wake
image.2 Regarding the performance of P2D–HHT compared to

2http://www.123rf.com/photo_17188220_fast-boat-in-the-far-blue-sea.html



5244 IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 23, NO. 12, DECEMBER 2014

Fig. 7. Spectral analysis on 3rd mode of wake image. 1st row: 4rd scale of Riesz-Laplace wavelet transform. From left to right: mode d(4), amplitude
α(4), frequency η(4) and orientation θ (4). 2nd row: 3rd IMF P2D–HHT. From left to right: mode d(3), amplitude α(3), frequency η(3) and orientation θ (3).
3rd row: 3rd IMF P2D–PHT (N̄ (3) = 31). From left to right: denoised mode, amplitude α(3), frequency η(3) and orientation θ (3).

G2D–HHT on simulated data, we have decided to focus on
this method in our experiments on real data. We compare the
results obtained with the proposed P2D–PHT method with
P2D–HHT and Riesz-Laplace wavelet transform. The results
obtained with the proposed P2D–EMD are shown in Fig. 4.
We have used the following optimal parameters: ρ(1) = 50,
ν(1) = 50, ρ(2) = 20, ν(2) = 5, ρ(3) = 20, ν(3) = 1.
The first IMF contains the fastest small waves. The second
IMF contains a slower wave as well as some salt-and-pepper
noise, while the third IMF contains the slowest waves. The
trend results in the illumination map. The spectral analysis is
performed for the three IMFs and the results are displayed
in Figs. 5, 6 and 7. For the P2D–PHT, the size of patches
has to be chosen so as to be adapted to the frequency of the
waves contained in each IMF: a single patch should contain
at least one complete period of the wave. Consequently,
we have chosen N̄ (1) = 14, N̄ (2) = 21 and N̄ (3) = 31. The
Riesz-Laplace transform provides good results but suffers from
redundancy between the different scales. For example, the
second and third wavelet scales contain the same component.
Moreover, the methods based on monogenic analysis
(Riesz-Laplace and P2D–HHT) give good results for the
orientation estimation but are less performant for frequency
estimation. Indeed, the orientation is obtained using a robust
neighborhood based estimation method, while the frequency
is computed pixel-by-pixel from the monogenic signal, which
makes the frequency estimation very sensitive to noise. The

proposed P2D–PHT method appears to be more robust and
consequently gives better results for the frequency estimation.
The main drawback of the P2D–PHT is the loss of resolution,
especially for the coarsest IMF which requires to deal with a
large size for patches.

C. Quantitative Evaluation of P2D–EMD

In order to evaluate quantitatively the performance of the
method, we performed several tests on synthetic images of
size 128 × 128:

• Experiment 1 consists in a nonstionary image constituted
of the sum of two AM-FM components. The mean
frequency of the first component is fc1 = 16/128, its
modulation frequency is fm1 = 4/128, and its orientation
θ1 = π/3. The second component is composed with two
AM-FM components placed on each half of the image: an
AM-FM component of high frequency on the left half of
the image ( fc2 = 32/128, fm2 = 8/128, θ2 = π/4) and
an AM-FM component of low frequency on the right half
of the image ( fc3 = 4/128, fm3 = 1/128, θ3 = π/4).

• Experiment 2 corresponds to a similar configuration as
first experiment with a different orientation for the first
component ( fc1 = 16/128, fm1 = 4/128, θ1 = −π/3,
fc2 = 32/128, fm2 = 8/128, θ2 = π/4, fc3 = 4/128,
fm3 = 1/128, θ3 = π/4).

• Experiment 3 corresponds to a similar configuration as
first experiment with higher frequencies ( fc1 = 32/128,
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Fig. 8. Comparison of results of IEMD, Gilles-Osher and P2D–EMD on image 1. Mean square error on d(1) (left) and a(1) (right) with respect to the
theoretical component as a function of ν(1) for different values of ρ(1) for the three methods: P2D–EMD (solid lines), Gilles-Osher (color dashed line), and
IEMD (black dashed line).

fm1 = 4/128, θ1 = π/3, fc2 = 64/128, fm2 = 8/128,
θ2 = π/4, fc3 = 8/128, fm3 = 1/128, θ3 = π/4).

• Experiment 4 combines the first experiment with an
ellipsooidal patch: every pixel outside the ellipsooidal
patch is set to zero.

The synthetic images are displayed in Fig. 9.
We provide two types of quantitative evaluation: the

robustness to the parameters ν(1) and ρ(1) in the decompo-
sition step and the performance of the proposed P2D-PHT
compared to P2D-HHT. Note that P2D–EMD leads to similar

performance than G2D-EMD but is much more faster. For
this reason, we have limited the evaluation of the performance
on P2D.

For each experiment, we evaluate the performance of the
proposed P2D–EMD method with respect to the parameters
ν(1) and ρ(1) in terms of mean square error on the estimated
d(1) and a(1) with respect to the theoretical components.
We compare them with two state-of-art methods: image
empirical mode decomposition [14] and a texture-geometry
decomposition [24]. The results are displayed in Fig. 8. We
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Fig. 9. Comparison of the performance in terms of frequency estimation between a monogenic analysis and the proposed Prony estimation procedure.

can observe that the proposed P2D-EMD leads to better
performance for a large range of parameters ν(1) and ρ(1).
P2D–EMD clearly outperforms quantitatively the state-of-
art methods. IEMD fails especially when the frequencies
are high like on Experiment 3 and when the data contains
piecewise continuous parts like the outside of the ellipse on

Experiment 4. Gilles-Osher method fails on the four images
due to its lack of adaptivity, it is not suited for extracting
oscillations of non stationary frequency.

In Fig. 9, we display the performance in terms of
frequency estimation for an estimation based on a monogenic
analysis and on the proposed Prony patch-based estimation.
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The MSE between the real frequencies and the estimated ones
is computed. We can observe that for all the experiments the
Prony patch-based procedure leads to improve performance.
We do not present the amplitude and orientation estimation
performance because both solutions are very close except for
the Experiment 4 for which the proposed method performs
better.

V. CONCLUSION

This paper presents a complete method for spectral analysis
of nonstationary images. This method is based on
a 2D variational mode decomposition combined with a
local spectral analysis method based on Prony annihilation
property of cosine functions. This method has been tested
on simulated and real data. For the decomposition step, our
variational 2D–EMD proved to be more adaptive than other
decomposition approaches like Riesz-Laplace wavelets and
texture-geometry methods, and more efficient than existing
2D–EMD methods in addition of having more robustness
and stronger convergence guarantees. Regarding the spectral
analysis step, Prony’s annihilation-based method proved
to be more efficient for frequency estimation and more
robust with respect to noise and decomposition errors than
monogenic analysis. The main drawback of the method is the
loss of resolution due to its patch based approach. Further
works should improve the resolution by introducing patch
overlapping.
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[43] B. C. Vũ, “A variable metric extension of the forward–backward–
forward algorithm for monotone operators,” Numer. Funct. Anal. Optim.,
vol. 34, no. 9, pp. 1050–1065, Jul. 2013.

[44] P. L. Combettes and J.-C. Pesquet, “Proximal splitting methods in
signal processing,” in Fixed-Point Algorithms for Inverse Problems in
Science and Engineering, H. H. Bauschke, R. Burachik, P. L. Combettes,
V. Elser, D. R. Luke, and H. Wolkowicz, Eds. New York, NY, USA:
Springer-Verlag, 2010, pp. 185–212.

[45] T. Blu, “The generalized annihilation property—A tool for solving finite
rate of innovation problems,” in Proc. Int. Workshop Sampling Theory
Appl. (SampTA), Marseille, France, May 2009.

[46] P. Stoica and A. Nehorai, “MUSIC, maximum likelihood, and
Cramer–Rao bound,” IEEE Trans. Acoust., Speech, Signal Process.,
vol. 37, no. 5, pp. 720–741, May 1989.

[47] R. Roy and T. Kailath, “ESPRIT-estimation of signal parameters via
rotational invariance techniques,” IEEE Trans. Acoust., Speech, Signal
Process., vol. 37, no. 7, pp. 984–995, Jul. 1989.

[48] P. Stoica and K. C. Sharman, “Novel eigenanalysis method for direction
estimation,” IEE Proc. F, Radar and Signal Process., vol. 137, no. 1,
pp. 19–26, Feb. 1990.

[49] P. Stoica and K. C. Sharman, “Maximum likelihood methods for
direction-of-arrival estimation,” IEEE Trans. Acoust., Speech, Signal
Process., vol. 38, no. 7, pp. 1132–1143, Jul. 1990.

[50] M. Viberg, B. Ottersen, and T. Kailath, “Detection and estimation in
sensor arrays using weighted subspace fitting,” IEEE Trans. Signal
Process., vol. 39, no. 11, pp. 2436–2449, Nov. 1991.

[51] J. Schmitt, N. Pustelnik, P. Borgnat, and P. Flandrin, “2D Hilbert–Huang
transform,” in Proc. Int. Conf. Acoust., Speech Signal Process., 2013.

Jérémy Schmitt received the Ph.D. degree in signal
and image processing from the Université Paris-
Sud, Orsay, France, in 2011. From 2011 to 2012,
he was a Post-Doctoral Research Associate with
the Laboratoire de Signaux et Systmes de l’École
Supélec, Paris, France. Since 2012, he has been a
Post-Doctoral Research Associate with the Signal
Processing Team, Laboratoire de Physique, École
Normale Supérieure de Lyon, Lyon, France. His area
of interest includes mode decomposition, inverse
problems, and image restoration.

Nelly Pustelnik received the Ph.D. degree in signal
and image processing from the Université Paris-
Est, Marne-la-Vallée, France, in 2010. From 2010 to
2011, she was a Post-Doctoral Research Associate
with the Laboratoire IMS, Université de Bordeaux,
Bordeaux, France, working on the topic of tomo-
graphic reconstruction from a limited number of
projections. Since 2012, she has been a CNRS
Researcher with the Signal Processing Team, Labo-
ratoire de Physique de l’ENS de Lyon. Her activity
is focused on inverse problems, nonsmooth convex

optimization, mode decomposition, and texture analysis.

Pierre Borgnat has been a Researcher in Signal
Processing with the Laboratoire de Physique, ENS
de Lyon, CNRS, France, since 2004. Born in 1974,
he entered ENS de Lyon in 1994, got Aggregation in
physical sciences in 1997, Ph.D. degree in physics
and signal processing in 2002. He worked at IRS,
IST, Lisbon, Portugal, in 2003. His research interests
are in statistical signal processing of nonstationary
processes, scaling phenomena, and in processing
of graph signals and complex networks. He works
on many applications in networking, Internet traffic

modeling, measurements, and classification for physics, social, or transport
data analyses.

Patrick Flandrin (M’85–SM’01–F’02) received the
Engineering degree from ICPI Lyon, France, in
1978, and the Dr.Ing. and Docteur d’État degrees
from INP Grenoble, France, in 1982 and 1987,
respectively. He joined CNRS in 1982, where he is
currently the Research Director. Since 1991, he has
been with the Signals, Systems and Physics Group,
Department of Physics, ENS de Lyon, France. He
is currently the President of GRETSI, the French
Association for Signal and Image Processing. His
research interests include mainly nonstationary sig-

nal processing (with an emphasis on time-frequency and time-scale methods),
self-similar stochastic processes, and complex systems. He published many
research papers and authored one monograph in those areas. Past Associate
Editor of the IEEE TRANSACTIONS ON SIGNAL PROCESSING (1993–1996
and 2008–2011) and former member of the Signal Processing Theory and
Methods Technical Committee of the IEEE Signal Processing Society (1993–
2004), he is currently on the Editorial Board of the IEEE Signal Processing
Magazine.

Dr. Flandrin was awarded the Philip Morris Scientific Prize in Mathematics
(1991), the SPIE Wavelet Pioneer Award (2001), the Prix Michel Monpetit
from the French Academy of Sciences (2001), and the Silver Medal from
CNRS (2010). He has been a fellow of EURASIP (2009) and a member of
the French Academy of sciences (2010).

Laurent Condat received the Ph.D. degree in
applied mathematics from the Grenoble Institute of
Technology, Grenoble, France, in 2006. From 2006
to 2008, he was a Post-Doctoral Researcher with
Helmholtz Zentrum München, Munich, Germany.
Since 2008, he has been a permanent Research
Fellow with CNRS. From 2008 to 2012, he was with
GREYC, Caen, France, and since 2012, he has been
with the Department of Images and Signals, GIPSA-
Lab, University of Grenoble–Alpes, Grenoble. His
area of interest includes optimization, sampling, and

inverse problems in signal and image processing.
Dr. Condat received the Best Student Paper Award at the conference

IEEE ICIP in 2005 and a Best Ph.D. Award from the Grenoble Institute
of Technology in 2007.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


